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Abstract

This work is focused upon the study of a general class of linear positive operators of discrete type. We show that, under suitable
assumptions, the sequence enjoys the variation detracting property.
(© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The present note is strongly motivated by the pafpkwhich deals withthe variation detracting property and the
rate of approximation of the Bernstein, Kantorovich an@aszzMirakjan operators, as well as of general singular
convolution operators both in the one-dimensional periodic case and in the multivariate setting. The contents of the
article is organized as follow&ection 2is devoted to some preliminaries regarding the variation detracting property
and the notion of convergence in variation. 3ection 3we sudy a slight modification of a known general class
of linear positive operators introduced by Baskak®ly proving that, under additional assumptions, these operators
possess the variation detracting property and also are bounded with respect to a certain norm. A particular case |
presented, too.

2. Notation and preliminaries

Let| be a bounded or unbounded interval. Throughout the Wwarkf ] stands for the total Jordan variation of the
real-valued functionf defined onl . The class of all functions of bounded variation lowill be denoted byBV(1).
This space can be endowed both with a seminjortav) and with aBV-norm,|| - ||y, Where

[flsvay :=Vi[f], Ifllevay =Vilfl+]|f@)],

f € BV(l), a being any fixed point of . The qualitative leap from a bounded interval to an unbounded interval
[, 00) can be achieved via the formWiy, ooy [ f1 = liMj 5 00 Vig,y[ 1, forany f € BV ([, 00)).

A linear operatorL acting on the spac®V(l) possesses theariation detractingproperty if the following
inequalityV, [Lf] < V,[f] holds, for eachf € BV(l).
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Furtheron, we consider a sequence of linear operatbrdn>1 acting on a function spacgsuchthatBV(l) C S.
For a givenf € BV(l), the sguenceLn)n>1 convergesn variationto f if

lim Vi[Laf - f1=0 1)

holds.

This represents thB V-approximatiorof a functionf by the sequencé.p, f)n>1.

SetAC(l), the space of all absolutely continuous real-valued functions definédlétimp_, o, Vi[gh — f] =0
for a sequencégn)n>1 in AC(l), then alsof € AC(l) and

Vilgn — 1= f. g (W — F/(udu: %)

see [, page 301]. Thus, convergence in variation@f)n>1 € AC(l) to f means the convergence @n)n>1 to f’
in the L1(1)-norm.

The first research devoted to the variation detractimperty and the convergence in variation of a sequence
of linear operators was due to Lorentz. I8, [Sedion 1.7] he proved thathe Bernstein operatorB, verify
Vio.u[Bnfl < Vio,ylfl, n € N. Moreover, for f € BV([0, 1]) the necessary and sufficient condition for
liMn_ oo Vio,13[Bn f — f] =0 to take paceisf € AC([O, 1]).

Considerig the Sasz—Mirakjan operatoi§,, n € N,

k
w0 xzo @

00 k _
(S1f)(X)3=;5n,k(X)f<ﬁ>’ SO =e T X2

in [1, Proposition 4.1] it has been shown that these operatergaaiation detracting analso are bounded with respect
to theBV-norm.

Our aim is to enrich the register of examples of linear positive discrete-type operators which enjoy the above
properties.

3. Main result

Letting Ry := [0, 00) andNg := N U {0}, by Ck’m(R+), 0 < k,m < oo, we deote the set of all functions
f k-times continuously differentiable dk, with the propertyf ® (x) = O(x™)(x — oo). Baskakov 2] introduced
the operatorg, : C*9(R,) — C(J),n e N,

00 k k
Lato =3 D g0t (ﬁ) , @)
k=0 .

which are geerated by a sequence of functiags)n>1, ¢n : C — C, having thefollowing properties:
(PD)¢n, N € N, are amlytic on a domairD containing the dis¢z € C : |z— R| < R} andJ := [0, R].
(P2) ¢n(0) =1,neN.
(P3) ¢n, N € N, are completely monotone od, i.e., (—1)"<p,(1k)(x) >0forxe J,ke Ng,neN.
(Ps) There exists a positive integam(n) suchthat

o0 = —ngl V0@ +an(x), x €. (k) e NxN,

whereay n(X) converges to zero uniformly ikandx on J for n tending to infinity.

(P5) ”mn%oo % =1

Baskakov showed #t every functionf € C%O(R ) is approximated uniformly on the interval by the sequence
(Ln f)n=1 and Schurer4] proved that his property holds for the larger cla€$?(R. ). We mnsiderthe following
variant of (P1) and(Py) properties.

(P} ¢n, n € N, arereal functions onJ := R, which are infinitely differentiable oi® , and property(Ps) takes
place in the particular casg n =0, (k,n) e N x N,
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Theorem. Let L, be defined by{4) such hat the propertieg Pi), (P>—Ps) hold and the functiorp, verifies the
following conditions:

o0
n fo Pmm (0dx < 1, (5)
PR (x) = 0(x ) (x > 00), k € N, 6)
foranyne N. If f € BV(Ry), then
VR, [Lnf] < VR [f], (7)
ILn fllBv®s) < I fllBVER.)- (8)

Proof. Following Martini [5, Theorem 1] we get

o= E e 1 (2) 1 (2)

Setlk := fo (kH)(x)dx k e N. Integating (k — 1) times by parts and using each tini@ we obtain

lk = (=¥ Tk(k — 1)...2I1. On thebasis of( P1), (P4) and relation(6), clearly I = nfo @ma) (X)dx. Taking into
account the above relatior($33) and(5) we can write

e () o ()
Z (%) (3)

for eachf € BV(Ry). This implies (7).
Since(L, f)(0) = f(0) (see(P»)), relaion (8)is aresultof(7). O

< Ve, [f],

Considering &antorovich variant ofL, defined by

) (k+1)/n
(LpF)(x) := Z (n/ f(t)dt) dnk(X), neN, x>0,
k

k=0 /n

wheregn k(x) := k, <p§:)n (x), relation (9) and (Ps) guarantee thatL, f)’ = L;f’. If f € AC(R), following

Orlicz’'s result (see e.g3[ Theorem 2.1.2]) and on the basis (&) we get

Ve, [Lnf — f] =/ I(LEEH)(X) — f/(x)]dx — 0, N — oo.
0

The conditionf € AC(R,) is also necessary for the convergence describgd ppgincelL, f € AC(R.) yields
f € AC(R;). This statement holds becaua€ (R ) is a closed sbspace 0BV (R.) in the variation seminorm; see
the work of C. Bardaro, P.L. Butzer, R.L. Stens, G. Vintj, [page 304].

Choosingen(x) = e ™, we getm(n) = n and Ly turns into Sasz—Mirakjan operators given ). The
requirementg$5) and(6) are fulfllled consequentl@7) and(8) hold.

Choosingen(x) = (14 x)™", again(P;), (P>—Ps) are satisfied witm(n) = n+ 1. In this casethe operatot_p is
called the classicaith Baskakov operatoBy direct computation, we prove th@) and(6) apply; consequentl{7)
and(8) hold.
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