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ABSTRACT: 'I‘he goal of thls paper is to dlscuss the 1mp11c:at10ns of the behavmr propertles from clas-
sical analysis (positivity, monotonicity; convexit§: convexity of high' order) [PET72], [PT44], [Pr85], into the
qualitative theory of ordinary differential equations. We survey our own results concermng thls subject in

connection with other contributions in hterature ‘

1 Positivity and Linear Equati'onwsrﬁ-‘

: Let s consider the’ dlfferentla,l operatork

LO”— (oY (pecl[o 1. pzc'> 0 on [0,1])
and the two-point boundary value Pl‘Oblem ' ‘ .

{Lu‘ Lou-t—qw)u——f(w), €0, 1] : (1)
w@=uh=0 i

(q,1 f E C[O 1]) : . : .
The deep implication of the pos1t1v1ty 1nto the qualltatlve a.nalysm of problem (1) is shown by
the followmg well known theorem. '

Theorem '1 The following conditions are: equimient;' L
(i) For each f € C[0,1], (1) has a unique solution u =L~ f € C?[0,1] and

L7204 f20
(positivity of L' ), or equivalently
Lu >0 implies w20

( weak mazimum prmczple ).

(zz) There emsts the Greensfunctwn G( ,y) for (1) and es o

-y )

G (sc,y) >0 for all T,y € (0 ]_)
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“(positivity of Green’s function).
(i) The first eigenvalue

/\1.‘(L) _ inf'{/ (pu’z +qu )d:c u € C(;, ]l“”rﬂ .— 1} .‘

= {u G 01 {0 l] (0) "“'u 1) = 0} }.is posztwe equwalentfy, there emsts # > 0 (take

p= Al (L) ) sich that Jor each w'é CD, orie has

' 1
fo (pu™ + gu’) da > f ulde

(coercivity of L).

~and the focal boundary value

Lu——Lou-Jr-q(m)u"-f(w), z €| 0 1]
uB(0)=0, 0<k<m~1 , (2)
wl) (1) = 0, mSk:(.Qm PR T T

(¢, f € C[0,1]). Let C¥m~1 = {u € C¥Lo, 1]; k) (0)=0,0 <k <m~1,ufh{1) = o,
m<k<2m—1} In thls respect in [RePr] we proved the followmg result

Theorem 2 I ) The number

inf {_/ -(u(?")z + quz) dej u € 02m Lol e = 1}
: o : ol
is the smallest ( first) eigenvalue Ay (L) of the pmblem

u(’“)(O)—O 0<k<m——1 :
u(k} (1) == (], n LkL2me= 1, EE R

2) If i (L) > 0, then far each f e C 0 1] (2) has a umque solutwn whzch is nonnegatwe if
f>o.

2 Monotdnicity and Nonlinear Equations

Monotonicity is for nonlinear equatlons what is pos1t1v:ty for the linear ones. To be more explicit,
let us first deal with an abstract example.

Let (X, |.]) be a Banach space and K C X a cone {i.e., a closed set with oz + ﬂy € K for
all z,y € K and 0,8 € Ry and K1 («K)=§). Let < be the' order ‘relation an X° given by
z<yiff y—2 € K. For every two elements T, y G X w1th z < y, we define the interval [z, y] by
[m,y} {zeX;e<a<yl, 00 v e o
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The cone K is said to be normal if whenever- . -
0<:L'n<yn,nml2 andyn—+0asn—>oo,

we have z,, — 0 as n — 00 too. The cone K is'said to be regular it every increasing sequence which
is bounded from above is already convergent. Notice any regular cone is normal. For example, in
€'10,1], the positive cone(of alk: nonnegative functions on [0,1]) is normal but not ‘regular.’ In
L7 (0,1), 1 < p < oo, the positive cone is regular by Beppo-Levi’s theorem. The following theorem
is known as the monotone iterations principle (see [De85], [Kr64], or [La85]).

Theorem 3 Let X  be a Banach ispaée,' K c X fz"‘:‘coné’, zo B € X with z, < o and let
A L—D Zo] _a_:o, Zo] nondecreasmg in the sense that gz, <z < Yy < < Zo, zmphes A@) < Ay

Let the sequences (@) and (Zn) be gwen by
z, -—A( Tpo1) i Fn=A(En1), n_l 2, ...

Suppose that one of the following two condztzons 1§ satzsﬁed
(i) K is regular and A is continuous.
(1) K is normal, A is continuous-with A([zg, Zo]) compact in X.

Then (z,), () converge to some & and I, respectwely, Az) =g, A(i) z and

<g<...g_ <..<z<

mgf

F< 0. <Ey € 0 € E < Fo

Moreover, ¢ (respectively, &} is the minimal (respectively, mazimal) fized point of A.
Notice that if there exists a v > 0 with 0 < g4 € v2 < z and A satisfies
7°A (a;) <A (’ya:)

for all v E (0,1), z e [ar:o, :L‘g] Wlth YT E [go, To], and some « < 1 then z= . Indeed, let Yo is
the blggest ~ > 0 satisfying zq < vZ < 2. It is clear that 0 < 7o < 1 If we suppose that 70 < 1,
then o < 7¢, and since A is nondecrea.smg we find

Q30 < ’?’0-'3 < '?’0z = "?’OA('T) < A(*yoar) < A(a:) = &,
which contradicts the maximality of ~+p. Thus ~p =1, s0 & = Z. ' :
In [Pr96], we have given an analogue result for nonincreasing operators with respect to a normal
cone. Here is a version of that result for both normal and regular cases.
Tk}gorem 4 Suppose. a{l the assumptions in. Theorem 3.hold where this time, A is nonincreasing.
Then the sequences.(Zy,).y (T2nt1). converge to some z and (Tynpi) s (Fan). converge to some I,

A{x)=%, A(Z) =2 and

T SZy T3 2y S v S 29, S o1 S <2<

A

If in-addition, there ezists a ¥ > ,0 wz’thl 0 <zp<ri<z and ‘A‘_Ls’atisﬁgs_ B
' FAE)2 AL

for'.dﬂ-ﬂ'y € (0,1), ze [gzo, -zﬁé]tﬁm'th 7::: ¢ [.go, ig] and some. o > 1 the T = =i
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For an example, consider the nonlinear integra;l- eq‘u’ai:io‘rﬁ-f S

t) ___‘/ f(t s 'u,(s)) ds 0 < t < 1 e (3) :

Theorem 5 Let f [ ]2 [a b] b R be contmuous Suppose that 0 <@ < b f(t 8, ) is
nondecreasmg on {a, b] for eaeh (t S) [0 l} e LR L S

lo<f f(tsa ds and f f(t.sb ds<b on {0,1].
The_o:, (3) has @ minimal solutzon 4 and a .mammal solu_twn ol m [a, 6], a < Y t) < i (t) < b and

) :
gn (t) ='[o f (t 3’--rn,- '(3))"‘13? 7.?,’.-:”'—?"-1’-2’::"""5 -

P -
D .

i8 nondecreasmg -and uniformiy convergent tou (t) ;and

t)-*_/ St sun_l(s))ds, n= 1,2,

18 nomncreasmg and umformly convergent to u( ). f in addztzon the're e:msts an o < 1 such that

f (t s, 7u) 2 o/“f.(t, s, u) _.

for all t, 5 €0, 1]:,-"u €.[a;b) and v G'(O, 1) with yu € [a;b],'then u = @ is the unique solutiori of
(3)- ! - - L .

Theorem 6 Let f : [0,1] x X [a,8] — R be contmuous Suppose that 0 < a < b, f(i,s,.) is
nomncreasmg on [o b] for each (t s) [0 1]2 T T e

a,</ftsb)ds and fftso)ds<b on[Ol]

In addition suppose that there ezists an o > =1 such that - " il am o

LR

f@smm;;efesu

for' all t,’s € [0, 1] u’ € [a,b] and- Y E(D, 1) 'ibz‘th‘ 'y'u 3 [a, 'b] Then (3) has o umque solutwn
we-C([0,1] &, b)) whzch can’ be bilaterally approvimated by fronotone ztemtzons gt L

‘For other applications see [Pr94] a_nd:[Pr_95].-_ R

- Convex1ty and Quadratlc Approxlmatmn of Solutions

The approximate solutmns gwen by the monotone 1terat1ve methods descnbed in the prevmus

* .section converge to the solution only hnearly A ‘quadratic convergence is guara,nteed by the so

called quasiliniarization method provided that the nonlinear term of the equatmn 15 convex or
difference of two convex functions. [Be65]; [La.95] E :
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- In:[Prapl}; we a.pphed the quasﬂmmuzatlon method to.the: followmg class of probleme of interest/
in epldemlcs o T R e

{ (t) = (t :v(t))'—}rg (,t‘-—,,-r,’m'.(t—gr)), 0 < tz-g.j’?_. AT A (4)
(0) ¢0: . .

where I (t) =z (t) for ¢ € (0,T]," &%) mc,b(t) if £ [~r,0], 7 being a positive number and ¢ a
given function on [—,0]. -
The main result in [Prapl] is the following theorom

Theorem 7 Suppose ¢ € C[-7,0], vo, vo€ CL[0,T], ug (0) = vp (0) = ¢ (0) and ug (£) < vo (t)
[U T). Let Q= {(t,z); ¢t € (0, 7], uo(t) <z< vo(t) on (0 T]} and let @ =QU{(to);
-7 <t < 0}. In addition assume that’
(hI) for Q<L T we have

U< e @) +o(t-rTa(t- 7)),
vo(t)2f(t,vo(t))—i—g(t-—r,og(t-r)); _ N
(h2) fE C‘ (_ ) g eC (ﬁ) , the derivatives [y, frxy 9oy Yoo exist and are continuous on ﬁ,
and satzsfy ‘ s et v R TR i ; SR G D

Then, there exist the sequences (uy) nondecreasing and (vs) nonincreasing which converge uniformiy
on [0, T] to the unique solution-z € GL[0;T] .of (4) satisfying up (t) <z (t) < vo(t) on[0,T), and
the,e,onue.ngence. z's.qu_admt_z’c,.; S e Do L oeee L an o e S e

Notice that a bilateral mongtone approx1mat1on of_the solution with an order.of convergence
hlgher than quadratlc is p0381bie in case that the nonlmear term of the equatlon 1s a smooth fune-
tion, nonconcave of an order higher than one (see [De98]) An open problem is to prowde monotone

sequences-of iterations with:the k-th order of convergence without assumlng the, smoothness of the,
nonlinear term. - i i B : , , e

4 Convexxty in Nonllnear Elgenvalue Problems

Let X be a Banach space, X C X asubsetand F: K xR, -+ X a Continuous map Con51der
the equation . . s

‘. u_F(u,)\)

where )« € R+ and u € K A sofutzon of this equatlon is a pair (u A) € Kx Ri» Equations of
this form are called nonlinear eigenvalue problems [Ra73], [Sch95] The mterest is in studymg the
striucture of thé set of solutions and its behavior with respect to A,

In [RePr], we ‘Have discissed the following nonliriear éigenvalue problem

{Lw—‘l)umﬂ—kﬂm,mewﬂ

w® (0 =0, 0K K<m—1 _,,f,,_o_,m;(g
u(’“)(l)uo m<k<2m~-1

a.nd we proved the followmg theorem
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Theorem: 8 .Suppose f- & -CL{Ry 1 (0y00)) vis: increasing. and nonicorieave:  Then there: easzsts G

mazimal A\* € (0,00) and a C* function A v uy from [0, A*) into C¥™ such that ‘4 =0 and

for each X € (0,2%), uy (t)>0 on (0,1}, solves ( 5) and i8' stable in the ‘sense that
()50 (s Los—AF ) wi
Mo'reo'uer,. : | | . i = (RS UV B ¥ P
()0 oshsm | |

We point out the role of the nonconcavity of f to guarantee that'the ma.kiméxl A* is finite, and
also the ”good” behavior (6) of the continaum of solutions {uy; A € [0, A*)} with respect to .
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