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Abstract

In this paper we present a general class of linear positive operators of discrete type
reproducing the third test function of Korovkin theorem. In a certain weighted space it
forms an approximation process. A Voronovskaja-type result is established and particular
cases are analyzed.

1. Introduction

Regarding a sequence (Ly,), >, of positive linear operators defined on the
Banach space C ( [a, b]) , Bohman-Korovkin criterion says: if (Lyey),>; con-

verges to ey uniformly on [a,b], k € {0, 1,2}, for the test functions eg(x) = 1,
e1(r) = z, ea(x) = 2%, then (Lnf),z1 converges to f uniformly on [a, ], for

each f belonging to C([a,b]).

Many classical linear positive operators preserve ey and ej, in other words
they have the degree of exactness one. In [4] J. P. King defined linear and
positive operators which generalize the classical Bernstein operators and re-
produce the test functions ey and es. From Approximation Theory point of
view, the construction is useful. In spite of the fact that they have the de-
gree of exactness null, the order of approximation is at least as good as the
order of the initial operators.
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In the present paper we indicate a general class of operators (L), >,

depending on two sequences of real numbers with the properties Ly ey = eg
and L}es = ea. After studying its approximation properties in a weighted
space, we establish an asymptotic formula. As particular cases, we obtain
Voronovskaja-type results for the modified variants in the King sense of some
classical approximation processes: Szasz—Mirakjan, Baskakov, Bernstein op-
erators.

2. The operators L;

We set Ry :=[0,00) and Ny := {0} UN. Following [1], we consider a
sequence (Ly),>; of linear positive operators of discrete type acting on a

subspace of C(R;) and defined by
(2.1) (Laf)(@) =t i(2)f(@np), 20, f€FNEy,
k=0

where u, , € C(Ry) is a positive real valued function for each (n,k) € N x
No, (#nk)s>( is a mesh of nodes on Ry and

F:={f:Ry— Ry : the seriesin (2.1) is convergent},
Ey:={feCRy): (1+ %) f(x) is convergent as z — 00},
a 2 2 being fixed. For each n € N, we assume that the following identities

(2.2)  (Lpeo)(z) =1, (Lpei)(z) =z, (Lnes)(x) = anaz®+ by, >0,

are fulfilled, where a,, > 0, b, = 0. As regards the sequences of real numbers
(an)pz1 and (bp),>; we assume

(2.3) lim a, =1, lim b, =0.

n—o0 n—oo

Based on Bohman—Korovkin theorem these relations guarantee that
(Ln),>1 is a strong positive approximation process on any compact, I C Ry,

this meaning lim, oo (L, f)(x) = f(x) uniformly for every f € F N E, and
every x € K.
For each n € N, we define the continuous function v, : Ry — R4,

(2.4) vp(x) = %(\/b% + danz? — bn), x 2 0.
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Starting from (2.1), we introduce the operators
o0
(25) (Lpf)@) = unp(vn(2) f(@ng), =20, f€FNEL, neN,
k=0
where vy, is given by (2.4).
Based on (2.2), the following identities
(2.6) Lreg=ep, Lyei=vy,, Lyes=e

hold. Relations (2.3) and Bohman—Korovkin criterion imply lim, o L} f =
f uniformly on compact intervals of Ry for every f € F N E,.

Since (Le1)? < (Leg)(Les) is a common property of any linear positive
operator L of summation type, relations (2.6) lead us to the following in-
equality

(2.7) vp(x) Sz, x20.

Endowing the weighted space E, with the norm || - ||,

1]l = sup L@

wZOl—’_‘Ia’

feEOu

an approximation result is indicated below.

THEOREM 2.1. Let (L}),>; be given by (2.5). For every f € F N E,
(a = 2) we have
T [[Z3f — fll, = 0.
PROOF. It is known that {eg, e1, e} is a Korovkin set in Fs. On account
of (2.6) it is enough to prove

(2.8) nlggo HL;el — €1Ha =0.

Clearly, for each z = 0, one has 2 —z + 1 > 0. Let us fix n € N,
By using (2.6), (2.7) and (2.4), for any z = 0 we get

|(Lae)@) — 2| _a—vu@) _bo, [van—1]

1+ e 1+2> ~ a, an

Based on (2.3), it is evident that the right-hand side in the above esti-
mate tends to 0 as n tends to infinity. This fact implies (2.8) and the proof
is finished. O
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Theorem 2.1 indicates that the sequence (L} )n>1 furnishes a new strong

approximation process on the weighted space E,, a = 2.
We notice the operator L; is non-expansive on the space E,. Indeed,

1
i [TLC j{junk 0n@) 1o = 17

and consequently, || L, fl., < || fll.-
Further on, we present the relationship between the local smoothness of
f and the local approximation.

THEOREM 2.2. Let (Ly),>, be given by (2.5). Let f be locally Lipa
on E, where 0 < a <1 and E C Ry. One has

[(Lyf)(@) = f(2)] € e (03/%(2) + 2d°(2, ), 220,

where U (z) = 22(z — vn(2)), d(z, E) represents the distance between x and
E and cy is a constant depending only on f.

PROOF. Since f is locally Lip o on FE, it satisfies the condition
| f(@) = fy)| S cfle—yl* (2,y) ERy X E.

Clearly, this holds for any € R and y € E, the closure of the set E in R.
Let (z,z0) € Ry x E such that |z — zo| = d(z, E) =inf {|z —y|: y € E}.

Since | f — f(z)| £ |f = f(=o)| + | f(z0) — f(x)| and L}, is a linear positive
operator reproducing the constants, we get

(2.9) |(Ly f) (@) = f(2)] £ Ly (] f = f(=o)|,2) + | f(z) = f(x0)]
<L (Cf|€1—:L'0| ) —I—Cf|l’—:E0|a.

Based on Holder’s inequality, one has L} h* < (LthQ)a/ ? for every func-

tion h € REJ“. Consequently, for every x = 0 we deduce

(2.10) Li(ler — 2% 2) < (L3((er — )2, 2))*? = 52/%(a),

see (2 6). Since |t —xg| < [t — x|+ |z — x| and L} is monotone, the inequality
(a+0)*<a+b*a20,b>00<a<1, and relation (2. 10) imply

L (crler — o], z) < Cf(L:(]el —z|%z) + |z - xo\o‘)

< e (0%(x) + | — 0],
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Returning to (2.9), the conclusion follows. O

REMARK 2.3. In [3] the authors had examined the statistical convergence
in Approximation Theory establishing some Korovkin type theorems. Our
operator LY maps Cp(Ry) in Cp(Ry) because of the first identity of rela-
tion (2.6). Here Cy(R4) denotes the space of all real-valued continuous and
bounded functions defined on R;. On the basis of [3] Theorem 1, relations
(2.6) lead us to the following result.

If st-lim ||v, —e1]|, =0, then st-lim||L;f — f|lx =0,
n n

for any function f belonging to Cp(R4), where K C R4 is a compact and
| - || ¢ is the norm of the uniform convergence on K.

3. The main result

In what follows, let (\,),>; be a sequence of strictly positive real num-
bers such that
ap — 1 b

. n
=a, lim \,— =1b,
(079 n—oo (079

(3.1) lim A\, =00, lim A\,

where a € R, b € R, and the sequences (an),>1, (bn),>; have been intro-
duced by (2.2)-(2.3). The sequence (\;),>; plays an important role in an

investigation of saturation of these operators.

For each x = 0, ¢, is the function defined by ¢, (t) =t —x, t 2 0, and
L3 (s € Ng) represents the s-th order central moment of the linear positive
operator L.

By E&Q) we denote the space of all twice continuously differentiable func-
tions f € E, such that its derivatives f’, f” belong to E,.

THEOREM 3.1. Let (Ly,),,>; be defined by (2.5). If

(3.2) lim A2(Lkgs) (z) exists and is finite,

n—o0

then, for any function f belonging to E(g?), (o 2 4), such that {f, f', f"} C F,
one has

axr +b

(33)  Jim A((LiN)@) - f@) = T (@ @) - @),

where x > 0 and a,b are given at (3.1).
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PROOF. We take a fixed point > 0. For any f € E&Q) and t 2 0 define

) = J@) = =) f @) =2 =)
prlast) = (t—2)’ | |
0, if t==x.

Since limy_,,; ¢f(z5t) =0 = ¢¢(x;2) and {f, f’, f'} C Eo N F, one has
df(z;-) € Eq N F. We can write

(t — z)*
2

ft)=fl@)+(t—2)f(x) + (@) + (t = 2)*¢ s (x31).

Applying L} and knowing that L} ey = eg, we get

(Ln)(@) = f(@) = (Lyea) () () + (Ln%)( )" (@) + Ly (93¢ (@) (2).
By using (2.6) we have

(Lype)(z) = vn(z) — =, (L:‘P:Zc) (z) = 2z(z — vn(2)),
and hence
(3.4) An (L3 f) (@) — f(2))
= Az —on(@)) (2f"(2) = f'(2)) + AL, (307 (x5-)) ().

The Cauchy inequality allows us to write

(35) ML (@ios(w;e)) (x) < { L7 (- }1/2{)\2 Ligh) }1/2'

Since L} is an approximation process on the space E,, here a = 4, the def-
inition of ¢¢(x;-) implies limy, L;"L(gb?c(x, 3)) (z) = 0. Starting from (3.5),
both assumption (3.2) and the previous relation imply

: * 2 .. —_
nlgglo MLy (@adp(z;)) (z) = 0.
On the other hand, in view of (2.4), (3.1) and (2.3), for any = > 0 we get

)\ an—l 2_,_)\ b"x
lim /\n(a:—vn(:c)) = lim = ax+b

n—00 n—00 ( )2 22 2

TL
T+ 2an + an

2an
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Returning at (3.4), we obtain the desired pointwise convergence. O

4. Examples

In the following two examples, F may coincide with FEs.

4.1. As L,, n 2 1, in (2.1) we consider the Szasz—Mirakjan operators defined
by

° k
(Suf)(@) = snp(a)f <:> I )

k!
k=0

where f € Es. For this class, in (2.3) the identities a, = 1, b, = 1/n, n € N,
hold. Consequently, we get

V14+4n222 —1
(4.1) vp(z) = + Qn:z , 20, neN.
n

By simple computation, see e.g. [2], we obtain

(42)  (Swe)@) =0, (Sugd)(@) =2, (Sued) (@) = 5,
$2 X
(SnSDi) (x):% et x 2 0.

Choosing in (3.1) A\, =n, clearly a =0, b =1. Examining (4.1) and
(4.2), condition (3.2) is fulfilled, more precisely lim, oo A2 ( Sp¢t) (z) = 322,
Based on (3.3) the asymptotic formula for Szasz—Mirakjan modified opera-
tors runs as follows

X

lim n((S;f)(z) - f(z)) == f"(z) —

n—oo 2

1
if/(x)7 r > Oa

for any f € EC(YZ), a2 4.
4.2. This time we start from classical Baskakov operators given by

(Buf) () = ’ibn,k(x)f (5) bt = ("7 )@ ez
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where f € Ey. It is known that a, =1+ 1/n and b, = 1/n, n € N, conse-
quently

V1+4n(n+1)22 -1

(4.3) Un () 2(n+ 1) )

x =20, neN.

In order to present the first four central moments of B,,, we can use the
following recurrence relation

n(Bngazﬁ’l) () =z(142) %(Bmpg”) (x) + m(Bn¢?_l) (x)| for m =2,

with (B,0)(x) = 1, (Buys)(z) = 0, see, for example, [5]. Hence,

44)  (Bagd) (@) = 1’(1;@ (Bug?) (@) = 20 :221 +21)

(Bugh) () = "1 2)

(3 +2)x(1+2)+1), 220,

Choosing again in (3.1) A\, = n, one has a = b = 1. Since

lim A2 (Bjes) (z) = 32 (1 + )%,

n—oo

relation (3.2) takes place and, in this case, the asymptotic formula will be
read as follows

lim n((BLf)() - f(z) = O

n—oo 2

(zf"(x) = f(z)), >0,

for any f € EC(YZ), a2 4.

REMARK 4.1. The same construction as in (2.1)-(2.5) can be made and
the same results can be obtained under the hypothesis that L,, n € N, are
defined on the Banach space C ([O,'y]), ~v > 0 fixed. Roughly speaking, we

can replace R4 by the compact [0,7]. Actually, the reasoning is simple: for
every function f € F N C( [0, y]) , we introduce the function f, € FNC(Ry)

given by
~Jf@), ze(0],
ho ‘{fm, o>

It is evident f, € E, and (Lyfy)(z) = f(v)(Lneo)(x) = f(v), for each
T > 7.
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On the other hand, the series in (2.1) can be replaced by a finite sum,
such as > unk(2) f(2y,). Practically, this can be obtained by choosing
Up,k, k> n, the null functions.

4.3. With these remarks in mind, in (2.1) we consider L,, = P,, n = 1, Bern-
stein operators, where

<Pnf><x>=§pn,k<x>f (5). st = ()era ey, wcio

n

For this sequence, the approximation process described by (2.5) has been
established by King [4], Eq. (2.2). One has

vp () = 1 n 1
_2(71—1)+\/<n—1>m2+4(n—1)2, n=2,3,...

For the original Bernstein polynomials we identify a, =1—1/n, b, = 1/n
for any n € N. Also, the first four explicit moments are the following

(4.5)
(Popz) (@) =0, (Pnsoi)@):fﬂ(ln—ffx (pngpg)(x):f(l—wggl—zx)?
(Puet) (@) = ") (30— 2)a1 ) +1). e (0.1]

n3

Taking in (3.1) A\, =n, we get a = —1 and b = 1. Condition (3.2) holds
uniformly with respect to = € [0, 1] and the Bernstein—King non-polynomial
operators P, n = 1, enjoy the following property

_l—a:

lim n((P;f)(z) — f(z)) = (zf"(z) = f(2)), =€(0,1],

n—o0 2

for every f € E(g?), a 2 4. We may remark in passing that P} f interpolates
fatz=0and z=1.
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