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Abstract
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1. Introduction

The so-called mountain pass theorem of Ambrosetti and Rabinowitz [1] is one of the most used tools in studying
nonlinear equations having a variational form (see [2,6,10,14,15,20,24] and [25]). It concerns a real-valued C I func-
tional E(u) defined on a real Banach space X, for which one desires to find a critical point, i.e., a point u, where
E’(u) = 0. Such a point is obtained by considering an optimal path in the set of all continuous paths connecting two
given points separated by a “mountain range.” A number of authors have been interested to restrict the competing
paths to a bounded region in order to locate a critical point. For example, in [9] the authors gave a variant of the
mountain pass theorem in a convex set M of the Hilbert space X (identified to its dual), using the Schauder invariance
condition (I — E")(M) C M, while in [21] (see also [22,23] and [18]) a critical point is located in a ball M of X under
the Leray—Schauder boundary condition (see [16]) for I — E’. Here I stands for the identity map of X. The Schauder
and the Leray—Schauder conditions are used to solve the difficult problem of constructing paths which do not leave
region M. Such a construction suggested in [12] to introduce the notion of an invariant set of descending flow of E
with respect to a pseudogradient of E. Thus the difficult problem is reduced to prove that for a given set M, there
exists a pseudogradient with respect to which M is an invariant set of descending flow (a difficult problem as well).
Related topics can be found in [5,8,13,17] and [19].

In this paper we shall not identify X to its dual X’. More exactly we consider two real Hilbert spaces, X with inner
product and norm (.,.), |.|, and H with inner product and norm (.,.), ||.||, and we assume that X C H, X is dense
in H, the injection being continuous. We shall denote by ¢( the imbedding constant with

lul| < colu| forallu € X.
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We identify H to its dual H’, thanks to the Riesz representation theorem and we obtain
XCH=H cX/,

where each space is dense in the following one, the injections being continuous. By (.,.) we also denote a natural
duality between X and X', that is (x*, x) = x*(x) for x € X and x* € X’. When x* € H, one has that (x*, x) is
exactly the scalar product in H of x and x*. Let L be the linear continuous operator from X to X’ (the canonical
isomorphism of X onto X”), given by

(u,v) =(Lu,v) forallu,veX,
and let J from X’ into X be the inverse of L. Then
(Ju,v) =(u,v) forallue X, 6 veX.
This for u € H implies
|Jul* = (u, Ju) < ull [ Jull < collull|Jul.
Hence
[Ju| < collull. (1.1)

We consider a C! real functional E defined on X and we are interested in the equation E’(u) = 0.

By a wedge of X we shall understand a convex closed nonempty set K C X, K # {0}, with Au € K for every
u € K and A > 0. Thus K has not necessarily be a cone (when K N (—K) = {0}) and, in particular, K might be the
whole space X.

In what follows we shall assume that J is ’positive” with respect to K, i.e.,

Jue K foreveryueKk.

Let Ro, R be such that 0 < Ry < ¢oR and let Kg g, be the conical shell
Kgor, = {u € K: |lull = Ro, |u| < Ry}.

In applications, |.| is the specific energy norm, while |.|| is an L?”-norm which can be used instead of |.| because of
its monotonicity property with respect to the order relation.
Notice that there exists a number R with R < R; and

[Jul > R>0 forallu e Kgyg,- (1.2)

Indeed, otherwise, there would be a sequence (uy) of elements in K gy g, with |Juy| — 0 as k — oco. Now, from

2 2
Ry < Nluwll”™ = (up, u) = (Jug, ug) < [Jugllug] < Ri|Jugl

letting k — 0o, we derive the contradiction R(z) <0.

In this paper, starting from the results in [21,22], we present a variant of the mountain pass theorem in the conical
shell Kg,g, assuming that the operator / — JE' satisfies a compression boundary condition like that in the corre-
sponding fixed point theorem of Krasnoselskii [11]. The localization result immediately yields multiplicity results for
functionals with a ”wavily relief.” A simple application to nonlinear boundary value problems is presented to illustrate
the theory.

We finish this introductory section by a technical result about differential equations in closed convex sets (see [3]).

Lemma 1.1. Let X be a Banach space, D a closed convex set in X. Assume that W : D — X is a locally Lipschitz
map which satisfies

[Ww)|<C, lim %d(u—i—/\W(u),D):O (1.3)

A—0t

forallu € D. Then, for any u € D, the initial value problem in Banach space
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da_W 0) =
i (0), o(0)=u

has a unique solution o (u,t) on Ry, and o (u,t) € D for everyt € R;.

Notice that the lim condition in (1.3) holds in particular, if for any u € D, there exists A, > O withu + A, W(u) € D.

Indeed, if such a X, exists, then for every A € (0, A, ], one has

u+AW@w) = (1— 21, )u+rr, (u+2r,Ww) e D

since D is convex.

2. Main results

Theorem 2.1. Assume that there exist ug, u1 € Kgyr, and vy, r > 0, lug| <r < |uy|, such that the following conditions

are satisfied:

u—JE'w)eK foralluek;

(JE'(w), Ju) <vo forallu € Kgyr, with ||lu|| = Ro;
(JE'(w),u) = —vo forallu € Kgyg, with |u| = Ry;
max{E(uo), E(u])} < . }(nf E(u).

€KRryr,
lul=r
Let
r={yeC([0,15; Kgor,): ¥(©0) =uo, y(1) =u}
and

= inf E 1)).
¢= inf max E(y®)

Then there exists a sequence (uy) with uy € Kgyr, such that

E(uy) —>c ask—> o0

and one of the following three properties holds:

E'(up) — 0 ask— oo;
lukll = Ro, (JE'(ux), Jux) >0 and
(JE (u), Juy)
|Jug|?
lugl=R1, (JE (up),ur) <0 and
(JE'(ug), ux)

2
Rl

JE (uy) —

JE (uy) —

Jur—>0 (nX) ask— oo;

ur—>0 (nX) ask— oo.

@.1)
2.2)
(2.3)
2.4)

(2.5)

(2.6)

2.7

(2.8)

If in addition, any sequence (uy) as above has a convergent (in X) subsequence and E satisfies the boundary condi-

tions

JE' (u) —AJu+#0 forue€ Kgyr,, llull = Ro, » >0,
JE' () +xu#0 foru e Kgyg,, lul=Ry, >0,

then there exists u € Kgyg, with

E'(u)=0 and Eu)=c.

2.9)
(2.10)
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Remark 2.1. Let N(u) :=u — J E’(u). Conditions (2.9), (2.10) can be written under the form

N@)+rJuu forllull = Ry, » >0, @2.11)
N@)# (1 +Mu  for|u| =Ry, »> 0. (2.12)

The proof of Theorem 2.1 needs some lemmas.
Lemma 2.1.

(1%) Let w,v e X \ {0} and o, 0 € Ry such that 0 < o < 1 — 6 and —(w, v) < O|w||v|. Then there exists an element

h € X with
lh|=1, (w,h)<—alw| and (v,h)<O0. 2.13)
Moreover, if v € K and v — w € K, then there exists \* > 0 with
v+ uhe K forall pel0,1*]. (2.14)
(2%) Letw,ve X\ {0} and a,0 € Ry such that0 <o < 1 —0 and (w, Jv) < 0|w||Jv|. Then there exists an element
h € X with
lh|=1, (w,h)<—alw| and Jv,h)>(1—-0—a)|Jv|>0. (2.15)

Moreover, if v € K and v — w € K, then there exists \* > 0 with

v+ uheK  forall pel0,1*]. (2.16)

In case that 1 — 0 <2a, and |v| = p > 0, |lw| = @ > 0, then A* in (2.14) and (2.16) only depends on p and w
(being independent of v and w).

Proof. (1°) Let hog = —% —,3%, with 8 = 5%3' One has 8 >0 sinceax <1 —6, and 0 < |hg| < 1+ B. Also

(w, ho) = —|w| — Iﬁl(w v) < —|w| 4+ BOlw| = —a(l + f)lw| < —alho|lw]|

and

(v,ho)=—( ||> Blvl < 6lv| = Blv] <0.
Obviously, for any A > 0, h := Ahg also satisfies

(w, h)<—a|h||w| and (v,h) <O.

Leth:= Then (2.13) holds.

\h [
Assume now that v € K and v — w € K. Then
noow wo, jZ Iz up
v+puh=v— —— — —f— (v—w)+(1— - >veK
hol [wl — Thol” 1ol — Ihollw] [rollw]  |hollv]

for u > 0 small enough that

N
[hollwl  Ihollv] ~

since both v, v — w belong to K.
(2% Let hg = \wl + B le, with 8 = éﬁ. Here again 8 > 6 and 0 < |hg| < 1 + B. Also

(2.17)

(w, ho)——lw|+|f%(w Jv) < —w|+ BOlw| = —a(l + p)|w| < —alhol|w]
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and

w @+DH1-0—-a)
(Jv, ho) =—\Jv, — | + BlJv| = —0|Jv| + B|Jv| = [Jv].
[w] 0+«

Let i := % Then (w, h) < —a|w| and since |ho| < 1+ B = ZEL,
[hol +a

Jv,h) 21 -0 —-a)|Jvl.
In case that v € K and v — w € K, we have that Jv € K and consequently

no w
vhph=y— W R g T
lhol lw| — lhol™ [Jv]

2 I
=\1- v+ w-w+ Ll e
( Ihollwl> |holw] lhol™ 1/ v]

for

nw
_ >0
|hollw]

(2.18)

Finally, if 1 — 6 < 2a, then 8 < 1, so |hg| =1 — 8 > 0. Consequently (2.17) and (2.18) hold for u < =£-. 0

P

g

Lemma 2.2. Let a > 0, G:Kgyr, — X a continuous map, D = {u € Kgygr,: |Gu)| = a}, and Dy C {u € D:
lull = Ro}, D1 C{u e D: |u| = Ry} closed sets. Assume that

u—Gu)eK forallue Kgyg,,
and there exists 0 € [0, 1) such that
(Ju, Gw)) <O1Ju||Gw)| forallu € Dy,
—(u, G(u)) < 9|u|}G(u)| forallu € Dy.
Then there exists « > 0 and a locally Lipschitz map H : D — X such that
|[Hw)| <1, u+Hwek, (Gw),Hw)<—«|Gw)| forueD,
and

(Ju, H(u)) >0 foru e Dy,

(u, H(u)) <0 forue Dy.
Proof. Let o’ be such that 0<a' <1—60 <2a'. Using Lemma 2.1, applied to w := G(u) and v :=u ifu € DgU Dy,
we may define a map 4 : D — X with |h(u)|=1forall u e D and with the following properties:

hw)=—|Gw)| ™' Gu) forue D\ (DoUDy);

(Gu), h(w)) < —a'|Gw)| and (Ju,h(w)) >(1—60—a)R>0 in Dy;

(Gw), h(w)) < —a'|Gw)| and (u,h(u)) <O inDy;

u+ph(u)e K forall ue [O A*], ueD,
and some A* = A*(0, o', a) > 0. Notice that for u € D \ (Do U D1), we have

0 w
u+uh(u)=(1— )u+ u—G))ek
|G (u)] IG(M)I( )

for 0 < p < a, since u, u — G(u) € K and ﬁu” € [0, 1].
Clearly we may assume without loss of generality that A* < 1.
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We have
(Gw), h(w)) < —'|G(u)| forallu e D.

Fix any number «” € (0, @’). Since G is continuous, for each u € 5, there is in D an open neighborhood V (1) of u
such that

(G), h(w)) < —a"|G(v)| forall ve V(u).
For u € Dy, we may also assume that

(Jv, h(w)) = %(1 —0—a)R>0 forallve V),
while for u € Dy, that

(v h(u)) <0 forallveVu).

Foru e D \ (Do U Dy), take V (u) so small that V (u) N (Dg U D7) = . We may also assume that diam V (#) < r for
every u € D where r > 0 is small and will be chosen later. The collection {V (u): u € D} is an open covering of D.
Since D is paracompact, the covering has a locally finite refinement {V;}. Let {1} be a locally Lipschitz partition of
unity subordinated to this refinement, and for each 7, let u, € D be an element for which Ve C V(uy).

Let b(uy) :=u; + A*h(uy). Clearly, b(u;) € K for every t. Now let H : D — X be given by

H@)=—v+ Y Y (0)b(uy).
T
Clearly H is locally Lipschitz. For every v € D, we have

)| =

W) (bur) = ttr) + D P (W) (ur —v)

<A +r<i

if r <1 — A* (recall that we have assumed A* < 1). Also

(G). Hw) = —(G).v) + > ¥ (0)(G), b(uy))

=Y Y (GW), h(ur)) + Y ¥ (0)(G), ur —v)
< —2*d"|G)| +r|G)|
—(" =r)|G)|.
Hence

(G, Hw)) <

where o := A*a” —r > 0 and r < A*a”. Also, if v € Dy, then

(v, H(v)) = A" Z {1/ (v)(v, h(ur)) + Z Y (W) (v, ur —v). (2.19)

We have (v, h(u;)) < 0 whenever v € V (u;). Hence the first sum in (2.19) is < 0. In addition
W, 1 —v) = (v, ur) — o] < llue| — > =0

if v € V(uy), since both v, u; € D;. Thus the second sum in (2.19) is < 0. Therefore (v, H(v)) <0 on Dj.
Next assume that v € Dg. Then

(Jo. HW) =2* Y ¢ ) (Jv, h(uo)) + Y e (0)(Jv, e — v). (2.20)
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Here
A*Zwt(v)(h},h(u,)) >A*%(1 —6—a )R >0, @21

while

> v ) (T, ur —v)

<D e W)|(Jv.ur — )| <r|Jv| <reoRo (2.22)
T

as follows from (1.1). Now if r is chosen such that A* % (1—6—a')R—rcoRy > 0, then (2.20)—~(2.21) guarantee that
(Jv, H(v)) > 0 on Dyg. Therefore r > 0 has to satisfy the following conditions:

1
r<l—=2% r<Afa” and A*E(l —6—0a")R —rcoRy > 0.
Finally v+ H(v) =Y. ¥ (0)b(u;) € K forallve D. O

Lemma 2.3. Assume all the assumptions of Theorem 2.1 hold. In addition assume that there are constants § > 0 and
0 € [0, 1) such that for u € Kgg, satisfying |ull = Ro and |E (u) — c| < 8, one has

(JE (u), Ju) <0|Jul|JE" )|, (2.23)
and for u € Kgyr, satisfying |u| = Ry and |E(u) — c| <6, one has

—(JE'(u), u) <O0lul|JE'(w)]. (2.24)
Then there exists a sequence of elements uy € Kgyg, with

E(uy) —c and E'(uy) =0 ask— oo. (2.25)

Proof. Assume there are no sequences satisfying (2.25). Then there would be constants §, a > 0 such that
|[JE' )| >a
for all u in
0 ={u € Kpyr,: |Ew)—c| <38}
Clearly, we may assume that 3§ < ¢ — max{E (up), E(u1)} and that (2.23), (2.24) hold in @6 ={ue€ Q: ||lul| = Ro}
and Q1 ={u € Q: |u| = Ry}, respectively. Denote
Qo ={u € Kgyr,: |Ew) —c| <268},
Q1 ={u€Kgyr,: |E)—c| <8},
Q2= Kgyr, \ Qo.

d(u, 02)
n(u) = .
d(u, Q1) +du, Q2)
We have

nw) =1 in@, nw)=0 in@, 0<n(u) <1 forueK\(EU@).

We now apply Lemma 2.2 to G (u) = J E'(u), Do = @) and D = 51 It follows that there exists « > 0 and a locally
Lipschitz map H: D — X (here D means the set {u € Kg,g,: |JE'(u)| > a}) such that

|[Hw)| <1, (JE' ), Hw) < —a|JE )| forue D,
(Ju, Hw)) >0 foru € Qo,
(u, Hw)) <0 foru e Oy, (2.26)
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and

u+H@u)eK forallueD. (2.27)
Define W : Kgy g, — X by
W) = { n(u)H ) forue D, R
0 fOI‘MEKRORl\D.
This map is locally Lipschitz and can be extended to a locally Lipschitz map on the whole K. Indeed, let
Wo(u) =n()u + W(u) foru e Kgr,.
Then Wy is locally Lipschitz on Kgg, and

nw) Y, Ye(@b(ur) forueD,

Wo(u) = —~
o) {n(u)u foru € Kgyr, \ D

which shows that Wy(u) € K for all u € KgyR,. Let V% be the locally’\]:ipschitz extension of Wy to the whole K,
as in the proof of Dugundji’s extension theorem (see [4, p. 44]). Then Wy(u) € K for all u € K. Now we define the
extension of W to K, by

W) = —nwu + Wou), uck.

Let o be the semiflow generated by W as shows Lemma 1.1. Note o (u, .) does not exit K since for each v € K,
there is A > 0 with v + AW (v) € K. Indeed, this is true for every A > 0 if n(v) =0, and for A = ﬁ in case
that n(v) > 0. We claim that o (u, .) does not exit Kg,g, for t € Ry if u € Kpyg,. Tg prove this assume first that
o(u,t) € Kgyr, forallt € [0, 1) and |lo(u, tp)|| = Ro for some 7y € Ry. If o (u, 1p) € Qp, then (2.26) guarantees that

%”o(u, K =2<%a(u,t),a(u, t)> = (W(o,1), Jou,1) >0

for ¢ in a neighborhood of #y. If o (u, 19) ¢ @6 , then n(o (u, t)) = 0 in aneighborhood of #y. Hence d||o (u, t) ||2/dt >0
in a neighborhood of #y, which means that ||o (u, t)|| is nondecreasing on some interval [fg, fo + €). Similarly, if
|o(u, t9)| = Ry, then d|o (u, t)|2/dt < 0 in a neighborhood of fy, which means that |o (u, f)| is nonincreasing on
some interval [7g, to + €). Therefore o (u, t) does not exit Kg,g, forr € Ry.

Let us denote by E; the level set (E < A), i.e.,

E)={u€ Kpyr,: E() <A}

‘We have

dE((1.1) =<E/(a(u,t)), %W,n)

(JE (G(u t) 0(14 t))
=n(ow,0))(JE (a(u 1), H(o(u,1)))
< —n(ow,n)aa. (2.28)
Let 1 > 25/(xa) and let u be any element of E 5. If there is #y € [0, t1] with o (u, f9) ¢ Q1, then
E(o(u,1)) <E(o(u,t9) <c—38.
Hence o (u, t1) € E._s. Otherwise, o (u,t) € Q1 for all ¢ € [0, #1], and so n(o (u, 1)) = 1. Then (2.28) implies
E(a(u,t])) <E)—aatj <c+8—28=c—34.
Thus

0 (Ecy5.11) C Ec_s. (2.29)
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Now by the definition of ¢, there is y € I" with
y(t) € Eq.4s forallz €0, 1]. (2.30)

We define a new path y; joining ug and u1 by y(¢t) = o (y(t),t1), t € [0, 1]. Since n vanishes in the neighborhood
of ug and u1, we have o (ug, t) =ug and o (u1,¢) =u;. Hence y1(0) = ug and y1(1) = u; and so y; € I'. On the other
hand, from (2.29) and (2.30), we have

E(yl(t)) <c—46 forallte]0,1],

which contradicts the definition of c. O

Proof of Theorem 2.1. Assume that do not exist sequences satisfying (2.5) and (2.7) or (2.8). Then there are a, § > 0
such that

(JE'(u), Ju)

I
JE'(u) — Jul2 Ju‘}a (2.31)
for all u € Kgyr, satisfying |E (u) — c| < 8, with |lu|| = Ro and (J E'(u), Ju) >0, and
JE'(u),
JE’(M) — Mu >a
|u|?

for all u € Kgyg, satisfying |E(u) — c| < 8, with |u| = Ry and (JE'(u),u) <0.
Let 6 > 0 be such that

0<62—1<a’R*;>,
where R comes from (1.2). Then from (2.31), also using (2.2) and (2.3), we obtain
(JE' @), Ju)* (67> = 1) < (JE' (), Ju) a* R>vy >
(JE'(u), Ju)

2
< (JE (), Ju)?[JE (u) — Tul Ju’ | TulPvy?
JE ), J 2
<liprw - YEWJw , F e
| Jul?

It follows that
(JE' @), Ju)* 072 < (JE (), Ju)’ + |JE' @’ |Jul® = (JE (), Ju)’
= |TE'@)[*1Jul®.

Hence
(JE' (w), Ju) <0|Jul|JE ()|

which is also true if (JE'(u), Ju) < 0. Thus, for u € Kg,r, satisfying |lu|| = Ro and |E (u) — c¢| < 8, one has
(JE'(u), Ju) <O|Jul|JE' ().

Similarly, for u € Kg,g, satisfying |u| = Ry and |E(u) — ¢| < §, one has
—(JE"(u),u) <O0lul|JE'(w)].

Now the conclusion of the first part follows from Lemma 2.3.
Finally we remark that (2.9), (2.10) make impossible the existence of a sequence as in (2.7) and (2.8), respec-
tively. O

The next critical point result (together with the remark which follows) can be compared to the fixed point Theo-
rem 20.2 in [4].
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Theorem 2.2. Assume that there exist ug, u1 € Kgyg, and vo,r >0, |ug| <r < |uyl, such that conditions (2.1), (2.4),
(2.9) and (2.10) hold. In addition assume that N :=1 — JE' and J are compact from X to X. Then there exists a
point u € Kgyg, with E'(u) =0 and E(u) = c.

Proof. First note that (2.2) and (2.3) trivially hold since the maps N, J are bounded on Kg g, . It remains to prove
that any sequence (uy) like in Theorem 2.1 has a convergent subsequence. Let (ux) C Kpg,g, be such a sequence.
Since both N, J are compact, passing if necessary to a subsequence, we may assume that N (ux) — v and Juy — w
for some v, w € X. If (2.6) is satisfied, then from J E’(uy) = uy — N (ux) — 0 we deduce that u; — v as we wished.

Assume (2.7). Passing to another sequence we may suppose that % — a for some real number a > 0. Then

(2.7) implies
ur — N@uyg) —aJup — 0 (2.32)

and in consequence u; — v + aw. Next assume that (2.8) holds. As above we may assume that (E(’;% — a this
time for some real number a < 0. Now from (2.8) we have !

(I —a)ug — N(ug) — 0 (2.33)

and so u; — ﬁv. O

Remark 2.2. In case that X = H, when |.| =||.|| and J = I, the conclusion of Theorem 2.2 is also true even though
I is not compact, if we add the condition

inf{|N(w)|: u € K, |u| =Ro} > 0. (2.34)

Indeed, in this case, (2.7) also implies (2.33) with a > 0. Notice a # 1, since otherwise (2.33) would imply that
N (ur) — 0, where |ux| = Rg, which contradicts (2.34). Then u; — 1]Tav'

Remark 2.3. If the imbedding X C H is compact, then J is compact from X to X.

The following result is the compression type mountain pass theorem accompanying the corresponding fixed point
theorem of Krasnoselskii [11] (see also [7, p. 325]).

Theorem 2.3. Assume that there exist ug,u1 € Kgyr, and vo,r > 0, |ug| <r < |u1|, such that conditions (2.1) and
(2.4) hold. In addition assume that norm ||.|| is increasing with respect to K , i.e.,

lu 4+ vl > ||ul| forallu,ve K, v+#0,
the maps J and N := I — J E' are compact from X to X, and

@) IN@) = llull for llull = Ro,
(®) IN@)| < |ul for |u] = Ry.

Then there exists a point u € Kg,g, with E'(u) =0 and E(u) = c.

Proof. First observe that (a) guarantees (2.11). Indeed, if N (u) +AJu = u for some u € Kgyr,, |lull = Ro and A > 0,
then since Ju € K \ {0} and ||.|| is increasing with respect to K, we deduce

lull = | N @) + 2 Ju| > [N @)

’

which contradicts (a).
Next observe that (b) guarantees (2.12). Indeed, if N (1) = (1 4+ A)u for some u € Kgg,, |u| = Ry and A > 0, then

IN@)| = (14 2)[ul > |ul,

in contradiction with (b).
Thus the result follows from Theorem 2.2. O
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Remark 2.4. The result in Theorem 2.3 remains true if X = H, J =1, |.| = ||.|| and K is a cone, without assuming
that |.| is increasing with respect to K. Indeed, in this case, if N(u) 4+ Au = u for some u € Kg,g,, |u| = Ro and
A > 0, then since N (u) € K, we have A < 1. The case 1 = 1 being excluded by (a), we obtain that

IN@)| = (1= W)|ul < |ul,
which contradicts (a). Also (a) guarantees (2.34). Now we use Remark 2.2.

Now instead of critical points of mountain pass type we seek critical points of minimum type.

Theorem 2.4. Assume that conditions (2.1), (2.2), (2.3) are satisfied and that

m:= inf E > —oo0. (2.35)

Kryr,
Then there exists a sequence (uy) with ui € Kgyr, such that
E(upy) —>m ask— oo (2.36)

and one of conditions (2.6)—(2.8) holds. If in addition, any sequence (uy) as above has a convergent subsequence
and (2.9), (2.10) hold, then there exists u € Kgyg, with

E'u)=0 and Eu)=m.
For the proof we need the following lemma.

Lemma 2.4. Assume all the assumptions of Theorem 2.4 hold. In addition assume that there are constants § > 0 and
0 € [0, 1) such that for u € Kgyg, satisfying E(u) —m < 8, one has

(JE' (), Ju) <O\Jul|[JE'w)| ifllull=Ro and
—(JE (), u) <Olul|JE'w)| iflul=R. (2.37)
Then there exists a sequence of elements uy € Kgyg, with

E(uy) —m and E'(u;) —0 ask— oo.

Proof. We follow the proof of Lemma 2.3 with the only difference that one has m instead of ¢. Thus we obtain o (u, t)
which does not exit Kg g, fort > 0. We fix any u € Q1 = {v € Kgyr,: E(v) <m + 8} and take #; > 26/(aa). Then
(2.28) guarantees that o (u, 1) € Q1 for all ¢+ > 0. Then

E(cr(u,t1))<m+6—aat1 <m— 6,

contradicting the definition of m. O

Proof of Theorem 2.4. Assume there are no sequences satisfying (2.36) and (2.7) or (2.8). Then, as in the proof of
Theorem 2.1, there are §, 6 > 0 such that for u € Kg g, satisfying E(u) < m + 8, one has (2.37). Now the conclusion
of the first part follows from Lemma 2.4. 0O

Obviously, the comments on the compactness of the sequences in Theorem 2.1 making the object of Theorems 2.2
and 2.3, remain true for Theorem 2.4.

Remark 2.5. If both conditions (2.4) and (2.35) are satisfied, then Theorems 2.1 and 2.4 guarantee the existence of
two distinct critical points of E in Kg g,
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3. Application

Consider the two-point boundary value problem
{u”(t) + f(u(t)) =0, te(0,1),
u(0)=u(1)=0.

Here f is a continuous function from R into R, with f(R;) CRy. Let X = HO1 (0, 1) with inner product and norm

3.1

1 1 1/2
(u,v) =/u’v/dt, lu| = (/u’zdt>
0 0
and let H = L2(0, 1) with inner product and norm
1 1 1/2
(u, v) =/uvdt, [|u] = </u2dt> .
0 0
We also denote by |u|~ the max norm in C[0, 1] and by |“|L2(a,b) the usual norm of L2(a, b).
Here E : HO1 (0, 1) = Riis given by
1
E®u) :/(%u/(t)z — F(u(t))) dt, ueH©,1),
0
where F(u) = O” f(t)dt. One has that E'(u) = —u” — f(u) in H=1(0, 1),

(Jv,w)=(v,w) forallve H1(0,1), we H} O, 1),
and Jv = fol G(t, s)v(s)ds for v e L0, 1), where G(t, s) is the corresponding Green’s function given by

s(1—1) forO<s<r<l,
t(l—s) forO<r<s<1.
Also N(u) :=u — JE'(u) = Jf (u) and

G(t,s)= {

1
Jf(u) = / G(t, s)f(u(s)) ds.
0

Notice, since the imbedding of H(; (0, 1) into C[O0, 1] is compact, N and J are compact from HO1 (0, 1) to itself. Also
note that

G(t,s) < G(s,s) forallt,sel0,1], (3.2)
and for every interval [a, b] with 0 < a < b < 1, there is a constant M > 0 with

MG (s,s) <G(t,s) forallse[0,1], t €[a,b]. (3.3)
These properties of Green’s function guarantee that for every nonnegative function v € L2(0, 1), one has

Jv)(@t) =2 M| Jv| forallt € la,b]. 34

Indeed, if v >0o0n [0, 1], 7 € [a, b] and t* € [0, 1], then from (3.2), (3.3), we obtain
1 1 1
(Jv)(t) = / G(t,s)v(s)ds > M/G(s, Hv(s)ds > M/G(t*,s)v(s) ds = M(Jv)(t*).
0 0 0
This proves (3.4) if we choose #* with (Jv)(t*) = | Jv|x and we take into account that |u|s > ||u]| for all u € C[0, 1].
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Now we consider a cone K in HOl (0, 1), defined by
K= {u € HOI(O, 1): u>0o0n(0, 1] and u(t) > M||u| fort € [a,b]}.

Ifu>0o0n|0,1], then f(u) >0 on [0, 1] since f(R;+) C Ry and so, according to (3.4), Jf (u) € K. Consequently,
u—JE'(u) € K foreveryu € K.

Before we state our hypotheses, we recall that constant cg is such that ||u|| < colu| for all u € HO1 (0, 1) and we
denote by ¢, the imbedding constant of the inclusion Hé (0,1) C C[0, 1], ie., |u|oo < Coolu]| for all u € HO1 0, 1).
Also, for the subinterval [a, b] of [0, 1], we let x[4,5 be the characteristic function of [a, b], i.e., X[a,p)(t) =1 if
t €la, bl, x[a,p(t) =0 otherwise.

Our assumptions are as follows:

(H1) There exist Rg, Ry with 0 < Ry < coR such that

MiNze[M Ry, cooki] S (T) > 1 ’ (3.5)
Ro I Xta.b11 22(a,p)
Maxee[0,co0 k11 S () < 1 (3.6)
Ry Co
(H2) There are ug, u; € Kgyr, and r such that |ug| < r < [u1| and
max{E(uo), Em)} < inf E(u).
MEKRORI
|ul=r
Remark 3.1.
(1% If £ is nondecreasing on [0, coo R1], then (3.5) and (3.6) become
MR 1
f(MRyp) > 37)
MRy M|JX[a,b]|L2(a,b)
and, respectively,
R 1
f(ceoR1) < (3.8)

< .
co Ry C0Coo

Therefore, in this case, in order to guarantee (3.5) and (3.6), we only need to know how the nonlinearity f
behaves at two points M Ry and coo R1.
(2%) We can even precise constants cg, oo, M and |J X(4.p]| 12 (a.b)- FOr example, from Wirtinger’s inequality, the best

constant ¢ is % Also we may take coo = 1 and M = min{a, 1 — b}.
Theorem 3.1. Assume that (H1) and (H2) hold. Then (3.1) has at least two positive solutions in KgR, .

Proof. We shall apply Theorems 2.3 and 2.4. First we show that (3.5) guarantees condition (a) in Theorem 2.3. Let
u € Kpyg, and |lu|| = Ry. Then for every s € [a, b] one has

MRy = M|lu|l <u(s) < |uloo < cooltt] < cooRy.
Furthermore, for every ¢ € [a, b], we have

1 b

N(u)(t)=/G(¢,s)f(u(s))ds>fG(z,s)f(u(s)) ds

0 a

b

>  min 1) | G(t,s)ds=  min nJ .

TE[MRo,c‘och]f( )./ ¢ ) re[MRO‘cooRl]f( ) Xa.b (1)
a
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Consequently, also using (3.5), we deduce that

NG| = NG| 20 > FO xabli2ap > Ro.

min
T€[MRy,cooR1 ]
Hence

ING@| = lul.

Next we show that (3.6) guarantees condition (b) in Theorem 2.3. Assume u € Kgyr, and |u| = R;. Then u(t) <
[tt]oo < coo Ry and

IN@)|* =T = (T @), Jfw) = (f @), Nw) < | f@) | |[Nw|
<ol fl INw[ <o _max  FOIN@]|< RN,

Hence

IN@)| < Jul.

Therefore Theorem 2.3 applies.
Finally we note that condition (2.35) in Theorem 2.4 is satisfied. Indeed, for u € Kg,g, one has that R()
lu| < Ry and |u|oo < €0 R1. Consequently

1
1 1
Eu) :/<§u/2 — F(u)) dt > ?Rg —A,
0
0

where A > F(t) for 0 < v < cooRj1. Hence ianROR1 E(u) > —00. O

Example. Let

’

W ifo<u<l
< b, (3.9)

f) =1 tu? if 1 <u
TWu=Db+b% ifu>b.
Here b > 2 and will be specified later. Obviously f is increasing on R4 and
Tudr? if0<

u <
Fy=17
s +1) ifl<u<

9

1
b.

First note that if we choose r = 2, then infueK, lul=r E(u) > % Indeed, if u € K and |u| = 2, then since |u|co < |u],
we have that 0 < u(r) <2 andso F(u(t)) < for all € [0, 1]. Hence

1
E(u) = %lu|2 —/F(u(t))dt >2— % = %
0

Let ug = ¢, where ¢ is the positive eigenfunction corresponding to the first eigenvalue A1, i.e.,
9" +r¢=0, 1te(OD,
¢(0)=¢(1) =0,

¢ > 0and |¢| = 1. Then |upg| =1 < r and

1

1

1 1 1

E(“O)=§|¢|2—fF(¢(t))dt=5—[F(¢(t))dt<5.
0 0
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Next we take u| := b¢ and we assume that b > ﬁ We have |ui| =b > r and

; (bo 1))’ dr. (3.10)

(b (1)>1)

E(uy) 1b2
12
ui 2

Since the limit of the right side of (3.10) as b — oo is equal to —oo, we may choose b large enough that E(u1) < %
Hence condition (H2) is satisfied. Finally, since

1 1 JT—b+b?
im 7D i YT Do and tim L@ ) YRR
=0 T 2750 T T—>00 T 2 t—>00 T

we may find Ry, R such that ug, u; € Kgyg, and (3.7), (3.8) hold.
Therefore, according to Theorem 3.1, problem (3.1) with f given by (3.9) and b sufficiently large has two positive
solutions.
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