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AN ASYMPTOTIC PROPERTY
OF INTEGRAL TYPE OPERATORS

OCTAVIAN AGRATINI

1. Introduction

Let J be a subinterval of real axis not necessarily bounded and for each inte-
gern > 1letl, C N be aset of indexes. Also, we considerp, x (n > 1, k €1,)
real non-negative valued functions with the property p, x € C(J) and the nodes
xpx € J. Let (X,),>1 be a sequence of random variables having the follow-
ing distributions: P (X, = x,,;) = pn.i(x), i € I,. By the definition of these
distributions we have for any n > 1,

M Y pnitx) =1 x€lJ.
i€l,
Connections between probability and positive linear operators have been dis-
cussed in many papers. In this direction, associated to the above random variables,
we can consider the well-known class of linear and positive operators defined by

2) (L f)®) =Y puk I f i),

kel,
where f € C(J).

In [6] Durrmeyer introduced a new kind of modified Bernstein polynomial
operator on L [0, 1], the space of Lebesgue integrable functions on [0, 1]. In order
to generalize L, to an integral operator we follow Durrmeyer and take p, » as an
integral kernel. In this way we define ;

3) DuNE) =3 CuiPui®) / P (1) f(D)dL,
y

kel,

where the coefficients ¢,  satisfy the normalization property, that means c;}c =

= fp,,,k(r)dt, k € 1,, n > 1. This fact together with (1) guarantees
J

4) (Dyeo)(x) = eo(x),

where, generally, e;(x) = x*, x € J andk > 0.
The operators in question are defined on the space L 1(J ) and they include the
ones considered in the literature under the name of “modified operators” being the
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integral analogue of the Bernstein, Baskakov, Meyer-Konig and Zeller operators,
see [5], [7], [3]. For a similar construction, in [1] we indicated sufficient conditions
which ensure the uniform convergence of the sequence. If for a certain sequence of
operators (D, ) and a certain function f the relation “li_l'xgo (D, f)(x) = f(x) holds,

the question arises how fast (D, f)(x) tends to f(x). An answer to this problem
is possible to be given in different directions and one of them is that in which f is
supposed to be at least twice differentiable in a point x € J. We refer here to the

Voronovskaja-type formulae.

The object of this paper is to present such a formula for the operators defined
by (3). Of course, this implies that stronger conditions on p, , must be imposed.
Also, we are going to give explicit formulations of our formula for some classical
kemels like Bernstein and Baskakov. The last example which is presented here,
leads to an unexpected surprise.

2. Main result

Firstly, we define:

(5) Tn,:’(-x) —: Z Cn,kpn,k(x) /Pn,k(r)(t Ax)1df» vz 0;
(i)

ke]n

It is clear that T, o(x) = 1 and T}, ; are continuous functions on J for any
[ > 0. In what follows, we will consider the following assumptions:
(1) 0 < a; € ap < as exist such as

(6) Tpi(x)=0(n"™*), ke {1,2} and T, (x)=0n"") for I > 4;
(i) if J is an unbounded interval then

(7) i) = O(t?) as t — oo, for some ff > 2.

TueoreM. Let f € L (J) and be bounded on every compact subinterval of J
admitting a derivative of order two at a fixed point x € J. Under the hypotheses
(6) and (7) it results

Tim (D f)(x) = f(x)) = (),
where X = min{ay, ap} and

fl(x)a(x), o) < ap

T bonidiors £(x)
flx)ax) + —=5=bx), a =a.
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Here a(x) and b(x) are defined as follows:
a(x) = 1irrc}0 Tarlxm s W)= Tim Thalzin g,
n— n—0co

Proof. By Taylor’s expansion of f, we have

® 0= @+ @ -0+ 5207 406 -2

where p, () tends to zero as f tends to x. D, being a linear operator and taking
into account relations (4) and (5), we can write:

(Da f)(x) = £&) = FOTu 1) + L5270 + Rap 000,

where

(Rpp)(x) = Z Crr,kpn.k(x) fpn.k(t)”x(t)(’ _x)zdf»
i

kel,

In order to prove the theorem it is sufficient to show that

©) Tim n (R pie)(x) = 0.

Case 1. J is a bounded interval.

Because () — 0 ast — x we deduce: for a givene > Oa 6 > 0 exists
such that |, (f)| < € whenever 0 < |t — x| < 4. For any t € J with the property
|t — x| > 6 we have |u, ()] < M(t — x)z/é2 because p, is bounded by some
constant M . We can write |, (1)| < € + M (t — x) /8% which implies:

(R 1) ()| < €Ty 2(x) + M 67T, 4(x).
Under the given assumption (6) we get
n* (R )(x)| < €O(nA~%) + M §720(n?~).
Choosing ¢ < n™* with s > A — a; we obtain (9).

Case 2. J is an unbounded interval.
According to (8) we have

() = FG@)t = %) = 12 = 2)2 )2
rux('t) = (t '—‘x)2

and applying L’Hospital’s rule twice successively it follows again }im pe () =0,
—X

According to (7) we can choose 1 to be so large that | f(1)| < A 1P for some constant

A >0and0 < x < r/2. This implies that |£(1)] < 2°A (£)” < 2PA|r — x|?
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and hence, from the above definition of p,, it results that 4, () = O((z — x)7) as
t — oo for some vy > 0. Consequently |z, ()| < € +A|t — x|” and using twice
Schwarz inequality we can write successively

|(Rn P"x)(x)l < Eo(n_az) +A Z Cn,kpn,k(x) /Pn,k(t)lt —X!2+’Ydt <
kel, g

2

<0G ™) 44 Y & apna() | [par@l =3t | <
kel, g

<00 +4 Y & na) | [pardt | { [ pusre =

kel, J J
=e0(n™*) + 0(n™™),

We used both (6) and the definition of ¢, ;. Taking into account that A < a3
and choosing again ¢ < n™* with s > A — oy we arrive at the desired result (9).
This completes the proof of theorem.

3. Applications

We choose I, = {0,1,...,n}, J = [0, 1]and p, «(x) = (})x*(1 —x)" %,
Easily we deduce ¢,y = n + 1, k = 0, n, and D,, becomes M, the integral ana-
logue of the Bernstein operator studied by Derriennic [5]. The following identities

—2x +1 T ()H2nx(l—x)~6x(1—x)+2
A LT (n+2)(n +3)

hold. Taking a; = a2 = 1, weobtain A = 1, a(x) = 1 — 2x, b(x) = 2x(1 — x),
which imply "lingon((l)nf)(x) — f(x)) = (1 —2x)f(x) +x(1 —x)f"(x), that
is theorem I1.5, [5].

2) The integral analogue of the Baskakov operators was studied by Sahai and
Prasad [7] and further on by Sinha, Agrawal and Gupta [2]. Now, we put [, = N,
J =0, 00) and py k(%) = (, 45 _)x*(1 =x)™"*. Clearly ¢, s =n — L,k €N,
and after few calculations we obtain
2x + 1 2(n — Dx(1 +x) + 2(1 + 2x)?

: 24T =
e Lt (n—2)(n —3)

These lead us to the following results: A = 1, a(x) = 2x + 1, b(x) =
= 2x(1 + x) which imply

Tim a((Daf)@) = £() = 2x + Df/(x) +x(1+0) (),

Ty i(x) =

Tn,i(x): , n> 3
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that is theorem 1, [7] for r = 0.
3) In [8] D.D. Stancu introduced a linear positive operator L,,, » where r is

a non negative integer parameter (2r < m) and o, (3 are real parameters such as
0 < a < (3. This operator can be expressed by means of the fundamental Bernstein

polynomials in the form:

m-—-r k
et Fi oo (333) (15557

k=0
where f € CI0, 1].
Starting from the above operator, in [4] Chen Wenzhong and Tian Jishan
defined a new operator of integral type P,y ; (s < n/2) as follows:

n—s 31 :
(Pr:sf)(x) = Z l:(l _x)c,,_,i-,k/ (I = t)bn~s.k(!)f(t)dt +

k=0
(10) i x(C:,s,k)—lf tbnvs k(t)f(r)dt:l n—s, k(x)
0
where ' |
n—s—k+1 G : k+1

e = s st T st Dm—s+D

and By e (x) = (" "s) k(1 — x)"—*—*. The authors computed the degrees of
approximations for continuous functions and L ,-functions. In order to apply our
theorem we tried to represent (10) under another form and in this way we obtained
a surprising result. Firstly we recall two identities:

R g IS
k41
n—s+41

(1 '_x)bn—s,k(x) = bnés—}jl.k(x),

xby —s,k(x) = b!l-—.;+1,k-+l(x)

We can write successively:
n—s
Rl =Kk .
(P:,sf)(x) = Zm—f?",i.kbn—sﬂ,k(x) X
k=0
1
By wbuln ok - !
X ./O m&;—x—kl,k(”.f“)dt i

n—s k -+ 1 '
1 Zh_:S—_H(C;:'_f,k)ﬁlbfr-s-+-i,k+l(x) X
k=0

1
k+1
X w“"bu—s ¢ t)de =
X _/un—s-l—l +Lk+1(B) f(1)de
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iyl n—s+1
o e Z (n—5+1—k)bys41,(x)%

k=0

1
X fo B R (OF (A +

m+1

-4 Z lbn—.s-l—l z(x)f n—s+1, ;(t)f(t)dt (M,, H_]f)(x) —
=1
L 2” —s5+1 1
- ;: _j I 1 Z kb, .s"+].k(-x)‘/0 bn—s+1_k(t)f(t)dt +
n—s+2"_s+1, !
e n—s+1 g{; Ib"_s+1'j(x)£ bn—s+l,i(t)f(t)dt =

= (Mp—s41./)(x).

In other words, the operator P, ; is right Derriennic’s operator M, —s+1, see
the first example. What is really amazing about it is the fact that the Chinese authors
knew Derriennic’s paper (as mentioned in their references) and they obtained many
similar results like in [5] but they did not realize the relation Py ; = My _s41.
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