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On certain g-analogues of the Bernstein operators

OCTAVIAN AGRATINI

ABSTRACT. In this note we study the limit of iterates of Lupas g-analogue of the Bernstein opera-
tors. Also, we introduce a new class of g-Bernstein-type operators which fix certain polynomials. Both
qualitative and quantitative results are established.

1. INTRODUCTION

Bernstein polynomials hold a special place in Approximation Theory. Abun-
dantly, new papers are published containing their applications and generaliza-
tions. During the last decade, the development of g-calculus has led to the dis-
covery of new generalizations of these polynomials involving ¢-integers. The
Phillips’ results [10] are the basis of many research papers, and the comprehen-
sive survey due to S. Ostrovska [9] gives a good perspective of these achieve-
ments. Tt is worth mentioning that A. Lupag [6] was the first introduce a variant
of ¢-Bernstein polynomials but, unfortunately, his work was less known. The
merit to bring into light Lupag’ paper is due to S. Ostrovska [8].

The paper is organized in two main sections.

In Section 2 we are dealing with iterates of Lupag g-analogue of the Bernstein
operator. In Section 3, starting from Phillips g-variant, we construct a class of
Bernstein-type operators depending on a parameter which fix certain polynomi-
als of second degree. By :using the modulus of continuity, the rate of convergence
is also obtained.

In connection with g-calculus, for the reader’s convenience, we recall the fol-
lowing definitions and notation, see e.g. [11; §8.1].

Let g > 0. For any n € Ny := {0} UN, the g-integer [r], is defined by

[Alg=1+g+- +¢"! (neN), [0g:=0,
and the g-factorial [n],! as follows
[n]g! == [g[2lg---[n]ly (REN), [0g!:=1.
Also, for integers k € {0,1,...,n}, the g-binomial or the Gaussian coefficients
are denoted by [:] and are defined by

q

n n)g!
[k]q = m
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Clearly, [n]1 = n, [n]1! = n! and [:]1 represents (:), the ordinary binomial
coefficient. J ‘
2. ITERATES OF THE ¢g-BERNSTEIN-LUPAS OPERATORS

For each ¢ > 0 and = € [0, 1] setting

n—1

(2.1) wnlgiz) = [[(L-z+d"%),
k=1
T - —
ank(Gx) = [k]qq’“““ D/2gk(1 — z)n=k,
An,k\q; T
bolga) = 2L,
n H

where 0 < k < n, A. Lupas [6] defined the operators L, 4 : C([0,1]) — C([0,1]),

(22) (Lnaf)( ankq, ({}) dem, nen

These are positive linear operators and for.¢ = 1 we recover the well-known
Bernstein operators. In the case ¢ # ‘1, these-operators give rational functions
rather than polynomials. A. Lupas proved thefollowing identities

(2.3) (Ln,ge0)(z) = eo(®), (Lnge1)(z) = ex(2),
2) = () + L 2R 1)\ 20—z
(Lnqe2)(z) = ez(z) + i (1—4q) (1 En]q) T—27ae® e [0,1],

where eg(t) = 1, e;(t) = 14,7 € {1,2}, ¢t € [0,1].

By definition the m#th iterate of L is LL , = Lng, L7, := Lnqo(L7"),
m = 2,3,.... The aim of this section is to study the convergence of the iter-
ates L, f as m tends to infinity and n is fixed. We mention that for g-Bernstein

olynon'ua]s introduced by Phillips, a detailed study of their iterates has been
done by S. Ostrovska [7]. However, we use a different technique for proving our
statement.

Theofem21. ([2]) Let L, n € N, be defined as follows
Ly : C(a, b)) = C([a, b)), (Lnf)(z Z Ym e (2) F (T )

where 0 = Tpp < L1 < o+ < Tpn = bisaneton [a, b] and for each 0 < k < n the
function 1), » belongs to C([a, b]) satisfying ym x > 0. We assume that Lneq = eo and
Ln,er =e;,n €N
Let us denote u, = Ié][.inb](’l/‘)nlg(m) + Ynn(x). If up, > 0, then the sequence
T€|a,

(LT f)m>1 verifies

1im ()@ = @+ L0280 _g) recqe),
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uniformly on [a, b].

The proof of this result is based on the contraction principle [2; Theorem 4]. In
Theorem 2.1 we also took into account [4; Lemma 3.1] removing from the original
statement a superfluous condition.

k
Choosinga =0,b=1, 2 = %, Yk = buk(g; ), 0 < k < n, and knowing
the identities (2.3), all that is left to be proved is

(24) i ](b'n.,(] (¢;2) + bpn(g;z)) >0
We get
(1 _ $)n iE qn(nAl)/Zmn
(2.5) bno(g; ) + ban(;z) =
wp(q; )
min [(l—m)n+qntn 1)/2 n]

z€[0,1]

T wn (g5 %)

By using elements of Calculus, mrerténl ][(I —z)" 4 227, n > 2, is obtained
for z = (1+¢™/?)~! and its value is (¢"/?/(1+¢™?))" 7. For n = 1, the minimum
has value 1. On the other hand, by using (2.1), = € [0, 1], we deduce:

(i) for g € (0,1], wn(g;z) < 1; "

(if) for ¢ > 1, wn(g2) < (1 -+ "Rle)" V= (14 (¢"* = Da)"~' < gV

Consequently,

g wy(g; .’L‘) <'max{1, ¢V}, forany ¢ > 0.
TE

Returning to (2.5) we can wrlte-_

. T O e " 1
bn,0(g; 2) % bn (45 2) 2 (1 + qnlz) max{1, g(»~1)*}’

therefore (2.4) holds. On the basis of Theorem 2.1, we can state

Theorem 2.2. Let Ly o, g > 0, be defined by (2.2). For any fixed n € N, one has
fm (L N@) = £O) + (1) - fO)e, z€ (0,1, FeC(),

uniformly on [0,1].

3. ON A FAMILY OF g-BERNSTEIN-TYPE OPERATORS

The g-Bernstein polynomials of f : [0, 1] — C introduced by G. M. Phillips [10]
are defined as follows
n—1-k

(Prgf)(z Zf([n]q) [n] xk 1:[ (1-¢°z), z€[0,1],n€eN.

From here on, an empty product is taken to be equal to 1. Again, for ¢ = 1, the
polynomials P, 1 f, n € N, are classical Bernstein polynomials.
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For0 < g < 1, P, 4 is a positive linear operator on the space C([0, 1]). Through-
out this section we consider ¢ € (0,1). These operators satisfy the following
properties :

P,qe0=¢€0, Prge1=e1, Phgez=e2+ [?1]'(81 —ea).
1q

J. P. King [5] has presented an example of operators of Bernstein type which
preserve the test functions eg and ez. A general technique to construct sequences
of discrete type operators with the same property as in King’s example was in-
dicated in [1] and particular classes such as Szész-Kirakjan, Baskakov, Bernstein-
Chlodovsky operators have been modified. Starting with King's result, another
modified Bernstein operator was recently achieved [3]. Following the same line,
we modify the sequence (P, q)n into a class depending on a real positive param-
eter a which preserves the polynomial e; + ae;.

Let o > Obe fixed. Foreachn = 2,3,... and z € [0, 1], setting

. 1+ [n]qox
Prae = i, —1)

e == 2 [n}q 2

(36) Un,g,a (SL') T ﬁn,q,a + ,g,& + [,n] _ & (.ZL‘ + CE;[:),
g
we consider the operators 4 :
X N n @ " '-k n—-1-k . B

(37) (Pn,q,ntf)(l:) - kZ=0 f ([n]q) [k]q Un,q!cr(‘r) J;[} (1 q 172,1;‘0('1‘))5

where f € RI[%:, € )
By direct computation we can prove

Theorem 3.3. Let the sequenice (By; , ,)n>2 be defined by (3.7). One has

(i) 0 € vy galz) <zforzel01);
(i) P;ﬁq‘ﬂ(io = eg.and P;,q,a(EZ + Cl’el) = ez + aey.
Clearly, P} , o™ > 2, are linear positive operators preserving both ¢g and the

polynomial e+ ae;. Also, P, , . f interpolates f at 0.
For the particular case g = 1, P ; , tumns into the operator introduced in [3].

Moreover, B | ; represents King’s example [5].

Sirice P}, 4€1 = Un,q.a it is obvious that our sequence does not form an ap-
proximation process. In order to satisfy this property, for each n > 2, the constant
q € (0,1) will be replaced by a number g, € (0, 1).

Theorem 3.4. Let (g )n>2, 0 < gn < 1, be a sequence such that limg,, = 1 and lim g7
- T L
exists. Let Py ., n > 2, be defined as in (3.7). For any f € C([0,1]) one has

im(P; . f)(z) = f(z), uniformly in = € [0,1].
Proof. The assumptions made upon the sequence (g ),>2 guarantee that lim[n]g,
= oo. This implies

lim vy, g, o(z) = z, uniformly in z € [0, 1],
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and, consequently, 1i7131 P;:, g €1 = €1

Further on, Theorem 3.3 (ii) ensures that the other two hypotheses of Bohman-
Korovkin theorem are satisfied. The conclusion follows. 0

Based on a classical result due to Shisha and Mond [12], for any linear positive
operator L : C([0,1]) — B([0, 1]), the following inequality involving the modulus
of continuity w(J; -) takes place

(3.8) I(Lf) (=) — [(x)|
< @N(Eea)) - U+ (o)) + T ET ) o159
z€[0,1,3 >0, f € C([0,1]), where 1 (t) =t — z, ¢ € [0,1].

In what follows, we study the general case a > 0. By a straight computation,
we get =

(P;,qn ,uwg)(m) = (2z+a)(z— Uﬂ,qma(m))’ T € [07 1.
Also, by using (3.6), for eachn = 2,3,... and z € [0, 1] we can write

(39) % — Vn g, o(T)
i .. )
- 2,6?1.(;",& (( - ﬁn,qn,a) ) (ﬂn,qn,a * ['Tl]qﬂ - l(l i )
_ z(l-x) '
1+ [n]g,

We point out that the above upper bound is useful for our purposes only for
a>0. \ & i
Returning to (3.8) and. choosing d := ———, we can state
‘ o

Theorem 3.5. Let (¢)n>2:0 < gn < 1, be a sequenceand P , .. n =2, be defined as
in (3.7) with o > 0, For any f € C([0,1]) one has

|(Pr gn o)) — f2)] < (1 + \/H[w[']ﬁ@m + a)x(l — m)) w (f; #\/[1?) .
n (1 gn

Under- the assumptions of Theorem 3.5, the following global estimate takes

place
1 1 1
P —J £ { Ldegf e = T
” n,qn,af f” —_ ( + 20{ + 4) w (fl m) ?
where || - || stands for sup-norm of the space C([0,1]).

Remark 3.1. For the particular case a = 0, instead of (3.9), we easily find another
upper bound of the form O (#) . For example, one has
Tgn
22%(1 — x)

_ 0,1 =28,
@l -Des1 ° O n=23

(Prga0¥2)(@) <
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Consequently, by using (3.8) with § := , we get

[2]g.

. Ty 221 —z)lnla, |, (1
|(Pn,qn,9f)($) flx)| < (1+ (['.lfz]q,1 —1):E+1) (f, \/ [n’]‘}n) ’

z€[0,1], n=2,3,...
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