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ABSTRACT. Starting by the notion of convex functions of n-order intro-
duced by Tiberiu Popoviciu, we aim to record those theorems obtained
in time by several mathematicians, which show how the behaviour of
a function f is mirrored by sequences of linear and positive operators.
Frown the perspective opened by T. Popoviciu, this survey paper presents
the monotonicity properties of the well-known operators of Bernstein,
Bleimann Butzer and Hahn, Meyer Kénig and Zeller, Szasz Favard-
Mirakyan and Baskakov. This way we take the opportunity to emphasizc
the importance of the powerful school founded by Popoviciu in Cluj.

2000 AMS SUBJECT CLASSIFICATION CODE: 41A36, 26A51

1  Introduction

Brilliant mind, T. Popoviciu has had important contributions
in varionus areas of mathematics. The study of the convex functions
of high order was very close to his heart, repeatedly treating it
in one way or another in his research career. He became well-
known for his remarkable papers Notes sur les fonctions convercs
d’ordye supéricur, which he started writing in 1936 and which were
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published in various journals. In 1944 all his contributions in this
domain were gathered in the monograph [17] which will be quoted
by many authors in time. We mention that in the Introduction
to this book, Tiberiu Popoviciu has written ”Dans ce petit livre,
Jexpose les principales propriétés et quelques généralisations des
fonctions convexes d’une ou de plusieurs variables”.

The aim of this note is to present the application of the above
notion to the study of monotonicity properties of the linear and
positive operators. More precisely, the divided differences can
play a fundamental role in the investigation of the approximation
properties of the classical linear and positive processes. These
sequences have the remarkable characteristics of copying the fun-
damental features of the functions which are approximated as po-
. sitivity, monotonicity or convexity of different orders.

First of all we briefly present the notion of n-convexity in-
troduced by Tiberiu Popoviciu and then we illustrate how this
fundamental mathematical tool can be used in the approximation
theory. In the same tiime we mean to underline the author’s con-
tribution to the creation of a mathematical school in this field

located in Cluj.

2 Convex function of n-order

For a function f and the set of n+1 points X = {zo,z1,...,x,}
belonging to its domain we define the nt* divided difference by the
recurrence relation

(2.1)
(1,22, .., Tn; f] — [Zos T1, . oo e f]

[:{:[)1:{:11 <y iy f} ’
Tpn — I

where [z; f] = f(z). Among the basic formulas of the divided
difference of n order we recall the following (for example see [3],
Section 3.1)

(i) [xoy215.- -y 203 f]1 =

f(zk) _
- Z (-'L'A;—fl’ik_l)(l'k;“$k+1)---($k—$n) -

f\_*'l'l
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wilh

N q_ Wiz, 21, 0 f)
(”) {-":ﬂ; O P AT }l] = )
Vizo, 21, ... ,%n)
where V(wg, ey, ... ,a,) is the Vandermonde determinant corre-
spouding to the munbers @y, k = 0,n, and W (zg,2),...,&,; f) is
the determinant obtained from the previous one by replacing its
(1 + 1)-th column by the column of f(zy), k = 0, n.

[t clearly vesults that [xg,21,...,2,; f] is symunetrical in
L.y Ty, 18 a constant if f o is a polynomial of degree less
or equal to nand is zero for a polynomial of degree strictly less
Llaan 7o,

Definition 2.1 (Popoviciu, [17], p.13) A function f is called con-
ver, non-concave, polynomial, non-convez, respectively concave of
- n-order on B af the following relation

(2'5) {:I"ih Ly Ty f} > U) 2 01 = U: S U: resp. < UJ
holds, for any n.+ 2 distinct nodes belonging to E.

For n = () we obtain the monotone functions: increasing, non-
clecreasing, constant, non-increasing resp. decreasing. For n = 1
we obtain the convex functions, non-concave, linear, non-conves,
resp. concave in ordinary sense. 'T. Popoviciu mentioned that
for n =1 the above definition was already given in 1916 Ly L.
Galvani. Also for an arbitrary n and an interval B, the functions
ol n-order were introduced in 1926 by E. Hopf in his doctoral
thesis. The generalization of this concept on an arbitrary set B is
due to Popoviciu and appeared for the first time in 1934, see [15].

Definition 2.1 is equivalent to the following.

Definition 2.2 (Popoviciu, [17], p.15) A function f is called con-
ve. non-concave, polynomial, non-convez, respectively concave of
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n-order on B if the following relation
Ln(-’“(h Ly eeey gy H!) <f(-’1i), < f(fl?); :f(7)1 Z f(.?}), Tesp. >f("‘"')u

holds, for @ > &y and zo,21,...,0,,5 € E.

Here Ln(zo,71,...,Zn; f|-) represents the Lagrange polyno-
wial of n order and is given by the formula

T Q '
Ll 1y oo B flae) z -z Q(_L)

=

(2 being defined by (2.2).
In [16], T. Popoviciu proved that a function f of n-order is

characterized by the inequality
[3"01 L1y ETnga; .f][ml'nm?a <oy T2, f] > 0:

for every o, € E, k =0,n + 2.

In other words, a function f is not of n-order if and only if
(n +3)-nodes exist in E such that zo < x1 < -+ < @y and
Fetitig 03 o eyt 5 P00 0y wos gt ] 22 T

A generalization in Jensen sense of the n-convexity can be
[nulated as below.

Definition 2.3 (Popoviciu, [17], p.48) A function [ defined on
an. interval (a,b) is called convez, non-concave, polynomial, non-
conver respectively concave of n order (J) - in Jensen sense - on
(a1, 0) if the following relation

(AT ) (=) > 0,> 0,=0,< 0 resp. < 0,
a4 (4 1)h € (a,b), h >0, holds.

We recall that (A f)(z) is the forward r** difference of the
function f : (a,b) — R defined by

r

(AL (@) = S (1) (k) [+ k),

k=0
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for every z € (a,b) such that z + rh € (a, b).
Between the forward r** difference and the r** divided diffe-
rence, 1 € Ny := N U {0}, the following connection takes place:

(ALf)(z) =W (2,2 + hyz + 2h, ...,z +1h; 1]

Obviously, every function f of n-order (J) verifies the inequa-
lity (2.3).

3 On the monotonicity properties of classical
sequences of operators

This section develops an investigation of the monotonicity pro-
perties of some linear and positive operators of discrete type. This
kiud of study is the aim of a lot of papers and it uses as principal
tool the divided differences of high orders. Most of the papers that,
will be quoted here mention in their references Popoviciu’s work.

1. We consider the Bernstein operators B,, which are defined

by

(Bai)e) = Lopas(@lf (£), aen, new
k=0 ' i

where py, (z) = (;1) :r;k(l —z)" % and f e R4,

In 1964, D.D. Stancu [18] obtained a representation of the re-
mainder in Bernstein’s approximation formula f=Byf+R,f -
der the form of an average of certain divided differences of second-
order, namely

n—1

(Rnf)e) ==Y 1) [, 2,2 ]
k=0

)
n n

An important consequence of this result is the following: if f
is convex (concave) of first order on [0,1] then we have B, f > f
(respectively B, f < f) on (0,1). Related to the monotonicity of
the sequence of Bernstein polynomials, DD, Stanen establiche!
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' [19], Theorem 1, the nice formula

(Bns1f)(z) — (Bnf)(z) =

k: k-i—l k-i—l

Sometimes it is inaccurately attributed to B. Averbach, c.g. in
[7], Theorem 4.1, page 309.

It should be mentioned that the monotonicity properties of
the sequence (By, f)n>1 have been first studied by W.B. Temple in
1954 and later in 1957 by O. Aram&. The monotonicity properties
of the sequence (B, f)', n € N, have been investigated by D.D.
Stancu in [19] and as we will present further, the same author has
extended the result to higher derivatives.

2. Considering an integer r (0 < r < n) and the following
knots of the interval I = [a,b] : a; = a+ih, i = 0,n, b; =
w+4l, j=1,n, where 0 <h < (b—a)/n,0<l < (b—a)/n, D.D.
Stancu has associated [21] to each function f defined by [a,b] the
linear functionals TT(L o k= 0,n, v = 1,r + 1, defined recursively
- ay follows

T(z) f)

nk(f) = [k, apy1, 06415 f], 0 <k <n—1,

(3.1) T =1 T,
l<v<r,0<k<n—r

Also, we set mll = m(m —1)... (m — s +.1). One obtains

Theorem 3.1 (D.D. Stancu, [21], Th.4.1) The difference between.
the derivatives of order s (0 < s < n) of two consecutive Bernstein
polynomials, corresponding to a function f defined on the interval
(0,1], can be expressed in the following form

(Byit HEN2) — (B, )N z) =



OCTAVIAN AGRATINI 7

i n—s—1

e e _ [S] - (S+2
n(n+ 1) (” 1) (1-~2) g Pn—s— 1k($)Tnk (f)+

L.( _ s 1] 1_233 an-?k T(3+1 (f)

n—s—1

—5(s=1) Y Pacesra(@TEUS)|.

k=0

Examining the cases when the right side of the above equality
has a constant sign, we can state

Theorem 3.2 (D.D. Stancu, [21], Th.4.2) For the sequence of
derivatives of order s(s>0) of the Bernstein polynomials (Bn )%,
n € N, the following monotonicity properties hold:

' (i) For s > 2; if on the interval [0,1/2] the function f is con-
cave (convex) of order s — 1 and convez (concave) of orders s and
s+1, then the sequence is decreasing (increasing) on [0,1/2]; if on
the intervgl [1/2,1] the function f is concave (convez) of orders
s—1 and s and conver (concave) of order s+ 1, then the sequence
is decreasing (increasing) on [1/2,1].

(ii) For s = 1, if on the interval [0,1/2] the function f is convez
(concave) of first and second order, then the sequence is decreasing
(increasing) on this interval; if on the interval [1/2,1) the function
[ is concave (convez) of first order and conves (concave) of second
order, then the sequence is decreasing (increasing) on this interval.

Of course, Theorem 3.1 allows us to study the case s = 0 too.
3. The nth Meyer-Konig and Zeller operator in a slightly mo-
" dified version due to E.W. Cheney and A. Sharma is defined by

k
(M, f)(x Zmﬂk (M) 0<z <1,

where m,, x(z) = (1 — z)"+1zF (n : k) and f € C([0,1]).

It maps the space C([0,1]) into the space C([0,1)). (M, f)(1)
is defined as (M., fY(1) = lim (M, f)(z) = f(1). Tn 1970 A. Lupas
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and M.W. Miiller [13] have revealed many properties of this se-
quence among them being its monotonicity properties.

Theorem 3.3 (Lupag and Miiller, [13], Th.3.3) On the subspaces
of C([0,1]) which are formed by convez, non-concave, polynomial,
non-conves resp. concave functions of the first order on [0,1], the
seqience of the Meyer-Konig and Zeller operators is decreasing,
non-increasing, stationary, non-decreasing resp. iNCrewsing.

This result is based on the following identity

(Ml—f—l = Mn)(f) = Z mn,k”fc,n(f)
k=0

where
Ju’k,'ﬂ-(f):
N 1 [ k k+1 k+1 f]
(k+n+1)(k+n+2) [k+n+1"k+n+2"k+n+1"" |

A. Lupag [12] has also established the following property: the
operator M, n € N, maps convex functions of —1,0,1 resp. 2
order into functions which are convex of the same order.

4. In 1980 Bleimann, Butzer and Hahn introduced a sequence
of positive linear operators L, defined on the the space R0:20) 1y

(Lo f) () = (T:T Z (Z) b f (;;ﬁ) , 20

k=0

In the last two decades, this sequence was the object of an
intensive study developed by many authors. To the best of our
knowledge, the most recent investigation and well-done as well,
is due to U. Abel and M. Ivan [1]. It exists a close connection
between L, and Bernstein operator B, which was pointed out
-both by M. Ivan in [9] and J.A. Adell, F.G. Badia, J. de la Cal
in [2]. Indeed. introducing the operators U : R — RO



OCTAVIAN AGRATINI 9

VRO RI)  defined respectively by

i

wne =14 - (m) A [10, 1)
=

H

(Vg)(z) = (1 +2)g (T%) , >0,

one obtains L, = V o By 0U, n € N. Consequently, many
properties of L, can be obtained easily from the corresponding
properties of B,,.

By direct calculation, B. Della Vecchia has obtained [6], Eq.
(2.4) the following formula

1+

n+1\ .
. ( )mm

1 k
Tl ,;0 (n—E)(n+1—Fk)

- n+1
(L-r'tf){-":) - (Ln+lf)(m) = —[?1,’.’!, 413 f] ( ‘ ) +

y k k+1 k+1_f
n+l—k'n+l1—-k'n—k""|"

A consequence of this identity is the following result

Theorem 3.4 (see [6] or [2], Th.6) If f € R is conver and
non-increasing or if f € C([0,00)) is conver and f(x) = o(x)
( — 00), then Lnf is convez and f < Lpyif < Lyf, n e Np.

Della Vecchia [6] and R.A. Khan [10] have studied the preser-
vation of convexity of order r <1 for L,,. The general problem for
an arbitrary » > 0 was solved in [2].

Theorem 3.5 (U. Abel, M. Ivan [2], Th.6.1) Let r > 0, n € N
and | € RO We suppose that, for each m = 1.7 1 and all
1 =10,n—1, we have

S .
(‘I)T kit [-'["'u.,,'/; ey By ptm s Wiy~ f] >0

L
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resp., _
(_1)?+m+1[5§ﬂ,u1 «o oy Tnptm) wm-lf] =0,

where Tp o = k/(n+1—k) and wy(z) = (1 +z)™, 2 > 0.
Then the Bleimann, Butzer and Hahn operator maps f onto a
function Ly f which is convez, resp., concave of order r on [0, 00).

5. Let S, be the Favard-Szasz-Mirakyan operator defined by

o k
@ =3 2L (5], oz
k=0

where f € By, EBoo i= U E, and
a>0

Bni= {1 € C(0,00)): supe~"7|/(2)] < o0}

The space Eq, @ > 0, endowed with the natural order and the
norm ||« [|a, ||flle = supe™®*|f(z)| becomes a Banach lattice.
>0 '

It has already been established [20], p.1191, that the following
relation between two consecutive terms of the sequence (Syf)n>1

holds
(Sni1f)(z) — (Snf)(z) =
= )e_nzi(ﬂ;)k [E,k*}-l k-l*l;f]1 w b,

n(n+1 — n'n+l n

By using the functionals TTEV,z defined by (3.1) where we choose
appi = (k+1)/(n +1i), by = k/n, k € Ny, ¢ € {0,1}, it results

(3.2) (Sni1f)(2) = (Suf)(@) = ———— Z

n+1

B. Della Vecchia [4] has introduced the operator 5, defined

by
T —Ta& = :'Ek T'—V k
() = S Ty ()

k=0
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for every r € N and f € Eo,. Consequently from (3.2) we get

(Sur1 ) (@) = (Suf)(z) = - Sn(TO) ;)

n(n + 1)
and we obtain the following theorem:

Theorem 3.6 (Della Vecchia, [4], Th.3.1) The following relation-
ship holds

1

D@ TSR fi

(Sn.+1f == S-,.-Lf)(m) (.L‘) aE

n "‘Sn(T,EZEH)f;I)), m € N.

Tlns wa,y the monotonicity of the derivatives of the sequences
(.5?,.)‘)”;)l was revealed.

Theorem 3.7 (Della Vecchia, [4], Cor.3.2) For the sequence of
_ derivatives of order m (m > 0) of the Szasz-Mirakyan operators
(S, f)™, n e N, the following monotomcth property holds: if on.
the interval [0,00) the function f is convez (concave) of order m
and m. 41, then the sequence is decreasing (increasing) in [0, cc).

For the particular case m = 1 the above result was established
earlier by I. Horova in 1982, [8].
6. Let V, be the n** Baskakov operator i.e.

(Vaf)(z) = (—1—;172<H+:_1) (1fl)kf(g), £ >0,

where f e Wy, Wee i= U W, and

m>2

Wi = {_f € C([0,00)) : tim —LFL _ o} _

z—o00 | + g™

The space W, for any integer m > 2, endowed with the
natural order and the norm || - ||, ||fllm = supwy,(z)|f(z)],
>0
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wp(z) = (1 +2™)” —! becomes a Banach lattice. Regarding these
spaces and the bpaces introduced in the previous paragraph we
claim Way C Eq C Eo for each a > 0.

(. Mastroianni [14] has proved

(Va1 £)(@) — (Vaf) () =

in+k+1 (n+2zf [ kK k+1 k+1,f
(1 + g)ntktl K ln+l'ntl n ')

'r?,
+1 k:(}

.20
Following the same line presented by us in the previous para,—
graph, Della Vecchia [4] has introduced for any r € N and f € Wy

the linear positive operator "V, as

2 (nt+k+1)...(n+2)z k
Val)a Z 1+a;"+k+f f( )

k=0

By making use of the functionals T( ) from (3.1) and choosing
ap = k/(n+ 1), by = k/n, k € No, one obtams

x

: f _ B Pk s (@)
(Va1 1)(a) = Va)@) = — gy TalTiRf i)
Starting by this identity one has

Theorem 3.8 (Della Vecchia, [4], Th.4.1) The following relation-
shap holds:
(Vasrf = Vol )™ (z) =

L m! sl n+k+m (m+2)
B n(vz—kl){x( Vn(( m ) I+
n+k+m plm+1) \
+( m— 1 ) '”'T:H fiz )

+ 711Vn((”+k+7n“ 1) mH)f-I—

m—1
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ENS S
+(n+ +m I)Téiﬁilf;m)}, m € N.

m— 2
Taking into account this result, we have

Theorem 3.9 (Della Vecchia, [4], Cor. 4.2) For the sequence
(1/;ﬁ,f')("”), n € N, the following monotonicity properties hold:

() For m = 1; if on the interval [0, 00) the function f is conves
(concave) of first and second order, then the sequence is decreasing
(inereasing) in [0, 00).

(i) For m > 2; if on the interval [0,00) the function f is
convez (concave) of order m — 1, m and m + 1, then the sequence
is decreasing (increasing) in [0,00).

The particular case rn = 0 was investigated in 1966 by A.
Lupasg [11].

Remark 3.1 Regarding the operators S,,V, for any bounded
function [ belonging to the space R[O'OO), Della Vecchia has es-
tablished [5], Ths.2.1 and 2.2

(i) If [ is non-concave (non-convez) of order m and m+ 1 on
[0,00) then :

‘[51"07 Tiye ooy Ty Ony 1 f] < (=) [w6: #1505 5 Boms Snf]

holds for any wg, %1, ..., %, non-negative numbers and
(n,m) € N x N.

(#) If [ is non-concave (non-convez) of order m — 1,m and
m+1 on [0,00) then

[-’“U, Lyyeo.yEyn, 1/T'IJrl.}(] i (Z)[',‘UD) LlyeeoyTyp; l'/:H!‘f]
holds, for any ©q,m1,. ..z, non-negative numbers and

(12,m) € N x N.
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