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Summary. In this paper we considcr an extension, In the sense

of Kantorovich, of a linear positive operator of Bernstein type
a,f
m, r
extension we establish some quantitative theorems representing

L + introduced by D. D. Stancu in the paper (7]. For this
estimations of the orders of approximation, by using the first and
the second orders modulus of continuity. Also we give an

asymptotic estimation, in the sense of Voronowska ja.

1. Introduction
In the paper [7] D. D. Stancu studied the approximation
properties of a class of linear positive operator L;'g , defined

for any function f: [0,1] —R by the formula

m

a, B - [le+a)

(1) (Lm,r fl(x) = }: wm,k (xjf[m*ﬁj
k=0

where




[m;r]xk[l_x)m—r—k*l if0Osk<r

[m~r}xk[1_x}m—r—k+l+
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r being a non negative integer so that m > 2r, while a and B are
real parameters satisfying the condition O = a = B. For r = 0 or
r = 1 this operator reduces to the classical operator Hm of

Bernstein, defined by

m
} [k
(Bmf}[x) = E: pm,k(X]fUﬁ
k=0
where
_ [m) .k, __mk
(2) pm.k(XJ = Lk x (1-x) :

In the same paper it is shown that the operator L:’f can be

written under the form:
m-r
B ey = k(x)[(l-x)f‘rm] + xfr’”‘"*‘ﬂ].

Kﬂ P
m, [, “mr (m+8) X
k=0

The aim of this paper is to consider an integral extension of

the operator L:'E in the sense of Kantorovich.

2. The operator Sa'B.
m, r
This operator is defined by the following relation
k+a+1
_‘?—r ‘ S
@ (s™F ryon = (m+ﬂ]z p (x) [(l-x] £lt)dt +
m,r m-r, K
=0 k+a
m+f3
k+oa+r+1
m+g3
+ X f(t)dt],
k+a+r
m+f8

where the fundamental polynomials Py k B7° defined at (2),
m>2r, 0 = as=s B-1.
It is easy to see that this operator reduces (in the speclal

case r= 0, a = 0, B= 1) to the Kantorovich operator Km' defined by
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k+1
m+l
(Kmf)(x) = (m+1)§z pm'k(x) f(t)dt.

k
m+1

3. The convergence of the sequence (S;:f).
HWe need first to establish the Tollowing
LEMMA 1. The next ldentities

(1) (sﬁ:f e )(x) = 1

_m X + 2o+l
m+f3 2(m+g)

(1) (s“-f e )(x) =
(m-r) (m+r-1) 2 2(a+1)m+r2—r

(fii) (S e, 1(x) = s nac + e et
(m+B) (m+f3)
3a2+3a+1
* )
3(m+R)
hold, where eJ{L] = tJ (J =0,1,2), for any t € . Vi)
Proof. We can write successively
m-r
o, 3 o (omef) N fl X x) _ ., _
(bm‘r eo)(x) = (m ﬁ)z; P, . ( [mfﬁ + h:BJ =1 = eo(x)
m-r
a, B _ [1-x 2k+2a+1  x 2k+2a+2r+1]
(Sm.r ell(x) (m+ﬁ)§: pm-r.k(X)L_i_ =5t ——-44__5—_J =
=0 (m+g) (m+g)
m-r
3 p (%) {rx+k+a+ 1 ="M 54 oGl
m+f m-r, k 2] m+ 3 2(m+g) '
k=0
since
m-r m-r
(4) E: kpm—r k(x] E: (m- r){m P 1} b 1(I~x}m7r_k = (m-r)x.
k=0 k=
We notire that:
B _ a.ﬁ _
(Sm‘ ey ) (x) {L e ) (x) 2fm+B]
For the monomial e2 we can wrlte successlvely
m-r
a, B = X [1-x (k+ar1)> —(k*a}
{Sm.r ezl(xl = (m+BJZ; pm_r (x )L T
frar (m+BJ
3 7 m-r
+ g (ktrtatl) -ék+r+u) ] = 1 5 v Pror k[x][3k2+3(2rx+2a+])k +
(m+B) 3(m+B) L ’

k=0



+ 3(r2+2ra+r)x+3a2+3a+1] = -f—l——f[ﬂ(er+2a+1](m-r)x+3[r2+2ra+r}x+
3(m+B)
2 ) 2
+ 3c=+3a+143(m-r) (m-r-1)x +3(m-r)x) =
(i-r) {m+r-1) XZ i 2(u+1)m+r2—r . 3u2+3m+1
(@) (m+B)? 3(mB)2
according to the relation (4) and also to the next identity:
m-r m-r
% 2(m-r] k m-r-k _ N [m-r—l] k-1 m-r-k
k % (1-x%) = (m-r)x} k x o (1-x) =
Lo Lk Lo Lk
k=0 k=1
m-r
1] k-1 m-k-r K" e 1] k-1 m-r-k]
Dy Q_ (k- 1)rm > (1-x) . % (1-x) =
L L | k-1 )% £ 1) ]
k=2 k=1

il

(m-r)x((m-r-1)x+1)
This completes the proof of our Lemma 1.
Now we state and prove
YHEOREM 1. If f € C[0,1] then the sequence (S;'ﬁjf} converges
to £ unifermly on [0,1]. '
Proof. By making use of the identities (1), (i1), (iii), we
can write

1sm(s:'§ e )0 = e (), (= )
m-w Y

uniformly on [0,1]. Consequently our assertion follows directly

from the well-known theorem of Bohman Korovkin.

4. Estimation of the order of approximation.

In this section we are concerned with the estimation of the
order of approximation of a function f € cl{o, 1] by the operator
(3). It may be simply described by means of the modulus of
continuity, defined by:

w(s) = w(f,8) = suplF(x")-f(x' )1,
where x’ and x“ are points from [0,1] so that |x“-x‘] < &, & being
a positive number

o, B 2
ot vx}, where

Our next lemma gives Lhe representation for (S
ey (¢) = It-x|, 0=t = 1.

LEMMA 2. For the operator s* ﬁ the following equality

2 2 2
,B m+B +r-r xz L -r-p(2a+1) —_— 3o +3atl

¢, )[x)
(meB)° (m+B)2 3(mep)”



holds.

Otﬁ B 2

el 2 i 32””)’2"‘(5:_1- el](x)+x ;

g x](x)

it is easy to see that Lemma 1 implies the desired result.

Proof. Because (S

Further we state and prove

THEOREM 2. If we assume that

(5) m+r2—r- > 62 > (2oc+1J2
then for each f € C[0,1] we have
[ )
o, 3 1 1
(6) |}sm.f f-ff = {2_ + 0[5]}.4 ; i
I;‘f m+B}
Proof. We can write successively
kt+at+1
“B ) ()= () 1= !( B) colia| "7 (£)-£(x))
1 (S Flix)-f(x) = (m+ p X -X flt)-f(x))dt +
m, r Z_ m-r, k7| e
m+f3
k+atr+1
e
+ x (F(t)-f(x))dt}‘ =
] k+oa+r
m+f3
ktat] Krotr+]
m-r el a4 8L
m+f3 m+f3
staviiS p . il !F(t}—f[x}ldtf[ I£0t)-£(x) |dt]
mr ke L ke k+o+r ]
k=0 ﬁ:ﬁ . ‘E?Eﬁ

Using the following known properties of the modulus of
conbinuity:
IC(x")-f(x")]| = wl(]|x"-x"]), wlAd) = ([Al+1)w(8) = (A+1)w(8)
where A > 0, we obtain

(L) = 1) = wllj- PR T
If(t)-F(x)| s wllt-x|) = ULS't X8} = Ll + glt xIJw{aL

A

Consequently we can write

r(s”:f £)(x)-F(x)| = {1 " é(s::f wx)(x)}ufél.
According to Lemma 1 and to the fact that
(7) (s“ ﬁ 0 )0 = {(s e )(x)(S : i (x}}l/z
we obtain
I(S::E £)O0-£(x)| = [1 . é(sﬁ:f i]]/g(x)}wta).

2
If in the Lemma 2 we substitute m+r“-p = p. p being a natural
number, we can write [urther:
2 1 2 2 2 1
e B J(x) = (B -p)x"+(p-2eB-B)xta +a + ‘T
“mor Fx 2 3]
(m+3)




If we assume that pl/2 > B > 2a+l, then we have
2
max ([ﬁz—p)x2+(p—2aﬁ—’3]x] = g:_z_g;&_ = TB_ (i—Z_o‘.Eﬂ_
0=xs1 4(p-B7) 4(p- B )
1: 8
= 5(3 -2aB-B).

By using this result, we can deduce

|(s:'f £) () -F(x)] =

( s /2 2 gac)? 2 1]
sr+§mﬁmvmw-Tﬁ-r—__4—5_42w1)aﬁmeaq)+ﬂuw)s

m+r -r=B

!
511+ : /h+rdmr> E—LEfEE:ll— =|w(8).

25 (n+B)Y m+r2~r—32 3
meerting & = -~l—w and using the notation cm r[a,B‘ = —ﬂ+r2—r+
j'—_ ’
v m+3
2( —2 ~1)2 1 N
v p——E%EJE——§~ 4+ = , we get to the following finaliresult:
e e
[ [ e, plaB)) 1 [, )
12 F ey eo-r00 12| 1+ %/H e : IS{;i [;}]“i—; -
: | ) U mg) g

Using the maximum porm over [0,1], we arrive at the
inequality (B).

Now we are going to give estimates involving the first order
modulus of continuity of the first derivate f’., All our estimaft 2s
are based upon the following

THEOREM ([1]).

Let L be a linear positive operator mapping Cla,b] into
Clo.d], where [c,d] € (a,bl. If £ € C'la,b] and if w (£, ")
denotes the first order modulus of continuity of f’, then for all
x € [c,d] the estimation

(8) IL(E,3)-F(x) | = 1£(x)]ILle ,x)- 1+£ JILle =% x) 1+

+ L(le -x), x}+ L((e -x) .x)]m (£f°,h)
Lulds, where h is an arbitrarlly positlve number and || denotes
the sup-norm over [a,bl.
From Lemma 1 there follows that the operator S::ﬁ satisfies
the relatlions:

o, B _ o B = =
(Sm.r eu](x) = 1 and (Sm,r[el x))(x) = 5(n+g] =

2o+ B



As It can be seen from the proof of Theorem 2 we can give the

estimation

(o8 2)7° y B°(p-2a-1)° 1
[Sm,r x] (x) = STmeAT m+r -r+ — 5 t3-
m+r -r-g
Since m > 2r, we can write:
1/2
ES“'B 2] () 8 2%,
m,r X 2 m
where
(9) A= skee Vm+d (a,B) and d (a,B) = 1 —r+ E—ngggwll_ + =
" L P2+r -B 3

Taking (7) into account, the relation (8) leads us to the

inequality

5
fo———w +r1+.iA Il
m+f 2(m+g) | [°  4h "m|2

1
By choosing h = Ty Am' we can state

1P ryo-£00 1s]er | |- Kty (F5aR)
m, r m 1

THEOREM 3. If f has a bounded uniformly conti: .ius derivative

on [0,1], then we have:

;0 B - =< ﬂ__”.r' -0~ l ! ‘: {
|(5m.r f)(x)-r(x)| = s | Bx-a 2| 4+ Amwﬂ(r ,4Am),

where Am is defined at (8)

Now we shall give an estimation of the order of approximation
by using the second order modulus of continuity wsz,-], which is
defined by

wsz,h) = sup{ | f(x=8)-2F (x)+F(x+8) |: x,x*5 e [0,1], O < & = h}

Our estimate will be deduced by means of the following

THEOREM ([2]). Let [a,b] denote a compact interval of the
real axis. If L: Cla,b] —Clc,d] (where [c,d] € [a,b]) is a
positive linear operator, then for all f e Cla,b], all x e [c,d]|

and each h > 0, the following inequality holds:
1 1) 2
IL(£;x)-f(x)| = [3|L] + max. ——L} L((e,-x)",x))w (f,h) +
2 2 1 2
(b-a)
1 1
+ Zmax e }—IL(e -X, x)lu (f, h]+lL(e x)-eo(x)lﬂfﬂ
o By _ g% B 5
In our case "S ﬂ sup{ |S » f" If] = 1} = 1 and we have
the fol]owang expllclt evaluation

][—m+ﬁ +r- r2x2+ mr—r— B[2a+1] ol
(m+g)? (m+@)®

I(S i F)(x) f{x)|5{3+ max{ —, 1}
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3a2+3a+1] 2a+1 B
F — (f h) + 2max 1}'2(m+ﬁ) > g X wl(f.h).

3{m+BJ9J

For h = this becomes:

g
Y m+(3

8™ B £ (x)-r(x) s B[
LY (meg) 2L

l—m+82+r—r2)x2+\m+r2—r—8(2a+1]Jx+a2+a+

1 ( 1 1
-+ —szlf'— +
T S
L vV m+B? ¥V m+B vV m+B
Under the conditions (5) this result can be expressed by

1
3

12Bx-2a-1lw, |T.

THEOREM 4. For the operator S 'f , f € ClO,1] and

(m+r2—r)1 e > B > 2a+l, the estimation =
[
(8% B £)(x)-r(x) = _33"‘*’:1 +d_(a, B))w ]
o a(m+@) | L

m+ﬁ

1

I2Bx-2a-1lw, |T, | y

— ‘LJ
vV m+B vV m+f

holds, where dr(a.B] is defined at (9).

5. An asymptotic estimation.

We shall end this paper by presenting a corresponding
Voronowska ja type theorem

THEOREM 5. If the function f is integrable over [0,1] and
possesses a second derivative at a point x of [0,1], then we have

11m mt(s™ B £10x)-£(x07 = [-Bx+a+ Neogxy + B8 poig,
m,r 2J

m-c z
Proof. Let O = t = 1. It is well known that if f has a finite
second order derivative at a=p&int®x € [0,1] then f{t) can be

expanded by Taylor's formula

(t—x]z
2
where ¢ is a certain real-valued {unction defined on (0,1] and

flt) = fix) + (t=x)f"(x) + £ (x) +.lt-x]2c(tJ.

having the property: e(t) —0 as t —x.
e, B

Then by virtue of the linearity of the operator Sm o and by
Lemma 1 we obtain:
sy % £)0x) = 20040 (82 Ble o0+ TPSEE 02y oap 1),

where Em(x) is given by




e k+1+a
ks [- m+[3 5
Em(x) = (m*f-”; Pmﬂr_'_k(x)L(lﬁx) (E=x)"e(t)dt +
};0 ] kta
m+f

k+atr+1
m+3
+ % (t—x}zc(t)dtT.
] k+a+r J
m+g
Consequently we can write

Vin m([S;:f r)rx)—r(x1)=[~fzx+a+ é}f"(x) v Léﬁ(*xzw)ﬂim nE _(x).

M-y M-
Since £(t) tends to zero when t tends to %, it follows that

for every © > 0 there exists an § > 0 so that for every t, for
which |t-x| < &, we have |e(t)] < T,
Stnce ¢ is bounded on [0,1], there exisls a constant M > 0 so
that for every t, for which |t-x] = §, we have
le(L)] = M s M8 2(L-x)°.
Then Lhe inequality
le(t)] s T + M3 2(t-x)?
holds for every t,

. 1 .
By choosing T = 5 ¢ We can write:

K+a+1
ot m+(3
3 i
| mE (x)l:(Sa'f' goz){x]+m(m+fi)v p (x)Ms 2r(l—x),’ (t—x)4dt+
m m,r X m-r, k L -
k=0 S
m+3
ktatr+l
m+f3 .
. x| (t=tae] = (558 )00+ mis 258%™ B 1) ().
J\ k+a+r _] mr °x mr ox
m+f3

Using a standard methed, the sum from the second member
vanishes when m tends to w., This completes the proof of Lhis

theorem.
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