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Abstract. In this paper we deal with a linear operator of Baskakov-type which has been
constructed in [1] by using wavelets, Now, we estimate the order of approximation in

Lp-spaces (1 < p < oo) for smooth func_l;tons.

1. Introduction

Recently, "wavelets” have become a versatile tool in both theoretical and applied
mathematics. Certain families of functions generated by dilations and translations of a

single functicn 1), i.e. given by
Vas(z) = la] "oz ~b), a,beR, a0,

have been studied in many works, see 3], [4], [6]. By using wavelets it is possible to
construct classes of operators which are useful in the approximation theory. In [5] H.H.
Gonska and Ding-Xuan Zhou introduced a class of Szdsz-type operators by means of
Daubechies’compactly supported wavelets, which have the advantage that they can be
used for L,-approximation (1 <p < oo). Following the same idea, in [1] was presented

Baskakov-type operators. These operators are defined as

(Lnf(w-nzjb,.km) [ o=t = 3 bate) [ \ (‘—:f)meu, (1)

k=0
where
nt+k—1 P
— —— T > U
bn.k(:"‘) k (1 4 z)ntk’ r 2 U,

and 1 belongs to L.,(R) such as suppy C [0,A] with 0 < X < oco. Also, for ¢ we require

the following conditions:
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(i) its first 7 moments vanish:
[ towa =0, 15k<r, (2)
R
and
(i)
[ vy =1 3)
R
The condition (i) implies that our operators have the same moments ag Baskakov

operators in an arbitrarily chosen number.-When 9 = Xpo,1) Ln are exactly the Baskakov-

Kantorovich operators Bj; given by:

S %
(Bef)() = buk(z) [ Fiki).

k=0
The main goal in this paper is to give an approximation theorem in L, (1 < p < 00)

for the operators introduced by (1).

2. Results
Firstly, we recall the Hardy-Littlewood maximal function M of a locally integrable
function g, that is g € L'ee: Tt is a sublinear operator of the kind
(Mg)(z) = sup

up | = [ lotwlda). (4

Obviously ||Mg|le < ||gllc: Further, an application of Marcinkiewicz’s theorem
(see - ; 2],
page 80) leads to the relation

|Mgll, <v(p)llglly 1<p < oo, (5)

" where y(p) is a constant and | - ||, indicates the norm of the Banach space L,. In our

investigation we shall use the function @,

p(z) = v z(z + 1), =20, (6)

which represents the step-weight function related to the operators of Baskakov and Baskakov
Kantorovich.-
Also, we need the first moments of Baskakov operators:

¢*() (7)

n -

#n,ﬂ(z) =1, ruﬁ.l(m) =0, p"h?(m) =

12
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where, generally

Enm(2) = ank(:c)(—-—a:) , mé€EN.

k=0
Finally, we note with A. o loc the space of all functions absolutely continuous in
every closed finite and pomtlve interval,

Now, we mention some results in the form of lemmas which will be used in the

sequel.

Lemma 1. If f and f' belong to’A.G’."’c then, for any z € [ ’TJ the foﬁowmg inequality
(Ear)@) ~ e < 0L )

holds.

Proof. Starting from the identity f(t) = - f(z) + f f’(u)a’u,.and using the relations (1)

and (4) we can write successively:

: : e A e
D@ =1 = |1 ([ Fis)| < Sboate / ’ L 1l an, <
< 3 tnae) [ [EE ol o ra o) (®)
Further, we have:
AZ

dt<-—+)t’-——-:c (9)

(e,

Applying Cauchy’s inequality and taking into account the relations (7), we obtain

for any z € [ 7—]

bui(o) £ ~ ] < 2o <58 (10)
3 v
Substituting (9) and (10) in relation (8) we arrive at the desired result. O
Lemma 2. Let z > ;71; If we define:
An(z, -’E+1) an,,(a:)f (w— ) dt,
(Bt
B(.r,\)——-gb m)/ s
13
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then
A,,(:r,/\)<(’\s+)\) 1 n2>1, (11)
3 n’
ind
Bu(z,)) < (}\ +4)\) == lin > (12)
vr

Proof. According to (7) we have:

1 A 2 2 A A®
= ——— nalT) — —t iy — = — [
An(2, ) z(z+1) _/0 (# a(®) nt (=) + nz) : n i 3ntz(z+1)

The assumptioﬁ v/nz > 1 implies the relation (11).

To estimate B,(z, A) we notice that

1422k 3
Bl ss _§:m4$j' Ei%rﬁL
n(z + 1) Z A A2 z+1
L %Aﬂm(l+*——)+———A . (a3)
T = n+k 2nx T

From the inequality In(1 4 ¢) < ¢, t > 0, and (7) it follows for every n > 2 that:

= (n+k—2)! z* n+k—1 n
]
\>01,;c(.z)n(1+ +k) < 1+1 kli(n — 2 ! (L+z) -1 ntk nilﬁ

k=0 =0

n A n

- (0) s =
TIPS T R TR

Returning to (13) we deduce:

¥ 1\ I MA+8)
n A B 1 e )
Bula, )<2m: F)‘(ni‘:r;)n—l< 2/n

scause i < y/n. Hence (12) holds. [

mma 3. If f and p*f" belong to A.C.fﬁ“ then, for any z > :}; and n > 2, the following

nequality ;
AP Ty
(L))~ @ < (5 + 5 +53) Tl ()
holds.
Proof. We use the Taylor formula v
1) = =)+ f@ =) + [ (=)

R
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and considering (1) we obtain:
(Lnf)(z) — f(2) = f’("")Ln(Tx;-’”) + Lo(Ra fiz),
where 7.(t) = ¢ — z and

(B = [ 0w

The conditions (2) and (3) ensure Ln(rs;x) = 0, consequently we get:’

‘ = M+
(Lo f)(=) = f(z)| < gbn.k(m)/o. ’/z l
We use the fact that:

o—ul _ Jz-o] Felae 2

u(l4u) = z(l+u) = ¢z 1+a:+1+v :

1" (w)|du

— U

dYlloo.  (14)

for every u between z and v (>0, v>0), and choosing v = 4 we can write:

< 225 (rr G T:'E) OO

where ¢ is deﬁned in (6).
We place this above inequality in (14) and taking into account both the definition

t+k

U

of Hardy-Littlewood operator from (4) and the notations which were introduced in Lemma,

2, we have:
(Lnf)@) = F(@)| < (An(2,A) + Ba(z, \)$]looM(? ") 2).
Recalling now (11) and ( 12) the proof of Lemma 3 is complete. ]

Combining the cases of Lemma 1 and Lemma 3 after a new increase, we have for

z -E [0,00) and n > 2:
(Zaf)(z) = f(a)] < ( 304 20 ) Wl ) o) 4 a0,
This implies for 1 < p < 0o and f’, ©*f" € L,|0, 00): .

Nonf = 1, < ""ﬂﬁ””(um Pl + 1M )L),

where ¢, is a constant.

If we use the relation (4) in this above inequality, we are able to state our main

result,

15
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Theorem. Let 1 < p < oo and L, the operators defined in (1). If f,f" and p*["
belong to A.C.%°N L,[0,00), then we have

”Lnf flls < \/—(”f lo + ll* f Il ] oo -

- where M is a constant which depends on X and p.
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