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1. INTRODUCTION

By using a probabilistic method D.D.Stancu [4] constructed a linear positive polynomial
operator L%E of Bernstein type, depending on anon negative integer parameter r (21 < m)
and on two real parameters o and 4 such as 0 < o < fJ. The expression of this operator

is presented below:
m

(L8 ) (@) = 3 wmper(@)F (525) (1)
k=0
where f € C[0,1] and

(m;-i‘)mk(l _ m)1n—r—k+]’ 0<k<r

(m};—r)wk(l _ m)m—r—k+1+

wm,k.""(x) - +(7n*")13k—1'+1(1 — 'L‘)muk r< k<m-—r
e—p /" ' !

’L’::,'):Uk""“(l = g, m—r<k<m

It is obvious that for « = § = 0 and » = 0 or r = 1, the operator becomes the well-known
. - 0,0 - ;
Bernstein operator. We mention that L, ", has been given earlier by H.Brass.
Furthermore, in the same paper, the author was able to express the operator by means

of the fundamental Bernstein polynomials in the following form:

m—

(Lf;'ﬁ-f) (z) = Z B e () [(1 —z)f (ﬁ) taf (I»_;}—!_:Jrjég)] (2)
k=0

where
B i (.L) — (m]:r):vk (1 _ ‘E)m—,-_.i.z .
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For our exposure we need also an old result obtained by D.D.Stancu [3]. He studied a
class of Bernstein operators depending on two real parameters 0 < a < b. This operator
is defined as follows: '

(52°0) (=) = Y pmi(z)f (542 )
k=0

where f € C[0,1].
The aim of our lecture is to prove an estimation for the difference -

(2520 @) - 1 @), s<m-n, E
which involves the first order modulus of continuity w, of s-th and (s+1)-th derivative of
[, where f € C*+1)[0,1]. The technique of evaluation follows a classical way presented in ne
numerous papers, such as [2].

2. PRELIMINARY RESULTS a
W
At first, we differentiate the relation (3) s times and we get (see [5]):
( ) n—s
(.S',‘;'bf) , (#)=n(n—1)...(n—s+1) Z ("=t (1 — :L’)”_"FSA‘:-,M ! (—i—'_lff_-%) , (4)
,‘.‘:U
where A*, f (’ﬁ‘—;) represents the difference of order s (s < n) on the function [ with
T
the step ﬁﬁ starting from the value '; iz
By using the mean value theorem, we can write:
A® k4al _ 1 o(s) [ k+atsby 0 0.1 Sul
2 f okt ) = miged nte ) Ok €(0,1). (5) 1t
Clearly: [
| FO) (Ette) = f0)(0) — (o ktntane) flort)y)
k+a+':=uE
n4 z e
-/ (f(3+1)(m)—f(~+”(t)) dt. (6)
1f we note 1 i
n(n — )...(11:8—!— ) :O’f’,,_\» )
(n+6)
and substitute (6) in (5) and (5) in (4) we obtain:
Ti;.?
cab py(8) N g (s) 7., . ktatsfi ) pls+1) . [n th
(bn- f) (‘L) - ﬂu,.c Z {j( )(‘l’) - ("L = '%_H)_‘) f (I)_ U, 1]
=0
By n

kdatsoy
EE=

_/ (f(”l)(l') = f(sﬂ)('l]) dt} (" Jak(1 - g) k- = (‘5
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n—s

’ = o fV(e) - e, 30 (5) (= = B) 80— 0
) Fab Y e fet) (@) (") 2k (1 — a) R
k=0
i k+ai:6i.
o 0 ()= [T (e feg) e
k=0 i
But

|FeFD (@) — FED @) < (1+ |o — 6~ wy (F+1); 4),
f
)n apere wy is defined by
wi(f,6) = sup [f(z') — f(2")]

o —1| <6

, " being points from [0,1] and d a positive number.
We can write successively:

kta+s8

n+4b
[T ) - e gla<
< kta+sts - 1 k4+a+st, - C (5+l)'d <
- n+b T+ 24 n+b X w](-f ) )
s k+a s s 1 2 s+1)., ¢
= {(I o W) \ﬁ *'17' tamt 5% T 3% (;i_b 1) }Wl(f( )“5)-

Substituting this result in (8) and taking down ¢, (t) = |t —z|, 0 <t < 1, we can
7 atinue with the following increases:

[(529)" (@) = 7 @) < oo = U @)+ b, (52502 @)+ (@)1

tab gl @)+ ab { (1 ) (S2E ) (2) + i+
oy + 2 (S5 02) (@) Fen (£ 8) < Jab, - LIF) )+
) ((saten) @+ 25) W+ { (14 mpteay) (52500 ) (@) + 2t

s wa,bds 2 P .
+amies + (-5,,_s+ 903) (-vJ}wu_(.f( h), (9)

[n the relation above we have used af, , < 1; also, we mention that || - || is sup-norm on
0,1].

By malking use of the Cauchy inequality and according to Stancu (see [3]), we have:

(sa2en) (o) < { (5204 e0) @) (35002 0} = (s222) 0 <
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Corollary 1. Under the hypothesis of Theorem 2,

im (252" (2) = 1) (a),

m—oo
. 3
the convergence being uniform on [0, 1]. i
Finally, we mention that in [1] we considered an extension in the sense of Kantorovichl

of the operators L%P. For this extension we established some quantitative theorems
P m,r

representing estimations of the order of approximation.
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