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On a problem of A. Lupag

Octavian Agratini

1 Introduction

At the International Dortmund Meeting held in Witten (Ger-
many, March, 1995), A. Lupag [4] formulated the following prob-
lem. ” Starting with the identity :
1 o ()i
1 = A8k
) AP
let a =nz, z > 0, and congider the linear positive operators
(Lnf)@) = (1 - ay= § (22 "f( ), =20,

with f : [0, °°) — R. If we impose that L,e, = e, we find
a = 1/2. Therefore

ons @ (n2)e [k
@ L)@ =27 F T2k (;) z > 0.

This Ly-operator has a form very simslar with Szdsz-Mirakyan
operators. We have Lyh = h, h € TI, and Jim (Lnes)(z) = €a(3).

le| < 1,
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asymptotic formula and some quantrl:atlve esumatﬁ fm‘

of convergence are given. By using a probablhstlc met

sequence is reobtained. Also two modified sequem.

structed.

2 The results

(@p=1 (ak=ala+1)...(a

For any real £ > 0 and integer r > 0 we




| ‘The space E, is endowed with the norm || flla = e(f; a) with
respect to which it becomes a Banach lattice. |

9) In our investigations we also need to consider the Banach
lattice C3l0, co) of all real-valued bounded contimious functions
on [0, oc) endowed with the sup-norm || - [|c. The operator 7
maps C'B[O, oc) into itself, it is continuous with respect to the

sup-norm and i| Ly || = || Lnéollec = 1.

Lemma 1. If L, is defined by (2) then, for each z > 0, the
Jollowing identities are valid
2z 2z

(Lnea)(z) = 2% + = P 2(Z) = =
Theorem 1. If L, is defined by (2) then one has

A Lo f = f uniformly on [0, 5],

for any b > 0.

Theorem 2. Let L, be defined by (2) and b > 0. One has

(Laf)(2) = F@)| < (1 + VD) wy (f; %) - AR
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uous derivalive on |

If f has @ coniint
(L)@ —f (=)l = —z-ﬁ‘/—ﬁ‘" ( o

mngwearegomgto

[n the follo

following inequality

z e [01 b]s hOMS

_ mtz > 9 md -:;:E%%ﬁm) 'be tWIce d‘fe"eﬂtwble at some
| _t”asmmeu“‘tf(t) O(t?) as t — o©.
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- Actually, ¢ represents the step weight ﬁmctiomofthelm
operators anditcontrols thdrrateofmgmce. .

It is known that by using some concepts of the probability -
theory have been obtained several classical positive and linear
operators. Pioneers in this field to be mentioned here are W |
Feller [2] and D.D. Stancu [6]-

Let (X;z)j>1 be a sequence of independent random variables

identically distributed

@ P(X;=k) =2k k>0
@ j

where z is a positive real parameter. Denoting by @ the common
characteristic function of these random variables, the identity (1)

implies
)= z e""‘P()Sj,,‘ =k)= (2 - %) 2.

If we set
: i L
1,“73=_EXJ ’ nzla
0 j=

then the characteristic function of ¥, , will be ¢, (%) e 6™(t/n)
which corresponds to the followiné_distzibution:

By it
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k
i) L x1(z )= ‘T_z_}'ﬁ""‘( z).

i) Ly(@) = nhnal@) (5 l(m +i)7 —log2), (k£0),

u;) jlnk(;r) (n?kkl)"l ( 1)k i ;1'(1032)_' Lo ik

; 4(2z° + 3z + 2)
i) ',,,k(:r) 5 g
Here sy ; represents the Stirling numbers of the first kind.

L

3 Extensions

In order to obtain an approximation process in spaces of inte-
grable functions, we introduce two integral modifications of these

operators, Kantorovich-type operators
(k+1)/n

(Kaf)(z) =n z hi(z) [ F(R)t,

kjn
respectively Durrmeyer-type operators

(Daf)(@) = 5 cnslni(@) [ bns(u)f(u)d
0

The coefficients c,, ; are defined as follows ok = /:n In x(T)dz.
In fact, this guarantees the relation D,e; = e,. Also, we easily

obtain

(Kueo)(®) =1, (Kae)(@) =2+ 1,
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