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RADIAL SOLUTIONS FOR SOME CLASSES OF ELLIPTIC
BOUNDARY VALUE PROBLEMS

TOUFIK MOUSSAOUI AND RADU PRECUP

Abstract. The aim of this paper is to present some existence and local-

ization results of radial solutions for elliptic equations and systems on an

annulus Ω of RN (N ≥ 1) of radii a and b with 0 < a < b. The main tool

is Schauder’s fixed point theorem.

1. Introduction

In this paper, we are concerned with the existence of radial solutions and

their localization in a ball, for the elliptic boundary value problem −∆u = f (|x|, u) in Ω

u = 0 on ∂Ω
(1.1)

and the elliptic system 
−∆u = g (|x|, u, v) in Ω

−∆v = h (|x|, u, v) in Ω

u = v = 0 on ∂Ω.

(1.2)

Here Ω is an annulus of RN (N ≥ 1) of radii a and b with 0 < a < b, |x| is the Euclidean

norm in RN , and f : [a, b] × R −→ R and g, h : [a, b] × R2 −→ R are continuous

functions. By a solution of problem (1.1) we mean a function u ∈ C1
(
Ω, R

)
which

satisfies (1.1) in the sense of distributions. A solution to problem (1.2) is a vector-

valued function (u, v) ∈ C1
(
Ω, R2

)
:= C1

(
Ω, R

)
× C1

(
Ω, R

)
satisfying (1.2) in the

sense of distributions.
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Radial solutions for elliptic boundary value problems has been discussed ex-

tensively in the literature; see [1], [2], [3], [5], [6] and the references therein.

In [2], using fixed point theorems of cone expansion/compression type, the

lower and upper solution method and degree arguments, the authors study existence,

non-existence and multiplicity of positive radial solutions.

The same authors in [3] deal with a class of second-order elliptic problems

on a ball with non-homogeneous boundary condition. They obtain via a fixed point

theorem the existence of at least three positive radial solutions.

The study of existence of positive radial solutions to a singular semilinear

elliptic equation was investigated in [5]. Throughout, their nonlinearity is allowed to

change sign and the singularity may occur.

In this paper, some existence and localization results of radial solutions for

elliptic equations and systems on an annulus are presented. Our main tool in proving

the existence of solutions to problems (1.1) and (1.2) is Schauder’s fixed point theorem

[4], [7].

2. Existence result for Problem (1.1)

Theorem 2.1. Assume that for some R > 0, one of the following hypotheses is

satisfied:

(H1)

|f(t, y)| ≤ α(t)F (y), for all t ∈ [a, b] and y ∈ R,

where the functions α ∈ L1([a, b], R+) and F ∈ C(R, R+) satisfy

|α|L1 max
|y|≤R

F (y) ≤ R

b− a

(a

b

)N−1

;

(H2)

|f(t, y)| ≤ F (t, |y|), for all t ∈ [a, b] and y ∈ R,

for some F ∈ C([a, b] × R+, R+) nondecreasing with respect to its last variable, and

with
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∫ b

a

F (s,R) ds ≤ R

b− a

(a

b

)N−1

.

Then the boundary value problem (1.1) has at least one radial solution with

‖u‖0 = sup
a≤|x|≤b

|u(x)| ≤ R.

Proof. For v ∈ C([a, b], R), let u = Tv be the solution of −(rN−1u′)′ = rN−1f (r, v(r)) , a < r < b

u(a) = u(b) = 0

where we have replaced |x| by r. Then T : C([a, b], R) −→ C([a, b], R) is completely

continuous and the fixed points of T are solutions of problem (1.1). One can write

the expression of T as

Tu(r) =
∫ r

a

[
1

sN−1

∫ θ

s

τN−1f (τ, u(τ)) dτ

]
ds

where θ is such that ‖u‖0 = |u(θ)|.

Consider the closed ball:

B = {u ∈ C([a, b], R) : ‖u‖0 ≤ R}

where R is as in Assumptions (H1), (H2) and check that T (B) ⊂ B.

(a) Assume (H1). For any u ∈ B and r ∈ [a, b], we have

|Tu(r)| ≤
∫ b

a

[
1

sN−1

∫ b

a

τN−1|f (τ, u(τ)) | dτ

]
ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

|f (s, u(s)) | ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

α(s)F (u(s)) ds

≤
(

b

a

)N−1

(b− a)|α|L1 max
|y|≤R

F (y)

≤ R.

Passing to the supremum, we obtain

‖Tu‖0 ≤ R.
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(b) When (H2) holds, then

|Tu(r)| ≤
∫ b

a

[
1

sN−1

∫ b

a

τN−1|f (τ, u(τ)) | dτ

]
ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

|f (s, u(s)) | ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

F (s, |u(s)|) ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

F (s,R) ds

≤ R.

Passing to the supremum, we obtain

‖Tu‖0 ≤ R.

Therefore, in both cases, the operator T maps the ball B into itself, ending

the proof of our claim. Since T is completely continuous, the conclusion of Theorem

2.1 follows from Schauder’s fixed point theorem.

3. Existence results for Problem (1.2)

In this section, we are concerned with the existence and localization of radial

solutions to the Dirichlet problem (1.2) for elliptic systems.

Theorem 3.1. Assume that for some R > 0 one of the following hypotheses is

satisfied:

(H3)

|g(t, y, z)| ≤ β(t)G(y, z), for all t ∈ [a, b] and y, z ∈ R

and

|h(t, y, z)| ≤ γ(t)H(y, z), for all t ∈ [a, b] and y, z ∈ R

for some functions β, γ ∈ L1([a, b], R+) and G, H ∈ C(R2, R+) with

|β|L1 max
|y|,|z|≤R

G(y, z) ≤ R

b− a

(a

b

)N−1
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and

|γ|L1 max
|y|,|z|≤R

H(y, z) ≤ R

b− a

(a

b

)N−1

;

(H4)

|g(t, y, z)| ≤ G(t, |y|, |z|), for all t ∈ [a, b] and y, z ∈ R

and

|h(t, y, z)| ≤ H(t, |y|, |z|), for all t ∈ [a, b] and y, z ∈ R

for some functions G, H ∈ C([a, b] × R2
+, R+) nondecreasing with respect to the last

two arguments, and with ∫ b

a

G(s,R, R) ds ≤ R

b− a

(a

b

)N−1

∫ b

a

H(s,R, R) ds ≤ R

b− a

(a

b

)N−1

.

Then the boundary value problem (1.2) has at least one radial solution (u, v) with

‖u‖0 ≤ R and ‖v‖0 ≤ R.

Proof. We shall apply Schauder’s fixed point theorem in the space C([a, b], R2) en-

dowed with the norm ‖(., .)‖0 given by

‖(u, v)‖0 = ‖u‖0 + ‖v‖0.

For (u, v) ∈ C([a, b], R2), let (u, v) = T (u, v) be the solution of
−(rN−1u′)′ = rN−1g (r, (u(r), v(r))) , a < r < b

−(rN−1v′)′ = rN−1h (r, (u(r), v(r))) , a < r < b

u(a) = u(b) = v(a) = v(b) = 0.

Then T : C([a, b], R2) −→ C([a, b], R2) is completely continuous and the fixed points

of T are solutions of problem (1.2). One can write the expression of T as T = (T1, T1),

where

T1(u, v)(r) =
∫ r

a

[
1

sN−1

∫ θ1

s

τN−1g (τ, u(τ), v(τ)) dτ

]
ds,

T2(u, v)(r) =
∫ r

a

[
1

sN−1

∫ θ2

s

τN−1h (τ, u(τ), v(τ)) dτ

]
ds

and θ1, θ2 are such that ‖u‖0 = |u(θ1)| and ‖v‖0 = |v(θ2)|.
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Consider the closed, bounded and convex subset of C([a, b], R2) :

B =
{
(u, v) ∈ C([a, b], R2) : ‖u‖0 ≤ R, ‖v‖0 ≤ R

}
,

where R is as in Assumptions (H3), (H4), and check that T (B) ⊂ B.

(a) Assume (H3). For any (u, v) ∈ B and r ∈ [a, b], we have

|T1(u, v)(r)| ≤
∫ b

a

[
1

sN−1

∫ b

a

τN−1|g (τ, u(τ), v(τ)) | dτ

]
ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

|g (τ, u(τ), v(τ)) | ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

β(s)G(u(s), v(s)) ds

≤
(

b

a

)N−1

(b− a)|β|L1 max
|y|,|z|≤R

G(y, z)

≤ R.

Passing to the supremum, we obtain

‖T1(u, v)‖0 ≤ R.

Also

|T2(u, v)(r)| ≤
∫ b

a

[
1

sN−1

∫ b

a

τN−1|h (τ, u(τ), v(τ)) | dτ

]
ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

|h (τ, u(τ), v(τ)) | ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

γ(s)H(u(s), v(s)) ds

≤
(

b

a

)N−1

(b− a)|γ|L1 max
|y|,|z|≤R

H(y, z)

≤ R.

Hence

‖T2(u, v)‖0 ≤ R.

Therefore, the operator T maps the ball B into itself.
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(b) Assume (H4). Then

|T1(u, v)(r)| ≤
∫ b

a

[
1

sN−1

∫ b

a

τN−1|g (τ, u(τ), v(τ)) | dτ

]
ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

|g (s, u(s), v(τ)) | ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

G(s, |u(s)| , |v(s)|) ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

G(s,R, R) ds

≤ R.

Hence

‖T1(u, v)‖0 ≤ R.

Also

|T2(u, v)(r)| ≤
∫ b

a

[
1

sN−1

∫ b

a

τN−1|h (τ, u(τ), v(τ)) | dτ

]
ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

|h (s, u(s), v(s)) | ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

H(s, |u(s)| , |v(s)|) ds

≤
(

b

a

)N−1

(b− a)
∫ b

a

H(s,R, R) ds

≤ R.

Then

‖T2(u, v)‖0 ≤ R.

Therefore, in both cases, the operator T maps the set B into itself, ending

the proof of our claim. Since T is completely continuous, the conclusion of Theorem

3.1 follows from Schauder’s fixed point theorem.
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