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Abstract. One makes a study of a sequence of Bernstein type operators, introduced
and studied in [9]. These are depending on two parameters a and b, 0 <a < b First,
one deduces a representations by divided differences for the difference of bwo consecutive
terms of the sequence of polynomials obtained by applting these operators to a function
f € C[0,1]. Using this representation, one enounces several sufficient conditions for the

monotony of the sequence of Stancu-Bernstein polynomials,

1. Introduction

In 1969 D.D.Stancu [9] considered and studied the following generalization of the

Bernstein polynomial;

(Sf) (@) = ) Pusla)f (i i;) ; (1)

k=0

where
P ()= X :L‘k(l — ;L')"_'L' (2)

and a,b are real parameters, independent of 1, such that 0 < @ < b. This is an inlerpola-
tory type polynomial characterized by the fact that it uses equally spaced nodes z; = f{—ﬁ
(k=0,1,...,n). Ifab # 0 and a # b then it does not f:f)incide at any node with the [unction
fiifa = 0and " # 0 then it coincides with f at 2 = {.), while if @ = b 3 0 then it coincides
with f at 2, = 1. When @ = & = 0 one obtains the classical Bernstein polynomial.

It was proved that for f € C[0,1) the sequence of the polynomials (1) converges
uniformly to f on [0,1). Then the corresponding order of approximation: was evaluated

by using the modulus of confiity of f; also there were deduced expressions for Lhe
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remainder term of the approximation forinula
f(@) = (S2°1) (=) + (R f) (=)

and, finally, the author presented a theorem of Voronovskaja type giving an asymptotic
estimation for the remainder term. In this paper we shall investigate the monotonicily

properties of this sequence.

2. The basic theorem =

In order to study the monotonicity of the sequence (S’:'bf) we shall establish a
useful formula for the difference of two consecutive terms of the Stancu-Bernstein poly-

nomials. The following theorem helds:

Theorem 1. The difference between the polynomials (qaﬂf) (%) and (S2*f) (x) can be

expressed under the form:

: . o’ nz(l — z) = n—1
Snflf)(r (5" )(m)“_(n+b)(n+b+1)z( k )

1 k+a k+1+a k-l—]—i—a.f _a k_JrJ._-I‘jAIllrfr .
n+b|n+bd n+l+b" nib ' k+1)n+140" ni4b 3?
b—a [k+a k+1+a e i

_ Y Ja, :
n—=k [n+b’n+1—|—b’f]) a(1~2) +(U) (= 13)

where the brackets represent the symbol for divided differences and

e = (1(5a) -/ () - om0
n+1+4a n -+ a o X
k (f (m) *"I(RTT,))' 4 . (1)

Proof. First we write:

(Sstif) (@)

b k }u \
Lk e\l i
a1 =z} / (n |—l er)

Wi ) (1 _J:)..Jr:-kf(_ kta ) |

n+|+b

: 7 i o __—iM C ey g0 1 *f ] g
o i 1 j(n-]-l—i—b)-lhdu j(u +1+4b (%)

i
Fod a3
1] -+
< -
/—-\ /—-—\
L&
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Then let us consider the relation:
(521) (2) = me(x)f (¢ +“) +Z(1 o) (E54)

In the first sum from the right-hand side of this equality we set i = k+1 and then denote

again the summation index by k we obtain:

o k + a)

Empnk-l(m)f( 1+a)+Z(l—-m )P k() f (n-{rb

e n e k—1+a i +a
;(k—_lymk(l__m) k+1f( — )+ +1f(n+b)+

(1 -ayi ()4 ,,Z ( ; ) 1oyt (212) g

By using (5) and (6) we gel;

(Sehif) (@)= (55%9) (o nI ((Hl) ni-llnj-b)‘ﬁ

()5 () ) o
+(f(n+£;+b) ( )(1 S
() o)

If we use the identities:

: 2 3= k n n+1 _ n+l n
B _n+-l—‘k k ( k T n+4l-—k k

and the notation defined at (4), we can write:

(s80) - =5 Z)(f(,’iii)n_’zﬂf(‘“;il'“)#

(524£) ()

k=1

n41 k + ;
—n—k+1f(n leib))xk(l_m)n_wf1 g
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If we make the change k = j+1 and then denote again the summation index by k

we have:
(S:‘i’lf) (z) — (S2*f) (z) =
o n-1 . .k+l+a 3 i
ﬁ—g(lsﬂ)(f( n+b )+n—kf(n+b)—
n+l (k+1+a ; 'Y
_n—-kf(n+1+5))“’k+ (1-2)* 4

ab e A= (T n_ f(k+l+a = b

+(Uzf) (2) = —a(1 x)g( . )(k+1f( = )+n—kf(n+b)_

n(n k a %
e (i 1)) - ) @) (7)

since . :
n n n—1
k+1 k+1\ , |-

According to the fact that:

n(n +1) k+1+a 2 1 i k+1+a
(k+1)(n—k)f(n+1+b)‘"(ﬂ_1+n—k)f(n+1+b)’

we can write successively:
n 7 k+1+a 2 n f k+a n(n+1) s k+1+4a _
k+1 n+b n—k” \n+b (k+1)(n —k) n+l+b)—

n k+1+a k+14+a n k+a k41+a _
T k+1 (f( n+b,)"f(n+1+b))+n_k(f(n+b)_f(§?1+b )‘

, . k+1+a[k+14a k+l+a'f -
T (n+b)r+b+ D) | k41 |ntits nt+b '

(n—=k)+(b-a) [k+a k+1+a s
n—k n+b'n41+4+b’ =

Telhiont i k+1+ak+1+a.]hk+ak+l+a.J
T (A0 +b+1) | ntritd n+b ' ntb n+146
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a [k+1+a k+l+a ] b——a[k+a k+1+a ”_

kE+1|n4+148" ntd n—k|ntbntigd
o n 1 k+a k+14a k:-l-l—{—a_
(r+D)(m+b+1) \n+b n+b'n+146" nyp

a k+1l+4a k+l+a. __b——a kE+a k+1+a‘ 4
k+1|n+14+b" ntp ° n—kn+bnt+1+40’ &)
Taking (8) into account, thelequ'a.lity (7) leads us to the desired formula (3).
' O

We notice that if ¢ = § = 0 our result becomes:

(Swtrf) (@) ~ (52°F) () =

e(l—z) [ n—1 [k k+1 k+1 J ; B
T = e Bkt B i
(77

n(n +1) n'n41’

_ 2l —z) kk+1 k+1
'—_n(n+l)§Pn—l.k($) [;in+17 = sf]

This formula was established by D.D.Stancu in the paper [8].

Jd. Sufficient conditions to ensure the monotonicity of sequence
The following definition of the notion of higher-order convex functions is known

(see [7]).

Definition 1. A real-valued function on an interval [ is called convex of order n oy Iif
all its divided differences of order n+1l, on n+42 distinct points of 1, are positive. The
function f is said to be non-concave of order n on the interval [ is all its divided differences

of order n+1, cn any n+2 points of /, are non-negative,

We shall consider the next particular cases:

A. If we choose a = b > 0 in Theorem 1 we obtain

(S3500) (&) = (S20) (@) =

5 n;l:(l—:l.‘) n-—l(n—l){ 1 [k+a .‘i:_—]—(hiwl k.‘-l—(l-l*].f] .

_(n+a}("+“+l)k=o k ntalnta ntaitl’ nta '
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a [kta+l k+a+tl i =i
+k‘+l[n+a+[’ n+a v]}m(l—-m) =
i, . ' ¢ s _ 4l

(“+“)("+a+])[ﬂ+a+]'7z+a’f}“ P

Since on the interval [0,1] we have Pacia(z) 20 (k = 0,1,...,n — 1), from this

identity and Definition 1 there follo ;:

' Theorem 2. If the function fis convez of first order on the interval [0,1] and inereasing
on [0,1] then the sequence (S2*f) is decreasing on (0,1), that is (Spf) > (S, f) on
(0,1) forn = L1,8,...

Analysing similarly it is easy to state:

Corollary 1. If the function f is concave of first order on the initerval [0,1] and decreas-
ing on [0,1] then the sequence (S“°f) is incrcasing on the interval (0,1). '

B. If we t:?).ke e =0 and b > 0 in Theorem 1 we have:

(S2015) (@) = (S%41) () =

& z(1 - ) "231 L [ k& k+1 k;lf
A (n+b}rz+b+1 e n+b n+b ndb1’ n+4b'

b k kE+1 x S b n -+ 1 n
iy : e n .
n—k‘[n-l—b’n-kb-{—l’:,}m( z) +(n+b)(n+b+] n+b41’ n~ib'

Now we can state the following proposition:

Theorem 3. If the function f is convez of first order on the interval [0,1] and decresing
on [0,1] then sequence (S2*f) is decreasing on the interval (0,1), that is

(59) > (1) (9)
on (0,1) and n = 1,2,...

Analogously we formulate:
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Corollary 2. If the function f is concave of first order on the interval [0,1] and increasing

on [0,1] then the sequence (Sf'bf) 18 decreasing on the interval (0,1).

To conclude, we mention that different liniar approximation operators iutroduce%l
and studied by D.D.Stancu (mainly by probabilistic methods) have been the object of

other investigations, made by many other researchers - see (1], [2], [3], [4], [5], [6).

'
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