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 Positive solutions of functional-differential systems via the
 vector version of Krasnoselskii's fixed point theorem in
 cones

 Sorin Budi§an and Radu Precup

 ABSTRACT. We study the existence of positive solutions of the functional-differential system

 ( + ai(í)/i(wi(p(í)),tX2 (g (t))) = 0,
 ' uļ(t) + ū2(t)f2(ui(g(t)),U2(g(t))) = 0

 (0 < t < 1), subject to linear boundary conditions. We prove the existence of at least one positive solution by
 using the vector version of Krasnoselskii's fixed point theorem in cones.

 1. Introduction

 This paper deals with the second-order functional-differential system

 n n Í u'1'(t) + a1(t)f1(u1(g(t)),u2(g(t))) = 0,
 ' u%(t) +a2(t)f2(u1(g(t)),u2(g(t))) = 0

 (0 < t < 1) , under the boundary conditions

 ( atiUii 0) - ßiu'ii 0) = 0,
 (1.2) { 7itü(l) + ¿it*í(l) = 0,

 [ Ui(t) = ki for - 9 < t < 0 (¿ = 1,2).
 Here 9 > 0 and g : [0, 1] -> [- 9 , 1]. We seek positive solutions to (1.1)-(1.2), that is a couple
 u = (ui,u2) with Ui(t) > 0 for 0 < t < 1 and i - 1,2.

 We shall assume that the following conditions are satisfied for i G {1, 2} :

 (Al) fi e C([0, oc)2, [0, oo)) and g e C([0, 1], [-0, 1]);

 (A2) ai e C([0, 1], [0, oo)) and a¿(£) is not identically zero on any proper subinterval
 of [0,1];

 (A3) au ßi , 7i, Si , ki > 0, pi := 7 + a ¿7< + > 0.

 Our existence result is based on the vector version of Krasnoselskii's fixed point the-
 orem in cones, due to the second author [5] (see also [6]-[8]) and extends to systems the
 main result from [1]. To present the vector version of Krasnoselskii's theorem, we need to
 introduce some notations and notions. Let ( X , || . || ) be a normed linear space, let K', K2
 be two cones of X and let K := K' x K2. We shall use the same symbol r< to denote
 the partial order relation induced by K in X2 and by K', K2 in X. Similarly, the
 same symbol -< will be used to denote the strict order relation induced by K' and K2
 in X. Also, in X2, the symbol -< will have the following meaning: u -< v (u, v G X2) if
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 Ui -< Vi for i = 1,2. For r,Re R+, r = (ri,r2), R = (Ri,R2), we write 0 < r < R if
 0 < ri < Ri and 0 < r2 < R2 and we use the notations:

 : = {*> e Ki : U < ||t;|ļ < ñ¿} (¿ = 1,2)
 Kr,R : = {u= (ui,u2) e K :ri< ||u¿|| < Ri for i = 1,2}.

 Clearly, Kr„ R = (Kl)ruRl x (K2)r2,R2-
 Now we are ready to present the vector version of Krasnoselskii's fixed point theorem

 in cones.

 Theorem 1.1 ([6]). Let (X, ||. ||) be a normed linear space; K'. K2 C X two cones; K :=
 K' x K2; r,R£ R+ ivith 0 < r < R, and let N : Kr^R K, N = (Ni, N2) be a compact
 map. Assume that for each i e {1, 2}, one of the following conditions is satisfied in Kr¡fí :

 (a) Ni(u) -fi Ui if ||uj|| = r¿, and JV¿(u) / if ||u¿|| = i?¿;
 (b) Ni(u) Ý Ui if IHI = r¿, and Ni(u) -fi if ||u¿|| = Ri.
 Then N has a fixed point u in K with rt < ||u¿|| < Ri for i e {1.2}.

 Remark 1.1. In Theorem 1.1 four cases are posible for u e Kr¡ r :
 (cl) Ni(u ) -fi ui if |M = ri, and Ni(u) ý- ui if ||ui|| = Ri,

 N2(u) fi U2 if ||?¿2 II = T2, and N2(u) )fi u2 if IMI = -R2;
 (c2) Ni(u) -fi ui if IM = ri, and Ni(u) )fi ux if ||ui|| = Rlt

 N2(u) Ý U2 if II It = r2, and N2(u) -fi u2 if ||tt2|| = i?2;
 (c3) N'{u) / ui if IMI = ri. and Ni(u) -fi iti if ||ui|| = Ri,

 N2(u) fi u2 if IMI = r2, and N2{u) f u2 if ||it2|l = #2;
 (c4) Ni(u) / ui if Dm II = ri, and Ni(u) -fiux if |MI = Ru

 N2(u) )fi u2 if |MI = r2, and N2(u) -fi u2 if |MI = R2.

 Related results obtained by means of Krasnoselskii's fixed point theorem in cones [4]
 can be found in [2], [3], [9] - [11].

 2. The main result

 Let Gì be the Green function of the problem

 r u"= 0,
 < a¿u (0) - ßiu'( 0) = 0,
 [ 7iu(l) + ¿¿u'(l) = 0.

 One has

 {- Pi Pi <Pi(t)A(s), 0 < s < t < 1
 Pi

 Pi

 where := 7 ¿ - 7 it, ýi(t) := ß% + arf (0 < t < 1).
 Notice that

 (2.1) Gi(t,s) < -(pi(s)ýi(s) = Gi(s,.s) for 0 < t,s < 1.
 Pi

 In addition the following result (Lemma 2.1 from [1]) holds:

 4
 Lemma 2.1. For every n > - and i e {1,2} , there exists Mi(n) > 0 such that

 o

 (2.2) 54^4 > Mi{n) for - < t < ? and 0 < s < 1.
 GiyS , S J Tl 4
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 Positive solutions of functional-differential systems 167

 In what follows by ||v|| , where vgC[ 0,1], we mean the norm ||v|| = max |v(i)|.

 Also we make the following notations:

 (/i)o(s¿) := Xi->0 lim0^^'X^' Xi (fi)oo(xj) := Xt->oo lim M**'1*) X{ Xi->0 Xi Xt->oo X{

 for i,j e {1,2} with i + j = 3.
 The main result of this paper is the following existence theorem.

 Theorem 2.2. Assume that conditions (A1)-(A3) hold. In addition assume that
 g e C1([0, 1], [-0, 1]), g' >0, <7(0) < 0 and <7(1) > 0. Then problem (1.1)-(1.2) has at
 least one positive solution u := («1,1*2) in each of the following four cases:

 (/1)0(2:2) = 0 uniformly for all x2 > 0,
 . . I (/1)00 (®2) = 00 uniformly for all x2 > 0,
 ' (/2)0(^1) = 0 uniformly for all x' >0,

 (/2)00(^1) = 00 uniformly for all xi > 0;

 (/1)0(2:2) = 00 uniformly for all x2>0,
 .. . (/1)00 (x2) = 0 uniformly forali x2 > 0, if fi is unbounded,
 * ' | (/2)0 (xi) = 00 uniformly for all xi >0,

 (/2)00 (£1) = 0 uniformly forali xi > 0, if /2 is unbounded ;

 (/1)0 (£2) = 00 uniformly for all x2 > 0,
 I (/i)oo (£2) = 0 uniformly forali x2 > 0, if /1 is unbounded,
 * (/2)0 (x i) = 0 uniformly for all x' > 0,

 (/2)00 (xi) = 00 uniformly for all xi >0-,

 {(/1)0 (/2)00 (/2)0 (/1)00 (xi) (^2) (£2) (xi) = = = = 0 00 0 00 uniformly uniformly uniformly uniformly for for forali for all all all xi x2 x2 xi > > > > 0, 0, 0, 0,

 (/1)00 (£2) = 00 uniformly for all x2 > 0,
 (/2)0 (xi) = 00 uniformly for all xi > 0,
 (/2)00 (xi) = 0 uniformly for all xi > 0, if /2 is unbounded.

 Proof. First note that u = (ui,u2) e C([0, 1], R%) is a solution of (1.1)-(1.2) if and only if
 u solves the operator system

 Ui(t) = f Gi(t, s)ai(s)fi(ui (g (s)) , u2 (g ( s)))ds := NiU (t.) , i = 1, 2.
 Jo

 Let Kļ be the cone in C[0, 1] given by

 Kļ = {w e C[ 0, 1] : v > 0, min v(t) > Mi |M|},
 a<t<b

 where a= £ , 6 = min ļ# (1) , and stands for M¿(n) given by Lemma 2.1. Then, for
 u € K = K' x K2, using (2.1) and (2.2) we obtain

 min Niu(t) = min / Gi(t, s)ūi(s)fi(u(g (s)))ds
 a<t<b a<t<b Jq

 > Mi Gi(s,s)a,i(s)fi(u(g(s)))ds
 Jo

 > Mi [ Gi(t',s)a.i(s)fi(u(g(s)))ds = MiNiu(ť)
 Jo

This content downloaded from 92.81.68.202 on Wed, 08 Mar 2023 12:12:08 UTC
All use subject to https://about.jstor.org/terms



 168 Sorin Budiçan and Radu Precup

 for every ť G [0, 1] . Consequently

 min NiU ( t ) > Mi || Niu'' .
 a<t<b

 Therefore, Ni(K) c Kiy for i = 1,2. Moreover, it is easy to see that Ni : K Ki is
 completely continuous. Hence N : Kr^R K,N = (Ni,N2) is well defined and compact
 for every r,R e R+ with 0 < r < R.

 Assume now that (2.3) holds. We will prove that N satisfies condition (c4) from Remark
 1.1. The first relation from (2.3) guarantees that there exists Hi > 0 so that /i(ui, u2) <
 rjui , for 0 < u' < Hi and u2 > 0, where 77 > 0 may be chosen conveniently. We choose
 0 < ri < Hi. Suppose that Ni(u) y ui for ||i¿i|| = ri. From ''ui'' = n < Hi, we have
 that 0 < ui < Hi , so

 (2.7) ''Niu'' < [ Gi{sis)ai(s)fi{u(g{s)))ds
 Jo

 <rj Gi(s,s)ai(8)ui(g(s))ds
 Jo

 = v Jg( Í gi(g~1(y)1g~1(y))">^_1f^Mi(y)% 9 (9 {y)) Jg( 0) 9 (9 {y))

 < rprx f Gi(g-1(y),g-1(y)) ļ dy, J g{ 0) 9 '9 ļ '2/))

 using that ui (y) < ||tii|| = ri. We choose 77 > 0 so that

 (2.8) vn J r G1(g-1(ylg-1(y))^-^-dy 9 '9 (2/)) < Min. J g( 0) 9 '9 (2/))

 From ui € Ki we obtain riMi = ||ui|| Mi < min ui(t), so (2.7) and (2.8) imply
 a<t<b

 ||Wi«|| < min ui(t),
 a<t<b

 and from Niu < ||ÌVitx|| it follows

 Niu(t ) < min wi(¿)? for t £ [0, 1],
 a<t<b

 so Niu(t) < min ui(t) < ui (¿), for t G [a, 6], a contradiction with the assumption
 a<t<b

 Niu >~ ui. So Niu )/- ui if ||t¿i|| = ri. From (2.3) we have that there exists H 2 > 0

 so that fi{ui,u2) > ļiui, for ui > H2 and u2 > 0, where ¡i > 0 may be chosen

 conveniently. Let Ri := max |2fři, We suppose that Ni(u) < ui if ||i¿i || = Ri.
 Using the hypothesis g( 1) > 0, g( 0) < 0, g > 0, we obtain for a < t0 < b, ui e Ki,
 II tii II = Äi, that

 min ui(t) > Mi ||iii II > H2 ,
 a<t<b
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 SO

 "■"«»> = C' G^9~Hy))7^W)Muiv))dy

 > „ j' cd,*,g-'(y))aj

 > ,M, [^Gl(f„s-.(„))î!^Mdï] „„.I,
 > ||ui|| > Ui(t), fori e [0,1],

 if we choose ß > 0 so that

 [/V, ,-<»)>$£! $*]*•■
 Here we used the inclusion [a, 6] c [# (0) , g (1)] which is true for the above chosen b and
 some n with a = 1/n < b. So Ni(u)(t0) > ui(t0 ), a contradiction with the assumption
 Ni(u) -< ui if ||iti|| = Äi. So, we obtain iVi(u) ^ ui if ||ui|| = R'.

 Similarly, from (2.3) we obtain that

 N2(u) Ý u2 if ||i¿2 II = r2 and N2(u) ^ u2 if ||u2|| = #2-

 Thus condition (c4) from Remark 1.1 holds.
 Assume now that (2.4) holds. We will prove that N satisfies condition (cl) from

 Remark 1.1. From (2.4) we have that there exists H i > 0 so that fi(u) > r¡ui, for

 0 < ui < Hi and all u2 > 0, where r? may be chosen conveniently. We choose M' from
 the definition of cone K'. We also choose r' so that 0 < r' < H'. We suppose that
 Ni(u) -< ui if libili = ri. Then, for a < t0 < 6, ui e K' and ||ui|| = v' < Hi , we have

 Ni(u)(t0) = [ Gì (t0, g~l(y)) 1{y)) /1 ( u(y))dy Jg( o) 9 (9 1{y))

 > U Ail J Gi(to,g~l(y)) lluill Ì ll"ill .

 if we choose 77 > 0 so that

 We obtain Ni(u)(t0) > ||ui|| > ui(í), for all t e [0,1], and we have that Ni(u)(to) >
 ui(t0), a contradiction with the assumption that we made. It follows that Ni(u) / Uļ if
 Kll=ri.
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 Part 1. We assume that /1 is unbounded. From (2.4) we have that there exists Qi > 0
 so that fi(u) < Xui , for u' > Qi, for all u2 > 0, where A > 0 may be chosen conveniently.
 There exists H2 = (H2,H2) with H'2 > max{(5i,ri} so that fi(u) < fi{H2), for
 0 < u < H2 (we may do this because /1 is unbounded). We choose R' := H2 and we
 suppose that N'(u) >- u' if ||i¿i|| = Ri. Then, for all u2 with ||ix2|| < H2 , we have:

 A h(u){t) = Jg( Gx{t,g-'y))^^-h{u{y))dy ( U2/)) Jg( 0) 9 ( 9 U2/))

 < J [ <?i (g- 1 (y) , g- 1 (y)) 9 ( 9 ny)) ^ /1 ( u{y))dy J g(0) , 9 ( 9 ny))

 < Jg( G^-'y),g-'y))^^-h(H2)dy 9 ( 9 1{y)) Jg( 0) 9 ( 9 1{y))

 < X H'2 Jg( r Gi(g~1(y),g~1(y))a}^f~1ļ^^dy 9Ì9 1 {y}) < Jg( o) 9Ì9 1 {y}) 2 2
 if we choose A > 0 so that

 A Jg{ r(1) G1(g-'y),g-'y))^Ç_^yhy 9 ( 9 L{y)) < Jg{ 0) 9 ( 9 L{y)) 2
 R

 So Ni(u)(t) < -, forali t e [0,1]. But, by our assumption, Ni(u) y ui , we obtain
 R

 ||JVi(«)|| > ||Ul|| = Äi, so Ä1 < a contradiction. It follows that iVi(u) )/- ui , for
 ll«ill = -Ri.

 Part 2. We assume that fi is bounded, so sup fi{u) = M' < oo. We choose i?i so
 uG(0,oo)2

 that

 Rí>mÍCG^''Ms''W)aň^dy)-
 We suppose that Ni(u) >- ui for ||ui|| = Äi, so

 N^um = r G1(t,g-1(y))^ļ11(ž;))/i(«(ž/))rfy (9 )) < Jg( o) 9 (9 n y ))

 < m- ./<7(0) r<1)Gl(9-.w,r.(9))^M<¡!,<^. 9 (9 L(y)) 2 ./<7(0) 9 (9 L(y)) 2
 i?l

 It follows that ||iViîi|| < - . But, from the assumption that we made, we obtain ||iViu|| >

 |ļui|| = Ri, a contradiction. It follows that Ni(u) )/- ui if ||i¿i|| = Ri. Similarly, we
 obtain, for /2, that N2(u) -fi u2 if ||i¿2 II = r2 and N2(u) ^ u2 if ||x¿2 1| = R2, so condition
 (cl) from Remark 1.1 holds.

 Assume now that (2.5) holds. Using the same arguments for /1, like in the case (2.4),
 we obtain:

 Ni(u) -fi ui if ||i¿i|| = ri and Ni(u) Ý ui if ||ui|| = Riģ
 Using the same arguments for /2, like in the case (2.3), we obtain:

 N2(u) u2 if ||it2|| = r2 and N2(u) -fi u2 if ||u2|| = #2-
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 It follows that condition (c2) from Remark 1.1 is satisfied.
 Assume now that (2.6) holds. Using the same arguments for /1, like in the case (2.3),

 we obtain:

 Ni(u) Ý ui if ||i¿i|| = ri and Ni(u) -fi u' if ||ui|| = Ri.
 Using the same arguments for /2, like in the case (2.4), we obtain:

 N2(u) -fi u2 if ''u2'' = r2 and N2(u) u2 if ||ti2|| = #2-

 Thus condition (c3) from Remark 1.1 holds. □

 Remark 2.2. (1) An example of functions like in (2.3):

 t! ' X?(x2 + 1)
 = Il + X3 + 1-

 /2(l"Is) = IÎ[feTT)î + 1]+x:[feTT): + 1.'
 where r > 1; p > 2 ; q, s > 0.

 Indeed,

 fi(xi,x2) = aq'^xa + l) = «T1 < xp-i 0
 xi xi + x2 + 1 1 + ~ 1

 as xi -» 0, for p > 2, so (/i)0 (x2) = 0 uniformly for all x2 > 0, and

 /1 (xi,X2) _ Xl"1 Jq"1
 Xl 1 + ^-1 + Xi

 as xi -» 00, for p > 2, so (/1)^ (x2) = 00 uniformly for all x2 > 0. Also

 = rP~ 1 [ , J ■ r-1 1 ■ ļ
 xi 1 .(xa + l)« . 1 (x2 + l)s

 < 2 xf_1 + 2xï_1 0
 as xi 0, for r,p > 1, so (/2)0 (#2) = 0 uniformly for all x2 > 0, and

 /a(»i.ga) = -P-i i i ii i -r-i 1 .Z
 Xl 1 (x2 + l)9 _ 1 (x2 + l)s

 ^ Xj* -f- ^ ^ OO
 as xi 00, for r,p > 1, so (/2)00 (^2) = 00 uniformly for all x2 > 0.

 (2) An example of functions like in (2.4):

 M*.*.) = ^[feTî5î + 1]+i:[feTîïï + 1.'

 /2(11,12) = I? -^- x2 + 1 + ll +x[ Í x2 *?■ + 1 +1] . x2 + 1 x2 + 1

 where 0 < r, p < 1; q, s > 0.

 Indeed, /1 and /2 are unbounded and one has

 /i(xi'x2) = xr1 f, 1 +1I J +Xi_i [7 [(.T2 - ^-+i Xl L(x2 + 1)9 J [(.T2 + l)s
 > x'~l + x'~l -> OO
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 as Xi - > 0, for 0 < r, p < 1, so (/i)0 (#2) = 00 uniformly for all x2 > 0, and

 /l(X,1'X2) = xr1 [(X2 [7 Xi [(X2 + -TT" 1)9 J L(X2 + 1)S
 < 2 x?-1 + 2Xļ_1 -> 0

 as xi - » oc. for 0 < r, p < 1, so (/i )00 (x2) = 0 uniformly for all x2 > 0. Also

 /a(®l,«2) = _p-l [ QX2 1 r- i [ «®2 '
 X, = 11 _p-l ļīrrī+lJ+I' [ QX2 r- i 1^tī+ [ «®2

 > .Tļ"1 + X'~l -> 00
 as xi -» 0, for 0 < r, p < 1, so (/2)0 (#2) = 00 uniformly for all X2 > 0, and

 X' '_X2 + 1 J |_x2 + 1

 ^ (ç H- l)^i 1 H- {s + l)Xļ 1 - > 0

 as xi -> 00, for 0 < r, p < 1, so (/2)00 (^2) = 0 uniformly for all x2 > 0.
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