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ON MODIFIED BETA OPERATORS

OCTAVIAN AGRATINI

Dedicated to Professor D.D. Stancu on his 70" birthday

Abstract. In the present paper, we deal with an integral operator of beta-type
L,y depending on a positive real parameter y. We give an estimation of the order
of approximation by using the first order modulus of continuity. Also, we prove an
asymptotic formula of Voronovskaja type and we show that the operator preserves

the Lipschitz constants.

1. Introduction

In time, several integral operators which z‘n‘e associated with beta-type proba-
bility distributions have been discussed and interesting properties have been proved. In
this respect, we mention the papers [1}, [2], [5], [6], [7]-

Let us denote by Lg[0, 00) the linear space of real bounded functions defined on
[0, 00) and Lebesgue measurable. In [8] D.D. Stancu introduced a new beta second-kind

approximating operator defined on Lg[0, c0) as:

(En &) = En(70,) = gt [ SO et 250, ()
and (Lm f)(0) = £(0), B(,-) being the beta function.
This is an integral linear positive operator of Feller type which reproduces the lin-
ear
functions. Starting from L,, defined by (1), we introduce and invesiigate a sequence of
linear positive operators depending on a parameter ¥ > 0. These modified beta operators

are defined as follows:

1 0o tmy—l
Loy f)(@) = ——— | flt4+2)—————dt, 2>0 2
( Y )( ’ B(my,m + 1) 0 ( )(1 + t)my+m+1 ’ Z Y ( )
where f € Lg[0, c0).
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It is clear that for any £ > 0 we have:

(Lm,z £)(0) = (L f)(2).

This type of construction was used in the papers [3] and [4] for an integra

modification of Szdsz operators.
The next section provides the main results of this paper. All the proofs and th

necessary supporting results are provided in section three.

2. Main results
Theorem 1. Let @ > 0 and f € C[0,00) such that Lmy(|f],z) < co. For any m > 1

and y € [0, a] we have the following inequality:

(s )e) = fla+ )l < (14 Valar D)o (1, o= ), ®)

where w(f,-) represents the modulus of continuity of the function f.

Corollary 1. Let 0 < a < . If f € Lp[0,00) N C[0, 24}, then, for any fired y € [0, a),

we have:

Jim (L, £)(2) = f(z + ), {4)
untformly in [0, a].
Theorem 2. Let a > 0 and f € Lg[0,00) differentiable in some neighborhood of a point

x +y € [0,a] such that at this point f" exists. Then we have:

Jim m((z +) = (Em g £)(2)) = ~LEL (2 ), )

Theorem 3. Let a > 0 and f € Lp[0,00). Then f € Lipy 4(A,p) if and only if
imyf € Lipg q)(A, p), where A >0 and p € (0,1].

It is appropriate to remark here that g € Lipg 4)(A, p) if for any z and y belong-

ing to [0, a] we have:

ly(x) — g(y)] < Az —y|*. (6)
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3. Proofs

Before we proceed with the proofs, we recall some useful relations:

(Emyeo)(#) = (Emes)) =1, 0
(Enyer)@) =2+, ®
Ln((t —2)%2) = 222D, (9

where ex(t) =¢, t >0, k=0,1.
Proof of Theorem 1. We have

I(Lm.yf)(w) ~ fle+yl < |
tmy—l

|7t +2) - fly+ ac)l———————(1 Tyt

= B(my,m +1) /
It is verified that for any § > 0

(f+2) = s+l < (14 3= ) wl19)

From the above relations, by making use of the Cauchy inequality and of the

relations (7), (8), (9) we car write successively:
(Lmy£)(e) - F& + )] <
< (14 f oy L Wit 0(0) <
in)) (£, = (+és ”f}j“’) )

But y < a and if we take § = 1/4/m — 1, we arrive at inequality (3). 0O

. 1
< (14 32 -

Proof of Theorem 2. Because f has a finite second order derivative at a point z+y € [0, a)
then f can be expanded by Taylor’s formula:
_ o / (t_:’:.-y)2 1" 2
O =fa+y)+Et-—z-9)fE+y)+———— "z +y) + -2z -y)°r,(1),
where 4, is a real valued function having the property: r3 ,(t) — 0 ast — z +y. Using
(7) and (8), we get:

(Lmyf)(2) — flz +y) = ;’((—,’i:—lll)f”(z +9) + Ry y(x),

11
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where Ry, is given by:

tmy- 1

1 0 \
Rg,y((l)) = —BT"‘IE'I—R—IT)/O (t - y) Tg,y(t + x)zl—“)mdt

Taking into account that ry ¢(¢ + z) tends to zero when ¢ tends to y, it follows
that for every € > 0 there exists an § > 0 so that for every t for which |t — y| < 4, we
have |r2y(t + )| < €. Since 1y is bounded on [0, a], for every ¢ for which |t — y| > §,

we deduce:
Irzy(t +2)| <M < ME2(t ~y)°.

Consequently, the inequality .
Iray(t +2)| < &+ ME2(t —y)°
holds. By choosing € = ;‘;, after few calculations, we obtain

lim mR; 4 (z) =0

n—4 00

which leads us to the desired result. Further, the convergence from (5) is uniform if f*

is continuous on [0, a]. ]

Proof of Theorem 3. Let f € Lp[0,00) N Lip(g 4)(A, #) and z1, 22 G [0, a) such that z, +
y < a, £z +y < a. Considering (2), (6) and (7) it results

|(Ln,y f)(z1) ~ (Lim,y F)(=2)] <

1 oo tmy—l d A ,
SW[) Pt + 1) = ft + 2l e dt < Aler = 2l

Thus, Ly f preserves Lipschitz constants.

Now, we assume Ly, f € Lipp q)(A,p). For any integer m > 1 and i +y €

[0,a], (i =0,1), we can write:

(@1 +y) - f(z2 + 9)| = [(Lng F)(21) = flzr +9)| = 1 fz2 + y) -

= (Lmy NN@2)] < |(Lmy £)(21) = (Lm,y ) (22)] < Alzy — 22]".

With the help of relation (4), we obtain easily that f € Lipyg 4(A, ). This

completes the proof of Theorem 3. 4
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