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ABSTRACT. We are concerned with the study of semilinear evolution equations with nonlocal
initial conditions. We provide sufficient conditions on the nonlinearity which allow the use of variants
of the nonlinear alternative to prove the existence of at least one solution. Our second result presents
a novel growth condition splitted into two parts, one for the subinterval containing the points involved

by the initial conditions, and another for the rest of the interval.
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1. INTRODUCTION

In this paper we are concerned with the existence of mild solutions of a nonlocal
Cauchy problem for a semilinear evolution equation. In fact, we consider the following

Cauchy problem with nonlocal initial conditions

(1.1) u'(t) + Au(t) = f(t, u(t)) 0<t<1
(1.2) u(0) + Zaku(tk) =0

where —A is the infinitesimal generator of a compact Cy semigroup {7'(t)}:>o of
operators on a real Banach space E, f is a given function and a; are real numbers
and tg, k = 1,2,...,m are given points with 0 < t; <t; < -.. < t,, < 1. Nonlocal
Cauchy problems have attracted the attention of many researchers (see for instance
[1-4, 6, 8, 9] and the references therein). We provide sufficient conditions on the
nonlinearity f and the numbers a; in order to obtain a priori bounds on solutions
of a one-parameter family of problems related to the original. Our assumptions are
less restrictive than those imposed in earlier works. We do not assume that f maps

bounded sets into precompact sets. Also, if we let g(u) = Zaku(tk), then our
k=1
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problem is similar to those considered by [4] and [9], but we can easily see that g is
not uniformly bounded. Our second result presents a novel growth condition splitted
in two parts, one for the subinterval containing the points involved by the initial

conditions, and another for the rest of the interval.

The importance of nonlocal conditions in various disciplines is discussed in [4-7]

and the references therein.

2. PRELIMINARIES

Let E be a real Banach space with norm || - ||, BL(E) is the Banach space of
bounded linear operators on £ with norm || - ||,,; —A is the infinitesimal generator
of a compact Cj semigroup {7T'(t)}i>o (i.e. T'(¢) is a compact operator for each ¢ > 0)
on E; J is the real interval [0,1]. Let X := C(J; E). For u € X define its norm by
|u]oo = sup{||u(t)||; t € J}. Let M :=sup{||T(¢)||op; t € J}. The following results

play an important role in our main results.

Theorem 2.1. (Schaefer [11]) Let Y be a normed space, ® a continuous mapping of
Y into Y which is compact on each bounded subset of Y. Then either

(i) the equation x = A®x  has a solution for A =1, or
(ii) the set of all such solutions x, for 0 < X\ < 1, is unbounded.

Theorem 2.2. (O'Regan [10]) Let U be an open set in a closed, convex set C' of a
Banach space E. Assume 0 € U, G(U) is bounded and G : U — C s given by G =
G1+ Gy where Gy : U — E is completely continuous, and Gy : U — E is a nonlinear
contraction (i.e. there ezists a continuous nondecreasing function ¢ : [0, 00) — [0, 00)
satisfying ¢ (z) < z for z > 0, such that ||Gs (z) — Gy (y)|| < & (||lz —yl|) for all
x,y € U). Then either,

(A1) G has a fized point in U, or
(A2) there is a point u € OU and X € (0,1) with u = AG (u).

3. EXISTENCE OF MILD SOLUTIONS

In order to study our problem, we shall assume that the operator T'(t) is compact
for each t > 0, and that there exists a bounded operator B on D(B) = E given by

the formula
-1

B =

k=1

This is possible, for instance if >, Jag| < 1/M.

Our first result is based on the following assumption
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(H1) f:J x E — FE is continuous and

1t w)ll < h(&)([|ul)

for all ¢t € J, u € E, where h € L'(J;[0,00)) and ¢ : [0, 4+00) — (0,+00) is
continuous nondecreasing such that

R
lim sup > 1.

R—+4o00 m tk
<M2||B||0p2\ak|/0 h(s)ds+M||h||L1> o(R)
k=1

Definition 3.1. A mild solution of (1.1), (1.2) is a continuous solution of the integral

equation
u(t) = — ZakT(t)B/O ) T(ty — s)f(s,u(s))ds + /0 T(t—s)f(s,u(s))ds.

Theorem 3.2. Suppose that the assumption (H1) is satisfied. Then the nonlocal
Cauchy problem (1.1), (1.2) has at least one mild solution.

Proof. Consider a one-parameter family of problems

u'(t) + Au(t) = Mf(t,u(t)), teJ
u(O) + Z aku(tk) =0

k=1
where 0 < A < 1. Define ® : X — X by the formula

(Pu)(t) :=—>_ aT(t)B /0

=1
A mild solution of (3.1) is a solution of the abstract equation

(3.1)

k

Tty — ) f(5,u(s))ds + /0 T(t — 5)f(s, u(s))ds.

(3.2) u = \bu

and conversely.

Step 1. The solutions of (3.2) are a priori bounded. For, let u be any solution of (3.2)
and let Ry := |u|s. It follows from the integral equation that for all £ > 0

lu@)] < Zlak\HT(t)||op||B||op/0kHT(tk—S)Ilop 1f (s, u(s))l ds

n / 1T = )L, (s, u(s))]| ds.

Condition (H1) implies that for all ¢ > 0

m

lu@®)] < Zlakl||T(t)||op||B||op/0k||T(tk—S)Iloph(8)¢(IIU(S)II)d8

- / 1Tt = 8)Il,, h(s)b(l[u (s) [[)ds.
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Since ¢ is nondecreasing we have that for all ¢ > 0

() Zlakl I7°(t ||0p||B||0p/0 1Tt = 5)l,,, h(s)p(Ro)ds

/nTwﬂopuwmm&

Hence

Ju(®)]| < <M2||B||opz |ak|/ dS+M||h||L1> ®(Ry) for all ¢ > 0.

This implies that

R
(3.3) 0 <1.

(M211Blloy Xy lan fy* hls)ds + Milh| 1) é(Fo)

Now the condition on ¢ implies that there exists R* > 0 such that for all R > R* we

have

(3.4) il > 1.

(M2B oy iy lawl Jy* h(s)ds + MR ) (R)

Comparing inequalities (3.3) and (3.4) we see that

Ry < R".
Thus, we have obtained that any solution u of (3.2) satisfies
luloo < R* ie. max|u(t)| < R"
ted

Therefore, all possible solutions of (3.2) are a priori bounded independently of A. In

fact, these solutions are in the closed convex subset
Spe = {u € X |u|o < R*}.

Also, the continuity of ® follows from the continuity of f.

Step 2. ® is completely continuous. In order to prove this we must show that ®(Sg-)
is a uniformly equicontinuous family of functions and the set Sg«(t) := {(Pu)(t); u €

Spg+} is precompact in E, for every t € J. Let 01,09 € J with o7 < 5. Then
[(@u)(o1) — (Pu)(o2)|| <

I (1) = T(o2)ll | Bllop Y las /0 Tt~ oy 175, u(s) s

+/001 ||T(0'1) - T(O’2 — 5>||0p ||f(57U(5))HdS
+/U2 [T (o2 = $)llop [ £ (s, uls))|ds.

o1
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Since f € C(J x E; E) it follows that there exists p > 0 such that

[f (s, u(s))]| < p

for all s € J and u € Sg+. Let

m th
5= Bl S e / 1Tt — 5)llopds.
k=1
It follows from the above that
1(@w)(1) — (@u)(o2)]| < AIT(01) = T(02)llop

o1
40 [ 1T = 5) = Tlo = 9
0

40 [ 1T (2= 5y

o1
The right-hand side does not depend on u € Sg+ and tends to zero when oy tends to
o1 because of the continuity of T'(¢) in the uniform operator topology for ¢ > 0, which
follows from the compactness of T'(t) for t > 0. Hence ®(Sg+) is an equicontinuous
family of functions.
Next, consider the set Sg«(t) := {(Pu)(t);u € S}, t € J. Let t > 0 and
0 <e<t. Forué& Sk« define

(Peu)(t) := - Z akT(t)B/ ' T(ty — s)f(s,u(s))ds
k=1 0

= = aTOB [ Tt~ (s uo)ds
k=1 0

t—e
+T(e) / T(t—s—c¢€)f(s,u(s))ds.
0
Since T'(t) is compact for every ¢t > 0, the set Sg«(t) := {(Pcu)(t);u € Sp+} is
precompact in E, for every € € (0,t). Moreover, for every u € S+ we have

[(@eu)(t) = (Pu)@)] < /tt 1Tt = 5)f(s,u)(s))llds

< Mpe.
This shows that the set Sg:(t) := {(Pu)(t);u € Sg+} is precompact in E. It follows
from the theorem of Ascoli-Arzela that ®(Sg-) is a precompact subset of X.
Notice that S(®) := {u € X;u = A®u,0 < A\ < 1} is bounded as we proved in
the first step. Therefore by Theorem 2.1, the operator ® has a fixed point in Sg-,
and any fixed point of ® is a mild solution of (1.1), (1.2). This completes the proof

of our first result. O
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For our second result, we shall assume that the following conditions hold.

(H2) There exists My > 0 and w € C(J x [0,400); (0, +00)) nondecreasing with
respect to its second variable, with the property that

1
— (t, R)dt < —
/ M1+ M|B|,, > laxl)
for all R > M, and
[f(tu)|l < w(t, [[ull)

forall t € [0,¢,,] and u € E.
(H3) There exists ¢ € L' ([t,, 1]; Ry) with Mft s)ds < 1,and I' € C(R;R,)
nondecreasing with I'(z) < z for z > 0, such that

[f(tur) = f(tu) | < q@)T (lur — ual])
for all t € [t,,, 1] and uy,us € E.

Theorem 3.3. Assume that (H2) and (H3) are satisfied. Then the nonlocal problem
(1.1), (1.2) has at least one mild solution.

Proof. Consider the one-parameter family of problems (3.1) and the equivalent inte-
gral equation (3.2). Write

where
— S @ T()B [ Tty — 8) f(s,u(s))ds + [, T(t — s)f(s,u(s))ds
Gh(u)(t) = for ¢t <t,,
! S @y T(t)B [ Tty — 5) f (s, uls))ds + [ T(t — ) f (s, u(s))ds
for t>t,,
and
0, for t <t,,

Go(u)(t) = {

ftm (t—s)f(s,u(s))ds, for t>t,.

We want to show that there exists 6 > 0 such that any possible solution u of (3.2)
satisfies |u| <.

For t € [0,t,,] we have, for 0 < A <1
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lu@] = A

- aT(t)B k T(ty — s)f(s,u(s))ds + tT(t —3)f(s,u(s))ds
Yot |1t J

< > lal IT@)l, HBllop/Ok 1T (tk = $)llop 1 f (s, u(s))ll ds

. / 1Tt = 8L, 11 (s, uls))] ds

IA

O Bl Y- land +30) [ 1G5, uto)ds
k=1 0

m

< MO+ MBI, Y lal) [t fuol)ds

k=1
Letting = max{||u(t)||;0 <t < t,,} we see from the above inequality that (recall

w is nondecreasing in its second variable)

1 [tm 1
— d )
6/0 wis0)ds 2 3ra 3y 1Bl,, S laxl)

Now the condition on w implies that g < M, i.e.

max{||u(t)||;0 <t <t,} < M,.

Next, let t € [t,,,, 1]. Then

lu®)]] = A —ZakT(t)B/kT(tk—s)f(s,u(s))ds—i-/ T(t—s)f(s,u(s))ds
k=1 0 0
< (M2|B],, > lal + M) / (s, u(s)) | ds + M (s uts)l ds
< (M2|B],, > lal + M) / " (s, u(s)|)ds + M / a(s)T (Ju(s)]]) ds
k=1 0 tm
< (2B, Jax| + M) / " (s, Mo)ds+ M | q(s)T (Jlu(s)]]) ds.
k=1 0

t’!?L

Let

Then, for all t € [t,,, 1]
lu(®)]| < V(t) and V'(t) = Mq@) ([[u(t)]])-
Since I' is nondecreasing we have

V() < Mq@)D (|V(#)])) for all ¢ € [tm, 1].
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So that
AV

(401N

—— —ds < M/ ds<M/ s)ds < 1.
/ (IIV ||

By an obvious change of variables we obtain
V(t) dz
[
Vitm) '(2)
1
Now we use the fact that I' (z) < z, to see that — <
z
V(t)
/ =
V(tm) #

<1 forall t€ [tpm, 1]

< Mq(t) forall t€ [t,,1].

Hence

Consequently

b
I'(z)

Hence
V(1)

In Vit

Thus
m t’UL
V(t) < eVity) = e(M? ||B||OPZ lak| + M)/ w(s, My)ds := M.
k=1 0

It follows that
max{||u(t)|;t, <t <1} < M.

Set § := max(My, M;). Then, we have obtained that any possible solution of (3.2)
satisfies |u| <.

Consider the set Q = {u € X;|u|, < § + 1}. Recall that mild solutions of
Problem (1.1), (1.2) are fixed points of the operator ® : X — X, where

We proceed as in the proof of Theorem 3.2 to show that the operator G; : Q — X
is compact. Next, we show that G5 : Q@ — X is a nonlinear contraction. Indeed, for
any z,y € Q and t € J we have from the definition of Gs,

1G2(z)(t) = Ga(y) ()| = ‘/t Tt =s)[f(s,2(s)) = f(s,y(s))]ds

< M [ If(s x(s) = fls,y(s))l ds

t’!?L

< M / L (Ja(s) — y(s)]) ds
< MT(jz —y].) / 4(s)ds
< T(r—yl )M / 4(s)ds
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Since Mft}n q(s)ds < 1, we deduce that

|Ga(2) = G2(y)]o < T (|2 —yls) -
Hence the operator Gy : Q) — X is a nonlinear contraction.

Condition (A2) of Theorem 2.2 does not hold because we have seen that solutions
u of (3.2) are such that |u| < 0, for all A € [0,1]. So that there is no solution of
(3.2) with u € 0.

Therefore, Theorem 2.2 implies that ® has a fixed point in €2. This shows that
Problem (1.1), (1.2) has a solution. This completes the proof of Theorem 3.3. O

Remark 3.4. Theorem 3.2 also follows from Theorem 1.1, even if (H3) is replaced

by the following more general condition (H3’):

(H3) There exists ¢ € L'([t;n, 1];Ry) and T’ € C (R, ; R, ) nondecreasing with
1 o0 dz

q(s)ds </
/tm Mg I'(z)

m tom,
My = (1+ MBI, Y Ja) / (s, Mo)ds,
k=1 0

where

such that
1f (8 w)l| < q()L (Jlul)
for all ¢ € [t,,,1] and w € E.
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