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4 MEAN THROREM GOﬁCEE!NDJG THE BEHAVICUR
OF SCME NONLINEAR FUNCTIONALS
by
RADU PRECTP
{Ciuj=-Napoca)

1. In the paper [3] Tiberiu ‘Popovi ~in hes provad ihe follo-
wing mesn theorem toncerning tha behaviour of some linear funct:.c-.

-' nals, in relation to the convexity of order =n (n€Z, -1;0)

THEORZ! A{[31)e If the linear functional F, deflned on
c[a,b], satisfies the conditions: 1) F{l}*—-?{x}: sss = FIZPY =

' 2) F(£)>0, for avery runction £&¢cfa,bl. sonvex of ordar n -

then for sach '€ ¢ls,5], ihere axistn + 2 d13*:.n~+ = Tointg
far Faveeos §uin inla,n], suen wat pez =x[§ ?2,,..,§’n+2 ],

where - K is a vositive number not daverdine on £,

In[5] we have said that a real funciion £, aefined on an
'; interval, is sirong tf,aa, ,‘aﬂ,-ﬁm} - quasi-convax {np 0), if
. it satiafies the inequalitys

(1) O<m{- [xlg‘oo.e,%. 1=zi+1;°"’§:+3; f}
' [&----sxk-pxmp-s-»%«»s' ] }

‘.far eny system of digtinct points < < e <’n-r5 in its
kr.domain of definition and for svery integers i and k such that
"1<k<15n+3, i-X32 Forn=o0, the strong (P, P, Py -
'qum-ecmexity coincidas with the usual sirict qussi-eonvexi*’y. :
i ... In this paper, an analogous of thecrem 4, coneming the
':_-behavioul- of some nonlineaw Dmetionals, in relation o the strong
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(5.) ,@m,ﬁ ) - quaai-eonvsziv, %22 be givem.
let ¥ be & nmetional, daﬂnea on C Ea,b] uhieh is

: mumad to sntiecry the fonwing eond:Ltiona:

() A = AR ; for every fec[.,b]m,z)o 2
(i1) MAD -Illr(r), fa:' avery :r & §>n+1 andz eR ,;.

{114) P(ﬁg)ér(ﬂ-& P(s?: -f re? 'ur 5&?&» A

G !(f}>o ,' for wary strong (5’7@, Qnﬂ, %*2)-quasi-eomu

: f.tmctionz fe C [a,b).

THEOREM 1. If the. ﬂmetional 2, defined on c [a,b]
satisfies the conditions (i) - (i), then for each function fgC[ad_l
for wrich P(£) <0, there exist n+2 distinct po::.nta f,_, ﬁz,m,fmz
in Ea,bl 5 such 'mat '

(2’ ' {‘P) = t[?l, ?2,9--, {‘n‘*a H f]

- where X £ s a Dositive number not deggndig_:g cn -1’,

Theorem A was genaral"ized in abstract zmear spacas by ﬁma
Poponciu [2] sna M.Iven i B mheoren 1 ia alse & parti cular s8se
of = mean theorsm t.hat, in the following section, will be formula~
ted and proved as part of t.ho theory of the interpclation in abstract
linear spaces. .

2, let X be aTeal lineer space, S o g Sy g s.‘, tnree
linear subspacea of X, Sy a maximal proper subspacs of 5, and S ,1_,,

a maximal proper sutspacs of 51’ with sa_c_‘. Sge Letul andu ba
two sets of linesr interpolating operators relative to Sy, respec-
tirely 0 Sy, that is: it Uléul, then Uy : X —» S5y and
Uyx = X for any X€Sy and ifﬂzéaz, then U, : X —= S, and
Uyx=x for any X &Sy If we fix 79 €Sy N5, end €S8, 5y,
then we can sssociate [1] 1o each operator Uy €2 1he aivided

!

_A for each dacomposition (Ul’ul"jl) cf soms oparaf.or from Zi.‘,, ﬂm
" inequality

= (¢ = A(x) =m{:[\'}i 3 :1,'[3;; x]}>ﬂ Y

"respeczively
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l c!..ﬂ'a'unee functional [U1 3 ] p 4 -:-a whigh satizfies :
: [u.l U.lx] [U-. i 2] for all x&X, EJ« 3 !}- g for anyzﬁ"-‘;
" ana [Uy 5 77]= 1 and to sach operater Uyell,, the divided

] X ~»R satialying [U., 3 sz] £U2 H :]
for 81l X€X, [02 H z]: 0 for eny €Sy end [Uz s yzja_]_.,

difference ‘:Uz

" obviously, the divided differences of all cpsrators ofalt ﬂé)‘

taks the asme valua on sach elemant of S, (respectively, 82) »

“In the sequel, 51 denotes th: set {xﬁsl, [U:!.s :t]>0 for any -

"1“2!‘1} s; denotes the aet {3652, (v, ;5 x]>0 for eny
;U,‘,&ﬂ?} and, in the set of a1l opurstors from X into x, : ﬂm :

‘notation U'< U atande “or U = U =T,
We say that the triplet ('ﬂl,ul,ul} is a daocmpoaitian of t‘m

operator Uzﬁz-f? 1. it satisfies tha fallcs:l_ng eorditmna £

1° "1' '“16%'1 iy "r“r“x 4“2 d

2% . thers sxists ¥ es.‘, such :mn

7] < [opis] <[5 r]

In 5] we nave provaed that ie “1’”1""1} is s dampos:tion :

of en operator U, then (3) holda for every J 552 °

Te soy that the siement X ex is strong (S,,5;, 32) - o
quasi-corvq:, respect 1?917 strong (s ,51,52} - QUSSL=CoNCIAVAE, if

(5) B(x) = min {_. (v x].,[,ul;‘ . z]} <'°: 2

‘holds. : v

Denote hycfg g B the sets of the functionsla admitting
tha peprecentation from (4], resvectively from (5). We can easily
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see thet if Fefz‘, then P satisPiss *he following eonditionsg:

(6) F(Ax) = A F(x), for every zex ana A>o

n F(lx) =u [F(x},fnr every x& Slmd A €R

(8) P(zty) < F(x) + F(y), if x€5) or yés,

]

-y

(9) P(x)>0, for sach streng (SG,SI,Sz)qussi-convez slement x€X ;
while i# ?-EJ.?, ther: {6),{7) and alsc the following relationa:

(10} P(x+y) = P(x) + Ply) , if T€S, or yas, ;

{12} P(z)<0, for ecach atrong (So-‘sl 732''}-qt.n:qs:i.--«:c.'nru:ave element x €3}

hold,

The following assertisn is a tpite Temark: i€ Aed@'and
for certain element z&X one has A(x) <0, then thars exists a
functionel B€J3such that B(x)<o too; but, it is & remarkable
fact that the same conclusion is true sven if in the place of A
stands an arbitrsry functional 7 satisfying the conditions (5)-(9):

THECREN 2. If the functional o, ¢efined:  on X, sotisfies

ihe relationg {6)-{9), then fom zach elonent xEX for which

E(x) <0, there exists a functional B 533 such that B(x} <qg ,

Proct. Let ses; ba a fixed aleomeni and k >0, tha comcn
value en g of the divided differsnces nssociated tc the operators
of 241, Since & is strong 633331,82)-quasi~convex, by {2} we have
P(a) >0,

If #a put y = P(a)x = F{x)z ard we take into accomt the
properiies {6)~(8), we obtain : ‘ i

- P(7) = P(F(s)x - F(x}e) & P(F{a)x) + F(-P(x)s) =
= Ma)P(x) + 7 |2y = o

which shows that y {s not strong (s,,S,,3,)=quesi-convex.

2L,

zrd o docornonitise

Consecuently, L.ere exisis an operstor I

rn

o
H

<
'(rri,zrl,?ri) of 7., auch that ma.x{_- iji 3 y:[ s L‘;_ : y]} = 3, Lot

180} i3l >0 ara [ug; ¥] < ¢. Therefore ,

F(B)ET{;I]- ?‘fxiq:i!i;s:l =0 and “(a) Ui;x:[ - ?:z)['ui; 3] <0 .
tvence, we deduce that _E__?(s) [U"; 7.'] < F(x) -.'S—-p—?(s) [tl‘i ; z] and
=f .

lastly that -Eil win {- [Ui;x] o [853 x_']} < 7(z) <0 .

Since F(s)/k >0 , we see that the functiona: we nave looking
for is B(z) = min {- [Ui; 2], [03; 2]} (zem) .

In what follows we will give the abstract version of thaorem 1,
mo formulate it we Deed a continuity twvpe property in linear soaces.

DEFIITITION 1. ¥e say that the siemant XEX hes the vronerty

(C), if for every decomposition (Ui,UI,U;_) of some operator cf ZL2

and for esch "u:nbe:-A lying between the nurbers [Ui;x] ard [\,']'_,.c] y

there iz at least one operator ﬁléul such that Uy 3 xj =A .

It is evident that if an element X &€X has the property (C),

-§ then for svery s€S,, the element x + s also has this property.

THEOR®Y 3. If the functional ¥, defined on ¥, satisfies tie

conditions (%) = (9), ther for each element x€X havine the pre-

perty (C) snd satiafying the inecuality ¥(x) <0, thers exists an
operator Vlﬁz‘fj sucn that

(12) Plx) = K£?1 3 x] 3

‘®here ¥ is a positive nurber not denendine on  x.

Proof, Let us come back at the proof or tuecren 2, more pre-
cisely at the step where we have deduced the inaqualities [o3v] >0
and (075 5] < 0. 12 {v:9]=0 orfu3, 5] =0 or [U3;5]=0, then




ihe required operator Vy is T, Ui, Tespectively Ui. Othewise,

ore has [7g 5 71# 0, [0 5 ] <0 <[t] 5 5] and since 3, as 7,
nes *he property (), there is ai least one operator Vleup such
o Lvl ;yl=0 arc therefore, that (12) be fulfilled.

]{“ARIS. 1% Ir order to obtain theorem 1 from theorem 3, let

5'30,31=-921+1,S2=f) A2

mt2? o n’
vhere Jy (k> 0) denotes the set of the polynomials by degree <k ;

us co:“.aider X= CEagb]; so .

let ZZI and Zéz be the sets of all Lagrange interpolating operators

on m© + 2, respectively on n + 3, distinct points in [a,b].

The divide: differences associated with the operators onﬁl and

ZL . , ere the oriinary ones on n + 2, respectively n + 3, aistinet
20

points in [a,b] .

As followa frem [5, theorem 3] the sirong (5%, @Hl’ 32_,,2)
' quasi-convex elements of C[a b] s &8re precisely those that satisfy
the inegualities (1) anmd by [5, lerma 3] we can state that each

function £ € C[a,b] has the property (C). To justify this assertion,

let us congider the Lasrange interpolating operator U, =
L 6P Xy1XgsecerTnyas ¢ )5212 and ita decomposition [5] :
= n+ rs .

U’i = L( ‘(Pn*-l; 31;-0-:%'_-11 Ij_+11.---:%-1+3 $% J-»

n

U1 L{ gjn_, 3 TysesesXi e X j41re00y Tnasi * )

U; = L( Pn‘!;l; x]_l"'!xk_l;:k-pll"'! Xpe3i * ) 4 where

28X <X, <eere <X x by, and 1 LI<I<kSn + 3 Define
the funetion D : [0,1] —eR , which essizns to each te&[0,1],
the divided difference of the function £, om the points contained
by the vecwor (1 = )(Xy,eeesXj 5,%; 050000 %nys)  +

+ ¢ (x..;...,xk_l.z'u_l;... ,xné). We can easily see that the fune-
4 B
tion D 4is contimous on [0,1] and sirce D(O) = [U].’_ s f] and

' preserving the strorg

satisfying L(..I)CSI. Indeed, if T,
# the functional 7

(x € X) , where U1 and

of some operator of 2{2, satisfies (6) - {9) .
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(1) = [Ui 3 1'] » it follows that Tor each 1 Yring between

[Ui : :’] and [Ii s 1“:[ s there is a2t least one tEfO,l] s

D(t) = A ; this shows that ¢ haa the property (7).

tich thas

2° The assumption that Ff)<o,
that the conel

is essential in order

ueion of theorem 1 be true. Indeed, it the Turction

£ is concave of order n, then R2(£) >0, while s11 divided dir-

ferences of £ on n + 2 distinet Doints, sre recative, ge, (2)

ig not possible.

2 Qther functionsls than those of 97%
(9,

can be riven by using linear Positive operators T, -

{o—x
(s ’SI’SZ) = quasi-convexity property and
is suech en oDerator, then

*X{—R, 7(x) = *ﬂax{ ['Jl’ Ix] [Dl,Lx]}

u., arise from a decompositiion (’TI',"l, ')

» Which satisfy (8) -
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