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TOFPOIOGICAL TRANSVERSALITY AND APPLICATIONS
by
Redu PRECUP -

ABETRACT. & weneralized version of the topological trans-—
versaliGy btheorem due bo A. Granas is proved by using
Urysohn's lemma in Csészir's verianbte. Some applicabions

are suggested.

S l- PRELIWMINARTES

et X be a set eand {< $n-€ N} & sequence of relations

< sz 2% such that the following conditions hold for every

ine Ny
S

(5)

A
B <8, X Ny

<, N implies M<N;
M'Cu<, NCN! implies Mr<, N';
¥, <y Ny &= 1, 2 implies MlUM2< NllJN and
Mlnh{2<' nlﬂn:,_,; i
if h< N, there is P with M< el P<n+l N.

DEFINITION 1 ((2]). 4 function £ 3 X —1I, I = [o, 1], is
said to be associated with the Sequence{-(n in & N}if

(6.

P, QCI, &(P,Q)> I/2% tmplles £71(P) <, ot "l(I\ Q),

"or every n €IN, where d(x, y) = I x—“y\ '

TEMGA 1 (2. Let {<‘ t né€ IN] be a seguence of rela-

tlon‘s on 2% sabisfvlne, condi‘aions (1)-(5). If M< N, then there
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exists a function ? associabed with [ <, : 0 € § | stih that
£(x) = 0 for x€M and £(x) = 1 for x€X\ K.

§ 2. THE TOPOLOGICAL TRANSVERSALITY THEOREM
Zet X be a set endowed with a Sequence f<pime w ot
~ relations on X satisfying coniitions (1)=(5), let TCX and
P # ACY. We consider a class of mappings
i R, (TEC {T:r—-— IiFx(T)N4 = g},'-
where Pix(T) -{_xéI 1T 0x) = j : .
" For g relation < oOn EI we shall denote by <| T tna
_ restriceion of < to Y(fl], (6 19)), 1.6
C (R 4<l|y ¥ if M, FEY end ncm}(nr)
It i3 easily seen thabt the sequence{ <ni! ;1 D€ N}a‘lso sa-
tisfies conditicas (1) -(5).
DEFINITION 2. A mapping T€Jb,(T; X) is said to be essen-
biel if for each T'@vh,(7; X) having the sare restriction to
4 agg®, 1.e. 7|, = 7|, ope has Fix(1') # £. Obnerwise, T is
said to be inessexntial.

let us consider an equivelience relation ~~ 0D g1 5
A

such bhabs

(1) 22 1|, = 7|, then T' o T4
(3i) if ™'~ T here exists HE : I x Y~= X such tnal
(0, «) = ', B(1, .) = T, Wrixla(t, ) 1 teﬂ =2<  ENi
8 BE(8(+)y o E.&(I X) for sny © ¢ Y—» I asscciabed To
{Q‘Y 1 n €& I!\TS with ©(x) = . for € 4.

IEQA 2. Let Te€/,( 2(¥3 X)o7 is dnessential If and only

. if there exists T e.z%,_{-; X} such that T'rw T znd Fix(T') = £
e e i e :

Froof. The necessity part fellows from comiition

versely, assume now bthat 7% .~ T and T (Pr) =@ end Jeri ve =

L]

mapping as in (ii). I2 Z = P, taen Pix(E(1, ., = £ exd thus
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T = H(l. o) is inessentia.l. Suppoaa that Z = §. Since Z< x\g,
. we ‘have Z < ‘I Y \4 and so, by Leuma 1, there exists a fumé=

§ion 6 : ¥ —=TI associabed to {< \.r : n€ m}, such that

6(x) = O for all x€Z and 6(x) = 1 for all x€A. Define

B* ;Y —=%, B%x) = B(6(x), x) for X6 L.

According to (11), % vB (¥ X). In addition, B*] =H(1,.)}, =
= 7|, and Pix(8") = @. Hence T is inessential. : (
THEOREM 1. Tet T and T' be in J&,(Y; X) such that Ta T',

A
Then T and T' are both essential or both inessential.

Proof. Assume that T is inessential. Then, by lemna 2,
‘there exists T"€ JB, (I3 X) such that T~ T asd Fix(T") = 4,
whence, since T~ T' and relation ~ 15 symmetric and t.r.'ansi-
t:ive, it followa that T™~_ T', where Fix(T") =@ . !I.‘l:u.s, sgain

by Iemma 2, shows that T' is inessential too. which completea
the proofe

REMARK. The assumption Z <, I\A in (11) 1s B&.biﬁt‘iad
1f we require that Y\4A < I\4 nnd,rix(ﬁ('t, )4 = 9 for
' ‘-a.ll t€1. Indeed; this last conditbion implies that ZGI \NA apd
: .then, by (3)s Z.<, I\ 4. i e

8 3. APPI.IGATIONS

. COHOILLBI 1. Let I be a normal bOpological space, p =
. = AC:TCI. A and Y closed in X. Iaatz -

Ay nc{r r-.-x ' Fix(’“)ﬂk = ,a}
and ~~ DE an equivalence relation on J‘%(I x) 3atisfy1ng con-
dition (1) aznd L j S
L) s T there exists H ¢ I x T —s X such thst
B(O, «) =T, H(1, .) =T, c.l(U{Fix(H(t, D3 téI})ﬂA =
and a{e(.), .)e b, (Y3 X) for any continuous 9 : Y-—-:I 333_13
B(x) = 1 for x€Ah. ‘ e . o
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If T ~T', then T and T' are both essential or both in-

essential. ‘
_ggﬁgb According to clessical Urysohn's lemma, condition
(12.57) in [1] is satisfied. Consequently, by (12.56) in Eid,
the topology J &:} on X can be derived from a symmebricél
topogenenous structure J » 1.e. T, = I P, Moreover, by (12.58.
in [1], we may assume thatb T is Piner than any other symmebri-
cal topogeneous structure having this propertye Let. T = {< OS
Obviously, the constant sequence of relations {<, & B ¢ i,
where <, = <, for every n € ¥, satisfies condi tions (l)-(s).
;- Now, if ©: Y —»Iis associated with the constant sequence
{<0|I} then by (6), it is (T, lY,'&‘f ) - continuous &nd accordmg
to (10.12) in [ 1% 1s (T, ]I.E'C*‘P)-concinuous o0+ Thus, © 1s
continuous (see (8.59) in (1]). Now, suppose that T ~T' and 1eb
E be a mapping as in (11 ). We want to whow that z< XN A, whera
Zﬁ\! {Fix(E(t, .)) 2 t€I}. To do this, observe that since A is :
closed, we have TVA<I\A and taeking into account that cl(z)c
: cx \A, We obtain that cl(Z) <X\ 4. Similarly, from AC X Nel(Z)
apd X\cl(2)< X\ cl(Z), we deduce that AL XN cl(Z). Kow from
c1(Z)<E\ A, A<X \cl(Z) and the fact that {<,} 18 the finest
symmetrical topogeneous structupe on X satisfylnog < = LB we
may infer thab el(2) <, X\ A, whence Z2<, I\ A, as wished. Thus,
Theorem 1 is applicable, which completes the proofe.
1o the paper [4] we use Corollary 1 to obtain £ixed point

theorems for seversl classes of nonlinear mappings.
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