UNIVERSITATIS
BABES-BOLYAI




COMITETUL DE REDACTIE AL SERIEI MATHEMATICA:
REDACTOR COORDONATOR: Prof. dr. Leon TAMBULEA

MEMBRI:

Prof. dr. Dorin ANDRICA

Prof. dr. Wolfgang BRECKNER
Prof. dr. Gheorghc COMAN
Prof. dr. Petru MOCANU

Prof. dr. Anton MURESAN
Prof. dr. Vasile POP

Prof. dr. loan PURDEA

Prof. dr. Ioan A. RUS

Prot. dr. Vasile URECHE

Conf. dr. Csaba VARGA

SECRETAR DE REDACTIE: Lect. dr. Paul BLAGA






analitice 1a studiul modelului Borda pentru un jet ideal cu simetrie axiald . §
GH. MicLXug, Integral Operator of Singh and Hardy Classes ® Operatorul integral d
lui Singh gi clasele Hardy ... 1
V. Mioc and M. StavinscHi, Orbital Period Variations in the Gravitomagnetic Field
of a Rotating Mass e Variatiile perioadei orbitale in campul gravitomagnetica!
unei mase in rotafie ......... ... . e (i
Z. RAMADAN, On the Numerical Solution of a System of Third Order Differential
Equations by Spline Funétions o ASupra rezolvirii numerice a unui sistem de
ecuatii diferentiale de ordinul al treilea prin functii spline .................., 8%
N. TARFULEA, On the Positive Solution of Some Semilinear Elliptic Equations on a |
Bounded Domain ¢ Asupra solutiei pozitive a unor ecuatii eliptice
semiliniare intr-un domeniu marginit ............. .. ... i
GH. TOADER, On the Inequality of Hermite-Hadamard e Asupra inegaliti{ii Hermite
Hadamard ... . ... i 103
G. ViLalc, Approximation Properties of a Class of Bivariate Operators of D.D. Stancu
Proprietiti de aproximare ale unei clase de operatori de doui variabile ai lui

D.D.Stancu .......oooeiiinii B 109



STUDIA i{INIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLII, Number 2, June 1997

RS

A BIVARIATE EXTENSION OF THE BERNSTEIN POLYNOMIALS

OCTAVIAN AGRATINI

Abstract. In this paper it is given an extension to two variables of the Bern-
stuin B, . f operators and there are investigated their approximation proper-

ties.

1. In the paper [2] is introduced and studied a new sequence of Bernstein type

polynomials. Namely, for any function f € C"[0, 1] is defined the associated polynomial:
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It has been proved the estimation:

If = (B £l =0 (v~ 5w (£1);07217) ),

where ||g]| = sup{lg(z)|: = € [0,1]} for g € C[0,1] and w is the modulus of continuity of

the function f, defined as usually:

w(f;s) = sup{lf(z) = F)l - 2,y €[0,1], |o— 3] < s).

The aim of this paper is to give an extension to two variables of the B, , f and to
investigate their approximation properties. It should be mentioned that there are many
extensions to two variables of the linear operators of approximation (see, e.g. (3], [4],
[5)).

2. Let E =[0,1] x [0,1] and f : E — R differentiable of order r on E. The
Taylor polynomial of degree r associated to the function f, in a point (a,d) € E, is
defined by:

T A)obie0) = floh + 35 (- )3 + v =2 ) flabps

r

1 d 8\’
+5 ((z—a)aﬂy—b)%) f(a,b)+---+;li((m—a)%+(y——b)(%) f(a,b).

Received by the editors: February 26, 1996.
1991 Mathematics Subject Classification. 41A10.

Key words und phrases. Benstein polynomials, approximation.



OCTAVIAN AGRATINI

The corresponding Taylor approximation formula is
f(z,y) = (T, )(a, 4 2,y) + (R f)(a,b;z,9). @

We introduce the notations:

d a\* &flab) i

D* f)(a,b; z,y) = —a)—+(y—-0=—) f(a,b — 7 (z—a)" " (y-b).

(Dot = (- a)ge + =z ) flab) = ;()w L
Then the formula (2) becomes:

f@) = flah)+ 3 (D 1)(@,:2,) + (R f)(a,b;2,).

=1 |
.  Definition. A generalized Bernstein polynomial of two variables of order (n,m;r)

for a differentiable function f of order r on E is a polynomial having the form:

B0 =300 (5 L) (1) (T)a - er—reta -,

k=0 1=0

where

It is evident that forr = 0

(Tof) (E.—l-;z,y) f <§.%)

and consequently B,(.?;,), f becomes the ciassical polynomial of Bernstein of two variables.

3. We intend to evaluute the quantity:

(ESLN =, 9) = 1f(z,9) — (B f)(=,9)l.

We need to use the identity:

ZZ( )(7) -2yt -yt =1

k=0 I=0

By multiplying it by f(z,y) we can write successively:

(EL)f) (=, y><ZZ( )( )

k=0 1=0
(55
r n);'n_)t)y

fz,9) - (T.f) (—,i,z y) £+ (1—z)*y (1g)™ =

(1 - z)" Ry (1 — g™t (3)
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hood of (£

It is known that if f has continuous partial derivatives of order r in a neighbour-
_l_ -
n 'm )

), then the remainder can be expressed under the form

(R (5 7ie

2.3) = 715(8.4) @ s, 1) (@)

4)
where S(&,L) is a continuous in (X, L) and vanishes in this point. Also, we notice that:

-

spr

m

In the next stage we shall consider that the remainder of Taylor’s formula ex-
pressed by (4) fulfills the following condition: exist the real constants A, B and the
numbers p > 2, ¢ > 2 s0 as

kP 19
bay@nsal-il +8l- 2 @ues. )
Because (z,y) and (%, L) belong to E, we can deduce:
p(x,1)(2,y) < 25 (6)
From (4), (5) and (6) we get:
! 25, k|? !
n (£, Lizo)| < 2 (ale - 2 + 8l
m r! m

The following inequalities are well-known

)2 (o2 6-2)
g z -nz)’-'(:) (’;’)zk(l-z)n-* :
and

y
gg(l — my)? (:) (T) zF(1 - z)"Fy

y(1-
They lead to the next result

1_ m—l<2
(1-y) <3

vt <

inequality:

Theorem. Let f : E — R with all partial derivatives of order r continuous
on E. If the remainder of Taylor’s formula fulfills the condition (5) then we obtain the

. 25 (A B
) = BNl < 15 (54 2)).

Corollary. Under the hypothesis of this theorem we can further write

— Bir) -~
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where || - || = m’?xl - !

4. We mention that in [1] we have introduced a class of linear polynomi
approximating operators {Lns)n>1, 7 = 0,1,2,... for the functions f € Cr[o,1).
order to construct them we used the Taylor polynomial of degree r and a class of lin
positive operators generated by a probabillistic method. Also, we studied the ord
of approximation using the moduli of continuity of first and second order, (L, [l
including as a special case the generalized Bernstein polynomials defined in [2].
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