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Abstract. In this paper we introduce a Bleimann, Butzer and Hahn
type operator L% where a is a real and positive parameter. If the
k

classical operators have the nodes z; = now we take zf =

—k+1
k+a
R k=0,1,...,n It is shown that (L f)(z) tends point-
wise on [0,00) to f(z) for n = co. Moreover, estimations for the rate
of convergence of (L% f)(z) — f(z) are established.

1. INTRODUCTION

In [2] Bleimann, Butzer and Hahn have introduced a new Bernstein
type operator L, which is given on the space of continuous functions on the
unbounded interval [0, 00). This positive linear operator is defined by

(1) (Lnf)(x)—(1+r‘“2f(;—_-2—ﬁ) (Z)z*,' neN.

The authors proved that for f € C[0,00), Lp,f — f as n — oo pointwise
on [0, c0), the convergence being uniform on each compact subset of {0, 2c).
Furthermore, estimations for the rate of convergence of |(L,f)(z) — f{r)|
were established in terms of the second modulus of continuity of f, where [
is assumed to be bounded and uniformly continuous on [0, 00). This operator
has the virtue of being a finite sum which arises in a natural way and not as
a truncation process of an operator defined by means of an infinite sum. La-
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tely, several authors have studied the operator L,, for example U. Abel [1],
Jestis de la Cal and F. Luquin [3], R.A.Khan [4], A.Mercer [6].

We mention that the demonstration of the Voronowskaya type theorem
given by Mercer is based on the observation that these operators are inti-
mately related to the Bernstein operators. By the rational transformation
¥ =z/(1 + z) the operators become

) < £y k
{2) Z (:)yk(l —y)"*F (m) y n €N,
k=0

with F(y) = f(y/(1 - v)).
In [7] D.D.Stancu considered the polynomials of Bernstein type:

(530 =Y pat@ls (7353),  neN,

k=0

where
n

Pri(z) = (k)-rk(l ' 3)"-—'&: gee C[O,I]
and a, b are real parameters, independently of n, such that 0 < a <b Itis
clear that for g = F, @ = 0 and b = 1 we obtain 2L

The purpose of this paper is to present a Bleimann, Butzer and Hahn

operator with slightly modified nodes. The initial operator is characterized
by the fact that it uses the spaced nodes z; = k=0,1,...,n; now

k+a

: n—-k+1’
we take the nodes z¢ = where a is a real and positive parameter.
k= P P

In this way we obtain the E:nllowing class of operators:
I ! o e k+a n\
() (Lp)=(1+2) Zf(m) (})e nen.

It is evident that these operators are linear, positive and for ¢ = 0,
LY = L,. Also they are bounded in the sense that for z > 0, n € N, one has

(4) LA £ flless  f € Cal0,00)
since
(5) 43 (M)et =1,

: ,?:(k) ‘
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Cpl0,00) being the class of real-valued functions f defined on [0,00) which
are bounded and uniformly continuous with norm

7l = sup|/0)1

2. AUXILIARY RESULTS

Before establishing the main results we present some identities and in-
equalities which will be used later.

Lemma 1. For the operators L2 : C[0,00) = C[0,00) defined at (3) the
nezt relations

(i) (Lpeo)(z) =1,
I Ny

(iii) (L;32)(¢)5(Lge,)(z)+n : ] (z+l)(4r+a)—a(4::‘]ﬂ + 4):(1_ i l)

hold, where e;(1) =t (j=0,1,2) for any t € [0,00).

Proof. The first identity follows immediately from the relation (5). For
the second identity we shall use the simple identity:

1 Yool fail .
n—k+1\k) n+l1\ k J
We can write successively:

n

a 1 n
(Lnep)(x) (Lne:)z) + (l+r)“zn——k+l(k)'rl 3.

k=0

6 a b ﬂ+l ki
(6) (Lﬁe.){:)+—-—-———(n+l)“+:)“2( x ).r =

k=D
1 e adl _ o+l
(E8e0o) + Ty 9° -)

i

i

Il

From [2] (see Lemma 1) there follows:

(L6 )@= = - (l _’;:)“.
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Taking this relation into account, (6) leads us to the desired result. For the

monomial e; we can write:

a ) 1 . k 3 G
(Laes)(z) = (Lgeg)(z) + 2a(1 g ; moFFIR (k)z +

5 _— 1 N4
) +a{l+.r)"§(n—k+l)2(k)r'

Because
k n 2 n+1
— < —_— = o8
(n-k+1)=(k)-n+1(k-1)' SELAgin

from the first sum of the relation (7) we obtain:

“”’"Z("—Hn*( ).-,*5 (T:—z);ﬁ"lg(:f:)xg
(l -:.r)"nz-:l {(l+ z)"+ ~ (njl)r"—:"“} =

_2r(z +1) FhEyAalt g2 Al
®) T on+l 23(:+I) _n+l(r+1) )

In a similar ;m'ay. starting from the inequality

1 n 1 n+1
e < — =0,1,...
(n—k+1)2(k)"n+1( k )’ £ S

the second sum of the relation (7) becomes:

1 & 1 n\ , 5, e i ot B A il
(!+z)=§(n-k+1)2(k)‘ S n+l§°( k )(1+:)n‘

(9) 1 (1 + ;)n-!-l - g+
n+1 (1+z)

"t iEh] T = \"
T m+l a+l\z+1/)°
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If we insert (8) and (9) into the relation (7) we obtain the desired conclusion,
after a few calculations. '

Lemma 2. Let be the operators L2 : C'[0,00) = C[0,2c) defined at (3).
There hold for z € [0,00): )

0 e < Ztfesira (14 254) ] nen.

o

(i) |La((es(t) — z)%2)| < :ii {a2+21‘ (1 + :1 i)a+4:(.r+ l]}

n > 24(1 + z).

Proof. In order to demonstrate this lemma we remind the Bleimann.
Butzer and Hahn's formula [2]:

2z(1 + r)?
0 2 4
(10) |(Lnez)(z) — 27| < _n“-f-—‘.?_— x>0, n>2(+7z).
Also, we need the inequality
2} N (B )ty 5
< s >0 .
() I(::-H) S R e ER

which evidently derives from (n41)r"*' < (n+2)2"*! < (1 +r)"*?, Starting
from Lemma 1 and taking into account (11), we can write:

X a(z +1) a z ).
(Laer)(z) - 2| < n+1 +(n+l+l)r(f‘}'l) =

41 r+1
’ < 1 14+ —— ;
o n+1{z+ +a(+n+l)}

Thus (i) has been demonstrated. Using the same lemma one observes that

-La((ex(t) . z)%x) = (Laes)(x) = 2;(!.:h Wr)+ 2 (Lieo)(r) €

z + 1 r+1 p
< (Loe)(z) - z* + | {a"'+2: (1 + s l)u +2riz + l}}.
The above inequality and the relation (10) imply the aimed conclusion.
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3. MAIN RESULTS : C

Theorem 1. If f € C[0,00), then :
lim (L7 f)(z) = f(z)

at each point z € [0,00), the convergence being uniform on each compact
subinterval {0,b] of [0, cc).

Proof. To establish this result, it suffices to apply the pointwise version
of the well-known theorem of Bohman-Korovkin [5], noting that (L,e;)(z) —,
— e,(z) for i = 0,1,2 and each z > 0 derive from Lemma 1.

Theorem 2. If f € C}[0,00), there holds for all n > 24(1 + z)
HLaf)z) = f(=2)] < ‘|

. 2 2
(12) PCERY) { a +(1+I+1)a+2z+l}||fllcg.

T n+l (2Az+1)

Proof. To begin, we notice that C}[0,00) = {f € Cp[0,00); f', f" €
€ Cp[0.2)} and the norm is given by [|flicz = |fllcs + 1/ llcs + I/ llcs-
We apply the Taylor expansion to f € C%[0, 00),

La(f(t) - flz);z) =

F@)Lalenlt) = z;2) + LLa((es(t) — 2)2(€); 2),

where £ lies between t and r. The pos:twlty of L} together with Lemma 2
now imply that

(L'f)(: /(z)

(L7)() = £(2)] £ [(E3er)(2) = 2l Ny + S1La((er(t) = 221N, <
TR {:+l+a(i+———)}llf’llc~a

n+l

+n+l{——+r(
z+1

< S (is +1)"+‘” D2 + 1)} (17w +1les).

)ﬂ +2x(z + l)} I lles <
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Consequently, it will result (12).

An instrument required is the K-functional of f € Cpl0, o0), defined for
| 12 0by

Kitf)=1 - ;
K1) = int {1 - gl + thollc, §
We can state and prove the following result:

' Corollary 1. If f € Cg[0,00), = € [0,00), n > 24(1 + z), there holds

(13) I(Laf)(z) = f(z)] £ 2K(A(n, a,2),[)
where 3 y
7 (:i:-l- 1)2 a? il z+1
Aln.8,3)= o) {2(:r+1) ¥ (”Hl)“”"“}'

Proof. Once inequality (12) is known, the proof follows standard means.
For f € Cp[0,00), g € C}[0,00), n > 24(1 + z) by (4) one has:

(L) (@) F(@)] < (LAY (@)~ (L)@l HI(Lag)a) —a(a)l+la() = ()i

(z+1)? a? T+1 ; }
<2lf - il ;
<2f-9glles + n 1 24 0) F Pdvmee o ¥ 22 1 lallcy

Since the left side is independent of g, applying the definition of the A-
functional we obtain the relation (13). :
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