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CONTRIBUTII LA INTEGRAREA NUMERICA
A FUNCTIILOR DE MAT MULTE VARIABILE

DE
D. D. STANCU

Comunicare prezentald la sedinta din 24 seplembrie 1956 a Filialei Cluj a Academiei R.P.R.

§ 1. Consideraliuni generale

1. 84 notim cu D un domeniu din spatiul euclidian s — dimensional
Es. cu doy un element de volum din D, cu f(M) si K(M) doud functii de
punctul M = M{(#, ,. . ., ), integr'\bile in domeniul considerat.

Prin formula de mteg,mr(, numericd sau formuld de cubatura se in-

telege o formulid de forma
r[ I.K M)f(M)doy = Zc, (M3) +o, (1)

unde numerele ¢; — care se numesc coeficientii formulei — depind numai
de nodurile M; ale formulei de cubatuti, care sint puncte din D; p este
restul acestei formule.

Suma finitd din membrul al doilea

N &
J) = Elﬁif(Mf) (2)

reprezinti o evaluare aproximativda a functionalei

=] fK(M)f(M)dvm, ®)

unde functiunea K(M) se presupune ca e aleasi odata peutru totdeauna
pentru fu11c1:10na1a I(f) si ci pistreazd un semn constant in D.

Asadar, o formuld de cubaturd este o formuld care permite sd se dea
o evaluare aproximativi a unei'integrale definite dintr-ofuncfie (M), multi-
plicatd cu o functie pondere K(M), printr-o anumitd combinafie liniara a
valorilor functiei f ) pe un numdr finit de puncte distincte. Avem si formule
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de cubaturd in care intervin si valorile derivatelor partiale ale lui J(M)
in anumite puncte,

Restul p al formulei (1) reprezintd valoarea, datid de aceasti formuld,
a unei functionale aditive si omogene, pe care, pentru a indica fanctia
f(M), o vom nota de asemenea cu p(/).

2. Vom spune ca formula (1) are gradul parfial de exactitate (T i
., M) .daci ;
a) p(£) =0 pentru orice polinom P(M) de grad (Wg; Wasmare ).
b) p(P) # 0 pentru cel putin un polinom P(M) de grad (n, + 1,
s —1, o0 s 1),

3. Problemele de bazd care se pun acum sint urmitoarele:

a) A construi formulele de cubaturd, adied a determina coelicientii
¢; $i nodurile M;.

b) A da si studia expresia restului acestor formule pentru a putea
evalua eroarea care se comite cind pentru 7(f) se ia valoarea apro-
ximativa f(f).

Se stie cd o metodd generald de construire a formulelor de cubaturd
constd in a inlocui functia f(M) prin expresia sa datd de o formula de inter
polare,

Daca presupunem cd f(M) este dezvoltabild in seria uniform conver-

gentd in D
M) = Z G g ) () @

(e e )
s1 punem

l]ril-.. b ! [ o JAK(tll ceey ts) (_Ll)il sl (!"S}i'\. vy,
yi

restul va fi reprezentat de seria

= . N
p= > ai-]'__f&.)[,l___t-s - Zb}- (tJ'__)in, s (Ij}i.?]’ (5)

s
tyy mit b= ) /=1

cantitafile intre parantezele drepte fiind toate indepedente de f(M).
Dacd j(M) e un polinom de gradul (ny, n.,..., n), avem

Ay =0
oricare ar fi coeficientii @;,...i pentru care 7= my (k=1,s).
5

Aceasta ne conduce la urmitoarele ecuafii

N

PIYFOLE LR

L2
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4. E firesc sd cdutdm si mirim precizia formulei de cubaturd despre
care vorbim, cdutind si determinim cele sN necunoscute (s, B <o B8
1 =1, N astfel ca si se anuleze, oricare ar fi functia f(M), si cei sN ter-
meni urmitori din seria (5), deducind in acest mod sN ecuatii noi de forma

N

Dol =Ty,

In felul acesta se obtine in total un sistem de (s + 1)N ecuatii cu tot
atitea necunoscute

&3 t:, t],t‘f: = A

Pentru ca problema si fie posibild va trebui ca sistemul liniar care
se obtine sd fie compatibil si si ne conducd la N puncte M; reale aparti-
nind domeniului D si fird sd fie situate pe o hipersuprafatd de ordinul
(7, 7y, .. ,m) pentra a nu se anula anumifi determinanti care vor inter-
veni la numitorii expresiilor coeficientiilor ¢; .

5. Intr-o lucrare precedenti [3], relativ la sistemul de N — (ny41). ..
.o o{ng + 1) noduri

‘Mr‘i] ceels ﬂ/[fl ’H(f—:il ) ﬁ?’]iz' g t;s', is) : (6)
am dat formula de interpolare
(M) = Li;',-nz...uﬁ {ﬂ/[) =i RS(M)' = (7)
unde
n 41 n‘c%l
N ! & s .
Loy = D 0@ @O M) @
= t=1
cu k k
]k ({Ir) '“i|...-ik_l ()
By VT e & k ’
f GRS z",l,) L (tj',...ik)
11
k k k k
Wiy 2 O )= H (t = til...-ik):

ik:

e polinomul de interpolare de gradul (u;, n,,. .., ns) care coincide cu f(M)
pe nodurile (6). :
Restul formulei (7) are expresia

s v +1 M |
1 p—1 =1 p p
Ro(0) = > Nt RO e e )
p=1 ij=1 =1
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unde
p p P p . (1 !,p—l » f-'f)
'§i|...f'p_i4'[t1t1';...ip__|11'"»trl...lp_l, 'Izp_i_!- f tr.]n'-'l 1!""p_1’f’""'

Aici in membrul drept avem diferenta divizata pe uoduule &, 15? iy
p—1,

,t;,ti,... ity Mgt aplicatd variabilei i’ a functiei
1 p-1 p ol a')
/G, S VI e i

6. Si presupunem cd punctele (6) apartin domeniului D. Dacd se
utilizeazd formula (7) se obtine formula de cubatura

iy -1 ngt1
jf fKM Mwwfiz 254 (M )+ (9)
h=1 r‘ 1

unde coeficientii sint dati de formula
! $ ; ¢
; :jj...jK e, O 0 () o b @) . df (10)
D

iar restul e dat de
o :SSS K(M)R (M)dM. (11)
Ve 0 E

7. Exemplu. Considerind In cazul s = 2 nodurile

M, (— a, ‘b),Mz(—- a, —%C] M, (—a,c)

=

M, (0, = ’i+ ) M, (0,0), M, (o,b j C) (12)
b —

M, (a, —c), M, (a f 5—‘"’), M, (a, b),

-

formula (7) ne conduce la formula de interpolare

b;ﬂUhL®H~md

st LA L RED Y] P iet]

+a?(b]+c)ﬂ(“ Jll = 6)( gcr)f(—cz,—b)
*ﬁ(v —a?)y (:v+ +C)f[0,bf,c)+

,k_

5 e e NS A e St .
T Eae ] ISR S P
cr e (R S Y U
b Ao+ aly— "5 )
— oo —no+ar(atT

1

+m-‘ﬂ(%+ﬂ) (y —b) (J' 38 5 )f(ﬂ: —c) 47 (3,5),

unde restul are expresia

r(x,9) =x(5* — a®)[—a,0,a x;f(x,9)] +
] i I O [ s -
T g ¥ (X —a)(y + b)(y —¢) [;.\' T35 (]- [L‘,c 5 : - b.y;.f(ﬂ.y)] -

_ll:(;rﬂ—az)j,(yi(b‘F )[f o_bte .

1 /wvﬂ+

1 : b — -
Topt@taly—0b (3’—%) W +¢) [b,bn—c, — &G (— a,y)]-

: _ (14)
TLuind ca domeniu de integrare paralelogramul ) de virfuri

M(—a, —b), My(—a, c), M, (a, —c), M, (a, b) (18)
i ficind K(x, y) = 1, formula de cubaturi (9) devine

‘ﬁﬂhJMx@—gwfgah%%_“—Cmﬂ&ﬂ+ﬂ*%@+
IJ+ﬂ—m—m+ﬂm*m+ﬁﬁw+ﬂm+4ﬁf&m+ (16)
+16(262+bc+262)[f( b+“)+f( b)+

2

O T [
= f fr(x, y) dx dy. (17)

Formula de cubaturi (16) are gradul partial de exactitate (2,2) si
gradul global de exactitate egal cu 3.

unde




D. D, STANCU 6
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Daci facem d = ¢ obtinem urmédtoarea formuli de cubaturi de grad
partial de exactitate (3,3)

Sgﬂf (x, 9)dx dy =

-2 {f (a,8) + f (—a, b) + [ (—a, —b) 4 (a, —b) + 4[f(0, b) -+

(—a, 0) 4/ (0, —b) +7 (a,0)] +16£ (0, o>}+ h

care este tocmai formula clasicd a lui Cavalieri-Simpson extinsi la doud va-
riabile. Domeniul de integrare D este in acest caz dreptunghiul definit de

inegalititile
—B—kza —=g=b (19)

Restul formulei de cubaturd a lui Cavalieri-Simpson e dat de formula

PE=S SSR (x%,9) dx dv, (20)
0
unde
R (I, jl) = (.’,1’.2 = a:'-:) [757_, 0“ a, x; ]’ (I, y)—l —I—
+y (@ —03)1—5,0,b,%;f(x9)] — (21)

P . : | —a, 0, a,%
— x (2 — a?) y (v — b2)| B0 —B vil‘(%?)]-

|

8. In continuare vom ciuta si dim o evaluare a restului (20).
Se observd ci putem scrie

b

S b a
ol = S S R ) dyr— g x(a* —a®)| —a, 0,a, x ;S fx,v) dyl} —
—a ¥ —bh —a : ‘ |

b

~x{x9a’)[—a() a,x. S Y (3% —02) [5,0,—b; f(x, y)] dy

—-b

}ri’.x + (22)

a b
- S S y (¥ — 05)[—b,0,b,9;f(x,4)] dxdy.
—adJd—b

Utilizind formula elementara
A

S F(u) a’.u:S [F () + F (—t)] dt
—4

0

—
o]
]

——

vom pufea scrie sticcesiv

AT

= Su{t(ii — a?) [wce,ﬂ.a,t, ;Sb_bf(rfxy) dj’} -

b
—= 1 % - a'—‘)' —a,V,a,t ;g (v —b%) (6,0, — b,y f({Ly)]dy
J_p

-1 (1" — a*) Ia, 0, —ait: S J(ty)d I
o J

+ ¢ (¢ frﬁl[”-”. -, f:‘,' y (9> — b%)7D,0, — b,y af (¢, i"')df"”n’fF

Y=g~ —b v

\ _,/' (/,9) n’-y} — ! )— L2 — a?) H @05 b

. ; .
( y(U— 02 [D, 0, —b, v f (L, ¥)]dy | — ‘u, 0, —a, —-E;S ¥ (v: — b,

J_p

b
a, (), ﬂu.l‘;g F (v dy
b

a b

.[5,0, —l]i,_'\-‘:_/f/,_\-)_tff\?})}.4 g S Y (v — 02 [0,0,b,9:f (x,9)] (hriv.
J b

M=
Dar in baza formulei de recurentd a diferentelor divizate avem
b

b
{ a, O, a,l ;g i (.f,-'\-)zfyI . [(r_, 0, —a, —1 ;S (L) rfyi —
Jp —b

b

—L‘f[u.ll,u,!..’;g { (L ) dy J
—Db

=i
, : _
[u, 0,a,t ;g vo(vE— 02 [B, 0, —b,y i FEY)] fi_v] —
Y—b
. -
s ’ a,0, —a, —t: S Yy —02) 10,0, —b,y; [(ty)]dy ‘ =
: b |
b
Qf{—(r‘ 0, a,lt, —t; S v (¥* — b)) [b,0,—b, 5 f (. y)] dv‘_
| b
Cu acestea vom putea serie in continuare

a | h

pi==2\ £ (I* — (I?‘)? a, O, @, t, —t: T !,-i]ti'!—-
) | jo i

i ,
— { —a, 0, a,t, —it; g Y= —=0%)[b,0,—b,y;/(ty)] dy lrli +
s —b
At b
4+ g Y (2 —b%) [ —b, 0, by, f (x, )] dxdy .
Y—g¥—b
(i — Studii si cercelari

'S
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1o P* =02 —=b,0,0, v f (v, 9) | dEdy = g ¢ (£ — a?) ( [ — i 0 &,
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Deoarece t? ({* — a*) pdstreazi un semn constant in intervalul de
integrare, putem aplica formula mediei §i gisim

P =2l [—-a, O, 8, —8; Sb f(&.9) d.\’] o [fﬂ. 0, a, & —E&;
—b
b

08 0,0 ~by; (€] ay| @ — )it
b

- b , . o : !_72_2451 b anl][(a]-yl
+§ § yor—on0byiflandy = —mn (=R -
b 4
—{ ot =00, —by Lm0 ) 4
-5 d Ef
iy : : e 2 G 5
+§ § r0*—=b0.byifldray —— S et
el ot a0 h gt lellly o
=% 4
o - a*b 9t (E m)
s (w2 B2\ [ — b v lx e +
T e L R
B s : a*f(E,y)]
) (9> — b?)| —b,0,b,y; o O R B SR T
+S_b3 (o b)[ b,0, ,J,Siaf(x,y) il A

Aplicind iardsi formula (23), primim succesiv

i a’h aif(‘;;»”’h) b 2 pay| P . ) dx
p_ﬁTﬂU(T(T b)[ 60,0, /(e 5) ax +

aﬁa4f(E,v)]
90 gE*

L5 aaa*f(i,f)‘] ‘
7 (72 — 02| D,0, —b, —7; (%) AN — | de=
(v )[ [ temans S ELE J

_ @bt Em) (e e [_bob'z'a [, 7) da +
ITINPTY +So( )( ke Wk

+§59§f—’] —[005—=if fmany Lol )=~
b

o | a®b 9*f (& m) +2 S 2 (7% — bz)[_b, 0,6, 7—1; Sa f(x, =) dz 4
45 Gl 0

=

+ EQEM dr = - 470 955 ) +2[—b,0,b,%', —1' ;Sa f(x,n") dx+
90 gkt 4 o9& —
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3 4 ik b b 4 -
f_fi__ﬂ_f(gr,)]s (12— b iy = — b *f(& n)
90 g8t —b 45 o 2
_ 467 LS“ otfxm) 0 4a”b® &%) _
15 240, gt 15. 24 .90 9E* ot
a*b 9 (€, n)  ab® 9 f(E,n)  atb® 9°f(E.q)

T 9 Es T a0t 902 g E* gt

Dacd introducem o natatie simbolici dati de J. F. Steffensen
[6] si mai nou utilizatd mult de §. E. Mikeladze [1]

apf(f_,,'t]l)__ p 9%(&, m) _ aPtaf(E, ) — P
ot 5 om —Dn gy —DEDL (24)
restul (20) se va scrie in definitiv astfel =
[lb ; 4 4 (E‘l b‘l 4 4 =
T a* Dg + b* D+ 180 Dy Dy|. (25)

Observatii 1° Restul dat de S. E. Mikeladze la pag. 491

care multi-

a lucrdrii M1] trebuie rectificat intrucit in loc de factorul 180

4

. , . : o Vil i ;
licd derivata D{ D! in formula sa figureazi — ; aceastd inexactitate pro-
¢ e 45

vine din formula mai generald care o precede pe aceasta.

29 Formula (18), cu restul (25) a fost dati in cazul patratului cu
centrul in origine si cu latura unu de citre J. F. Steffensen [6], insd
fird sd se arate ci E si v care intervin mai sus sint aceiasi.

§ 2. Unele formule practice de cubaturidi pentru integralele s-uple
9. Pentru formulele pe care le vom da va fi util si introducem un
operator S, definit astfel
S} =5 (0t onn, 8 L8P 8 = (26)
= oEE, T B BT Y Sl s L RS i,
Oricare sint numerele naturale i, %, (i< k;i. R=s), se stabileste
imediat ¢i avem
Sl SyPr= Sy (Sye) ==
ol TSt Y, L LAY
ol LT et Y, L E RS LA 2D
+ ot T R AT, P gt A
(

)
Ut =Bl T iR B
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10. Ne vor [i utile dovd leme importante,

Lema 1. — Relativ la Tunclia /(M) s la nodurile My (B e - o)
a ciror coordonald de ordinul 4 par-uarge valorile

U IR, + o 5o B BT EE e B, s 5 B A BB (28)
(T =% ne S
avem formula de interpolare
T &% o = (S "
STEERR S i Ul(M,) +

s i
U, N—j v, (f} 0.6,
=0 3 1 i Ef e ‘_H ; Ty |
+D D Gy T

=1 =1
s—1 5 7 % i ! (j) P / ]
Lk 7o Y V' i ; Tr(- ( :
PSS NS e ke
i—1 ; Pt’,n’r é‘; — ( ) (P(_IE) ! (ﬁf+.]g' ! (’/’: fﬂ.)! (7)1—"_’:)’
T i (29)

- St SYE (o)

55
P Ps
=1 : (o1 — 7! (1 1) (b7 L (B A44)!
“ Sl S My) + R (f; M),
unde .

' 2] [y 2]
PLEP =1 [ — G L — Gk )2 1 —p2)

7 S S S

=
—

- = X

I 33 & .
—_
[
5
o
15
T
—_
TRy
~
o
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Ne=pytpot .. +ps; (33)

S0, i i+1

‘\fr I(‘]'[O) — .'F(f'lll-' o iy fr'—ﬁl fr,.l_!_;fl;h',-vt:';—i_,l Lo f,;)—f—f ("lﬁh t e "’Iiimf f”—].,.h'..ﬁ,, e uig} .

,
Restul are urmitoarea expresie

Ry ..y (f;fi’f):iplg. s (13 M)

cu
) g
Pi2- - s (f:M):2>1;?f"‘ P2 R u ()] todoth,. .ot pihytht bt F]

| s

= 2 2 POt (R () e () e, () (35)

=1 k=Y
(i<k) i " . s =
itith, . Mt b ot b ,I
ik

| s . e
o UI f‘A LEL ARG ;tni_fh;“rﬂ'wtni-h‘w/

e

FO - RPTE B e s (). ).

toda by, . . o lot Py dh gt

L

19+ 8

boloth,, . . tot pob, to+ht

Fi=5,5" . Si_1Si41 ... S (M)
B8 . B g S S, S0y SRS

unde

Fop o oog = (DY
Pentru demonstratie se considerd formula de interpolare a lui Lagrange
pentru s valabile, cu restul sub forma dati de J. F. Steffensen [6].
Interpolarea se face pe o refea hiperparalelipipedici cu coordonatele nodu-
rilor echidistante. Ci aceasti formuli se poate aduce la forma (29) se
poate demonstra prin inductie completi?).

Lema 2. — Oricare ar fi functia f(M) integrabila in hiperparalelipi-
pedul
b—mh<t'<<ty +mh, (i =15), (37)
avem formula
g Ié ~+ 1y 1 ly s hs iy “ns
\ \ fMYydM =hy...hs Sy .. Ssf(M)dM. (38)
fy—my by b — g b 0 0

Demonstratia se face de asemenca prin inductie completa asupra lui s.

1) Vezi lucrarea [4].
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11. Bazati pe aceste leme vom putea enunta urmiltoarea

TROREMA : Relativ la funciia {(M) si la nodurile pe care le foloseste
formula (29) avem formula de cubaturd

il ?

2 r‘O + oy Iy : fg +ing hs -
S f(M)dM:\ \ /(M) dM =
= D

o ![i] — #iy Iy o Ig —ing hs

,A[,fM +EZA SYF (M) +

=1 ;irzl (‘35)
s—1 s £

33 ) Z Al SYSY £ (1) +

i=1 k=2 5,=174,—1

(i<k)
€,
pl f’n
1.2 s
+Z EAM» I ?1 5? f(Mg)] +7s,
=1 j5=1

unde

my my [J
o S paM

0 0
3 44 = GG Y, Y, B (40)
1 e =i m, U,
1 : , ol of aM
3 4= G B ) B G0 BT Yy Yy By i

1 195 (—1)¥ —f—eee=is

= ALz "y ;4 o dl
2 AR G T ) G By ),

ay

iy

§ erges (1 201801 (1)

Relativ la rest vom demonstra urméitoarea

TEOREMA: Dacd in domeniul D funcia [(M ) e continud impreund
cu derivatele sale parfiale de ordinul (2p, +2, 29, + 2,. .., 295+ 2), atunci
pentru vestul (41) se obfine evaluarvea

Npyg. .k hi? 30, b, 42
2‘5 ’}’sfz 2?i+z)| BDPG

b=l s ol So s

Bl
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—1 2p+3

3
E ZA TR N i YOI VO L R X g B DA
-l @p+2)! (25.42)!
i<
RS et (42)
2p1+3 2p+43
e B ke T g g plekR, . ek
(21+2) 1. .. (255 12)
inde
Np=my . Wi Wi q:. My
Nig=m, .. WMi_1Miiq. Mg_y Mg Mg (43)
N12 s =1
$1
Wi
Bi:S (89220, (1) dt". (44)
0

Demonstratia o vom da in cazul s=3; in cazul lui s oarecare se va
proceda exact la fel, tinind numai seama de formula (35) si de lema 2.
In cazul lui E,; restul (35) se scrie explicit astfel

Prss(f :M) = 2RI T (802 () (£ Ak Py, . . Bk Pofiyth + Bt Fy] (45)
+ 2P TR (2 0, () [B85 gy B poinds — Bgf?; F]
+ 283732, (%) (83 & by, . B3 L Py by ls 4 By #3; F]
16,80 = By, to piy to bt

2P +2 2P, 42 14212 2
AT R (R )y (P )ug(2) B2 A g, Bk Py ot hot?

12

10,00 Dy, 10 £ polte + Iyt
13

2pik2 9yt
—4h 2120 (8, (12 ;
Al h3 ( ) 'u]_(t )@,‘,3 (t ) I tg,tg :|: ks; L. ,ng :E ¢3h31t3 :':kata J

_apZt2 2Pt e, oy 49)

[ B8 & by 85 £ Pl I
| B8 hae B e tthg®
+ 8 PR et 2R (e g (1) 0 () w3(E9) X

BNk By, ool 2L Bibis, LR

X | 348 by, ... 6L poho tet byt Fy g
13,85 & hg, . . . Bo Dl tathot?
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58

unde
Fy =S8,Sof(80°,6%) = [ L5+ hot® 85+ hat?) +-F(8 85— Rl 83+ hyt) -+ F (81,104
gl to—hgt) - L1 —hot? f3— hyt?)

I, S Sof (7,07
Fy o= S,S,/(1 1,19
"m s, f(ll zﬁ = (200 + hot®) + f(E1 22,05 — Dgt?)
B =870
Has blf(z",ﬁ ,z‘d)
Fpog = B2 20
Sa calculdm acum integrala
iy HI2 Hfa
I3(p12s) = h‘lh‘zkagu SD So p(tL,22 3 dt dizdy3, (441)

Vom evalta mai intii aceasta integrald pentru primul termen al restu-
loi (45); primim

{ oy Dby o8 My pily il
ry = Qh" fzzh;;S S S (R ul(tl)[tg,égj:fz] ol f"fh"’u’n ot Fy | di dide

0 0

Mty iy iy
— o SU ae S” dt"s B ([ £l 85 & prhth £ hat s Fy]) dO, (),

unde
'lI

o) =\ o (yar
—nly
este o functie care conform studiului faicut de J. F. Steffeunsen [6]2)
pastreazd un semn constant in intervalul [—um0].
Integrmd prin pirti gisim
0

m '"l
#hies 97;“/)1'”1;2]135 dﬁzg "ars Ql(tl)a-?l- SIS LR, S P

—m,y

+ by 8 ]dit

Dar
1,1 1 1 3 o 1,1 0 1
[frﬂ,t(}j—_-kl, &z -1350:|:¢)1h1:t0ihl£ ,FIJ — 2]111"1 ([tg,tg-i_‘hl,. . .,tgjj?ﬁlhl, to-+

It SFy ]+ [fodothy, .t Py to — Rt F )

astfel cad vom putea scrie in continuare
0

i, "y
= n Sa dtzso dtSS Q) ([toto + by, . ..

—ny

B pihinth +

+ By 8, 85 + bt Pyl [ 4 by, . ot prhth— R Rt ) det

®) pag. 155. Vezi de asemcnea §i 8. B. Mikeladze [1], pag 312.
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Aplicind teorema medlcl integralelor triple si ’;111111(1 seama ca ./(M]
admite in (D) derivate parfiale de ordinul (‘)]ﬁ] +2; 24, + 2, 24, + 2)
continue, putem scrie

pl‘f"‘l:{(jl S /"’12.1-“]1 + &y F' LA
0

Hiy iy
s + hos. .ty polh— ity ik Fy1)\ae S” e o @man,

() =—Hiy

P —BPTS pop ([ & by, b

unde
Fi = {(Epts +hanpts + gt (Ents —hgnyts + hyCy) + F(E, 10+
t = &l +honto + hyly) + [(Ento —hanyto + h3%0) + f(Evto
; 13 w42 3 ,
+hynyto—hy C) 4 (&1 to—hanybo — s §y).
Aplicind acum teorema de medic a diferentelor divizate obtinem #)
0

2p 3 2p -+ A
i T b, () ]‘(g‘q)h) e,
vy = — 83— 4 3 () el
3 (24,--2) ! dF}PlL} ‘\“ dat* S” dt S;m, Q (L) dt

Integrind prin parfi se gaseste ca

(\] 0 0

g BOY () dit — S ()20, (1) dt'.
—JHI < 7”1’1

7”!]

0

{ oman —ng,m
—H.') |

Inlocuind mai sus gdsim in definitiv ci

215]_{— Hi
h— g P Ikt 2 S o g ) an.

2
( i)] ) > 0
La fel se procedeaza la evaluarea integralei triple 7, din urmitorii doi

termeni ai restului (45).
Al patrulea termen al restului este

: iy *iilg my
73 = — 4 BPS pRet3 h.:,\ auz\ a’ﬁ\ (£1 422 any (£1) uy (22).
Jo 6 Jo
. [zé, Wt Byt Py, B Byt 2l
6, B4 Ry, 54 pohg, B3 hyez? 22|
Tinind seama de propnetated de suprapunere a diferentelor divizate
definite pe retele Marchaud, sd calculim integrala

M

\ ()2 a0y () [ 15, 85 & hoyo o, 85+ poho, 15 + Byt ; o] dt.
]

Iy
L) == \ dt?

<0

Pe baza rezultatelor precedente avem

) "md sl my o L
= (0‘{)2_!_9) T Dg, 1 (#2)% s (22) di?,

1) Vezi[4].
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Cu acestea
‘ 8, k?p‘ﬁ hopats hy g : 0

= S\ e zitﬂs (£)2 u, (1),

—y

(80, B hye ooy 0§ Py dy, B+ Rytt; DEPYE g,
51 acum, folosind iar evaluarea dati la primul termen al restului, se gdseste ci

2m+3 12p.43
?’4 8]@1‘014— ]ng‘+ ;!3
3 et

@, +2) Fog +;’;3 D2p:~2 Dipﬁg&";l (8124 4 () [ﬁls (2)2 u Uy (£%) di2.

In mod analog se obtin

3 20
5 — 8P py, 3Pt
3 —_—

G5 LT AT j)’;'z D:pn-z D2p5+2g (£1)2 0t (£1) a2 S (£3)2 0, (£3) 22

i — 8y kzp ik 733‘0 .,+3?n1

= ; ¢
2d+2)! 2p+2)!

Al saptelea si ultimul termen al restului este

3 : - My My (I, )
— § parrtS p2pt3 ]7,%!! 3SU SO Su (1 42 13)2 a0y (1) 01y (£2) 01, (#3).

y ms
D2 Dt (™ ()2 uy (1) are 0 92wy 19) a.

th, to 4 hy,. .. xo + Py, tu + by 1
th, & ¥ hy,. .., tu+ b iy, if.—f-ie £ | - dit it as,
| 8 Bt Py, B Py g, B Ryt

In baza celor precedente avem
g 3 3 3 3
SO ()2 0y () [43, 8 % Dy, B hpohy, 88 hyt®: f]dt5—=

gl g2 (™
= o DB (9 ) ar

5
—1— my o " . Mg . N 2 9 )
(24 +2) ! So (8%)% g (¢2) dit? S{) (£7)2 uy (t;)[tu i ol TR L ]1-2,153 i
1
+ k1% D§2:13+2] dif= DR p2pt2
=l @p+2)! @pt2)1 e Dk
Iy a
~ S (£%)2 %4 (%) dE2 S (£3)2 uy (£3) de3,
Astfel ca
7 HPHE P s ¥ i
Vg — D Di+2 20,42 1\2pa+2 \2 L
3 (2p1+2)r(2?52+2}|(2753+2} D! DE: SU (t) oy dil X

mz my
X SU )2y " (13)° g do,
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Asadar in E, restul formulei de cubaturd (39) poate fi exprimat prin
formula

pi+3
1 7 81ty 1y Iz; if,g g 2p+2
?’3—*?’34—...—’—1’3 e "BlDE;( +

2P+
b 8 mEL ;1; k+iz:}a+3 Jiy B, Dz””+2 ) 3 mz‘:;;: h_{_kj )h2p3+3 B, D2p3+2
2
8 '-‘7'53 h2ﬂ1+5 )12,001—3 h

i) B B D2pl+2D2ﬁl2+2_
2p+2)! 25, +2)! -

2, 2p,+3
8 11y W23 o B3P

C2At2)! 2812)!
_ 8myhy paPets pikets

2p+2)! 2p+2)!
8 h%ﬂ;"rs hgﬂﬂ+3 hg}anrE

TRH+2) T2 +2) I (28+2)!

unde

20, -+
B B Dpl ZD?:JEI“I'Z*

B, B, D2 pipet?

5) ) 201+2 12pe+-2 y2p5+2
51 sznDEl DEg DEaa ’

”1)7
B, :( ()2 u, (') dt'.
Jo

12. O categorie importantd de formule de cubaturd se obtine din (39)
daca se ia mi=H;, =1, s. Asemenea formule le vom numi, impreuni cu
I. F. Steffensen [6]siS. E. Mikeladze [1], formule de tip
inchis.

In cazul cind limitele integralei a ¢ —a (¢=1, s) sint in afara interva-
lulwi (fo — i by, fo+ ), cu alte cuvinte mi >pi (F=1, s), obfinem aga
numitele formule de tip deschis.

Si, in sfirsit, daci my; <9, obtinem formulele de cubaturd cu noduri
asezate In afara domeniului de integrare.

§ 3. Cazuri particulare importante ale formulelor de eubaturi precedente

13. Vom considera acum anumite cazuri particulare, care ni se par
mai interesante, ale formulei (39).

In cazul s=1 majoritatea formulelor care se obfin au fost date de
citre I. F. Steffensen [6], S. E. Mikeladze [1], W. E.
Milne [2], ete.

Schimbind putin notatiile, formula (39) in cazul s=1 devine

Xo+mh p
S F(x) dxlk[Aﬁf(xo) W (xo>}+ b=
i=1

X=nnh

(48)
IAUf (%) ‘f—z ( f (% +7h) + 7 (x ?-'7?))]4“7’1:
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unde
1 (——1)" m
:ﬂimwfﬂvﬂ)$ﬁpwx
o =) em : *2.
, 2 'Jjﬁ(,b—i)!(p—kz)'gu L e
i :
L h2pi 3 m
s =g N w0 s

4. Dacd se ia in (48) p=0 se obtine formula de cuadraturd cu un 1od

*X,-Lmh 5
S : ms h3

f (%) dx =2mh f(x,) + - 3 — (), {49)

-/ Xg—tith

iar daca facem p=1 se giseste formula cu 3 noduri

f(2) dx == == [2 (3 — m2) f (xg) + w2 f (% + h| + / (5, — )|

“x
SRR mh
_ 3

X—nth

' (H0)
m* (3 m* —

180

Pentru n=1 se obtine o bmccunoacuta formula de tip inchis : fornwula
lui Cavalieri-Simpson.

Pentru m=3, p=2 se giseste formula de cuadraturi de tip deschiz

=2 e v (z),

*x,+3h
h

3 f (2)dx — __[ 934 f (o) — 126 ] (% k) + F (% — h)
e/ xX,~3h 30 .

+ 99f (%o +2h) + f(x, — 20 ,)]+m]7 VD (2)
de grad de exactitate 5.

I5. In cazul :=2 formula de cubaturd (39) se scrie

Xo+inh *Yo+nk p
s hfixs fwy)dy=hk [ A} f(x, x0) + E Al S F U va) B
ef Xg—im

o/ yo—nk

q 4 q l'l_)l)
+§ﬂ$%mm+ZZAﬁWﬂ%m%ﬂ+m
j=

=1 =1
sau mai explicit

Xg+mth Yo+nk
dx [(x,y) dy =
x,—mh Yo—nk

19 INTEGRAREA NUMERICA A FUNCTIILOR 9

(W]

a :
= hk ‘ luj (X5 g ( xg + th, vo) + [ (% — CA, yu)] i

7 :
J= 2} 1? (‘f (5\'—0- Vit f. k) = f (-Tu- Vo — f‘ fi‘\) = (52)
i= . .
P4y . ) _ _
oy Ar!ff-(f (% + th. vy + 18) + f (%o — i, vo + 1 R) +
=1 /=1 \
dF g b, vy — k) (g —2h,yy—1 k.))' b
unde
1 L (— L)’ pm en
LA (g z)ssu Sn ") vlyyaxdy
1 i (_ !),,;., i mopen . A o
| A= _(/;W+")' (g )2 Sn Su o(v) ai(x) dx dy (h3)
| g =l 7 m oen s .
5 A5 = B0 (o) L g+ 7} !Sﬂ S“ 1(x) b(v) da dy
1 W s Lj) e L E sy Sl g
[ A = (h — i) ! (b +éj g —) !t e+4) ESH Su aill o)y
iar : )
12 &
o (x) == I (a2 — ¢2), w(y) = 1L (v2—j2)
=i J=1

() = (8 1), (% 1) (=1 F 13)... (k2 —pR)  (54)
by () =9 (¢ —1)... (¥ —9 — 13 (v —7 + 17). .. (¥*—g?).

Restul are urmatoarea expresie
i nht TR m mh kPR n
L > 2p--2 - e - 2¢ +2 9 ;
= D g X% gla)day = D S vE (v) dy —
L™ s Ly L7 ) 2g+2)! 7" “Jdo- ) d:

J2P 48 f2es (.'a,'n)

( )/-) + 9 Ly I (2 D q +

16. Dacd in (52) se ia p= ¢ = 0 se obtine urmatoarea formula de cuba-
turd de tip deschis de grad de exactitate (1,1)

i i
DZ-"_’ DZ""‘ SU At (x) dx S“ yEu (y) ay.

Xp+mh Vool A
S " d,\vs Flxvidy =4 mn ik 7 (%.9) = o

x,—nh yi—nk'

unde

2 . e S e
mi itk DE—{— o M e R D,z1 =% s s D2 D3

W be

P:
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Se obtine o formuld de cubaturd importanti daciseia p =g =1
an+mh P S-yﬁ:zk
x x)dy =
Xy—inh yn—.'!kf( 3 ) Y

nimhk
= [4 (m* — 3) (% — 3) [ (xy,5) — 2m2 (n® — 217

9

T+ B+t — ) | 202 002 =30 Koo+ 1)+ 1, — ) +
+ m? n? (]’ (%o + vy + &)

+1(%o—hyo+E) + /(% + by, —k) 4 f(xu*h:}'n“k)] +p
unde restul are expresia

hokmPn(3m*—5) | hkPmn3(3n2—b)
P e —————————

e o 4 _
90 ol 90 D
PR m3n3(3m2 —5) (3n2—5
SRR iy S ) ( i ) Dg D# 3
144

Féacind mai sus m = n =1 se ajunge la formula de cubaturd a lui
Cavalieri-Simpson pentru doud variabile

S

X,— Vo—£k

Hoxy) dy=
=? [+ 30HR) =+ F(F0—hyo8) + [(50-+hyo—R) + Fxt—Ivy— )

4 (/o +A0) + Hta—30) + 130 +A) + (Xava—8)) + 16 f(3, vo) 1+ p,

unde

hik 4 5 1
o= — 7% (WADEHReDY )

1ranind| .
180 htk D;Du]

Am regasit astfel pe altd cale expresia (25) a restului formulei lui
Cavalieri-Simpson.
Pentru #m—=—n=2 avem

S,r“-}-‘z].' . Vo2
e Sn ol V) dv=

16k k 5
e T{f(xm)"u) —2[f(xg-+1v,) +F (xn_hvl"n) +f (xn'ynﬂLk) +f( X0 v0— &) ] -

+4 [/ %+hyo+R) +F(x—hyva+ k) +H( %o+ —RY +Fxg—hyy—Fk) 1} +o,
cu
56 196

= sp Dy 2005 5h5 4
P = 35 1k Ds+ {5 hk® Dy ——= h°k® D{D;:
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Pentru p=g=2 formula (52) devine, luind pentru simplificare xy=y,=0

*mh *nk
\ \ f (wy)dx dy =

J—mh ) —nk
= ;%;TT; {Cﬂllf(‘))0)+cfl) [F(72,0) +7(—2,0) |4 Coq [£(20,0) +f(—24,0)] (06)
+Co [A0, B)4-7(0,— k) |-+ Ceal £(0,28) +1(0, —2k) | 4-Cyy [ (R, B) +-f(—h, k)
- H (b — RV -1~ — ) |+ Cyg [1(5,2R)+H(—h 2y, —2) (P, —28)]
+Ca[{(2h, R)+F(—2h,F) (20, — k) +H(—2h,—R) 1+ Cos [[(21, 2F)
+ H(—2h, 2k)+}(2h, —2k)+{(—2h,—28)] } +op.

unde
___ nmhk 5 ¢ B
® = 3780 [ARS Dg+ B k8Dy — CheRSDe D]
Coo==36 (3m4—25 m?+60)(3n1—25n2+60)
Cro=—24m2%(3 m2—20)(2n*—25 n2160)
Cop==6 m?(3m>—>)(3n?—2b5 n2-}-60)
Coy==—24 n2(3n*—20)(3m*—25 m2160)
Cpa=6 n%(3 n>—5)(3 m*—25 n2-1-60)
Cy1=16 m*n*(3m2—20){3n2—20) |
Cio=—4m*n2(3m*—20) (312 —b)
Coy==—4m2n2(3m?—5)(3n2—20)
Cop=m*n*(3m?—>5)(3n*—3)
iar

A=m*(B3m*—21 m>-+28)
B=n*3n*—21 n>|28)

s 202 (3m =21 m? + 28) (3n1—21n? |- 28).
L 15100 (3m 1m? + 28) (30 102 4-28)

Daci in (56) se face n=m=2 se obfine urmitoarea formuli de cuba-

turd de tip inchis, care are gradul partial de exactitate (3,5) :

Sg”wgg’}gxa}) i dy = o8 1144 (0,0)+884[F(~ 1,0) (8,0 + /0, ) +1(0,8)]

+84 [f(—24,0)+1(0, —2k) +7(0,2%) +7(2%,0) | +-1024 [{(—h,— k) +F(—h.k) +
1k, —R)+f(h.R) | +-224 [[(—2h, — k) +f(—2h,k) 4+ F(— h, —2k) +(—h,2k) +
+ 1, —2R) (B, 2R) +-[(2h, — k) +F(20, k) 149 [ F(—2h, —2k) +{(—2h,2k)
+/(2h, —2k)+1(20,28) T} +p. -

cu |

32 hk _”Dﬁ L b 2 66 )0 )l
oy | eE T Pt gap A D)




b
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Pentru m=n=23 se obtine formula de cubaturd de tip deschis

30 "3k t}ln“
VN i) drdy= g £6T67(0,0)—364171,0)+/(—h.0)+ (0.8)
= 3. 3k

0 B 1+286 [/(0,24) /{0, _)A)H(w 014196 [/(h, &)+
- RV f(h, — k) 4+ F(— Ry — B)] — 154 [F(7,28) - F(— I, 2R) -+ F(h, —2E)
4 H—h, —28R)+f(2h, R)F(—2h, RY4F(2h,—FR)+F(—20,—F) 1121 [f(20h,2F)

;( 2R f(2h, —2k) {(—2h,—2k)] o,

unde

-L:“ h(ikﬁDg ])5] i

125 6b g6 b
gre= -0 fk) 18 Dg - D —

§-
Pentru m=—=n="2 din (56) se obtine o formulid de cubatura cu noduri
in afara domeniului de integrare, care meriti si fie mentionata.
17. In cazul s=3 formula de cubaturd (39) se scrie
=iyl

“ay -ty B L TSI,
\ dx \ dy \ flx,2)dz==
\ Ja

oy — gy oMl S ag—mghy

—/ ]f:’rf ‘ Juf (¥ps Yo %) X {]I\‘l])l. e Voo t I’\ {e n,z Voo VosZe)

f,—l

2 gl
2. c0: ), 2 I
i 1 ““ ’f Yoo Vo n' - \ A 4;|;(‘l’;‘115(" f (-"tlj,“lunzn-'\_
& 2 ] Ia
— =1 j,=

, 3 0203
=5 : : ‘fl' \Hl “ Xy Vo 50) = \ \ Jf; Iy E I3 XY o%)

el f_.g1 ‘F_«:1

P
—4 -
2,3 u 0,3
+\ > > _I oty S “'U S "“\"u'."l)s?r))l+"';_;-
é i 1 «1

undle
1,1 E
Si T (X920, %0) =1 (Ko 411 A1, V0, %0) +1(Xo— J1A1,0'9,%) (08)

“:'l(f)ﬂz/( Yoo VouZo) =/ (X0, Vot Talta, %) 4/ (X9, Yo — Tl %)
“)Ujf(\" Va2 —f( [ U,«|.+I /'.' f(.‘lﬁ,.:\'i,.-‘-1'1_1*].::’]";‘.‘

13

iar restul 7, are expresia de la (12) cu modificarca notatici deja folosita

i 2=y, [P =z

1 ! 2 S
ly= Xy, =y . =2,
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Coeficientii formulei (57) au expresiile

lA[] . (—1 )751+152+p3 5‘”’1"”’25‘”’:{# G

3 Ao = B2 BT ), L ty () stg(V)2tq(2) dx dy dz

3 (—nptbatt—i (e

S i) T BTG, Jo )y SHmOIl) dr dy d
1

1 it I el o e
/8 (P2 —72)! (Po+12)! (£1])2 (4] z 0 J0 50 (5)0p0) Usle) dx ds dy

— 42 (—1)P1+p2+?53*?'2 (”2151”2 .,
; )

1 3 (*])751'{“?524‘?5*
3 A

o

'1”1 1”3 J"s,“ ’ ; 3 ot
" B GBI BT o S Jy “a00) 1 () ddy s

Loue_  (—)Pthtb—n—i
8 W (=) LAy i) (b 1a) (B ) T (Bl)*

m Ny minl 5
ECUT o (0 B0) na(e) dx ay s

0 0 0

s — b+ttt —i

8 i (P *71) (Ib] F1)H(Ba!)2 Py *73) (f—’s"Ha

Hiy ety w3
: SU Su Sn vil"( %) wy(y )T’h( ) dx dy dz

} 423 _ = )?bl"l‘?ba +2D3—17>
8" Tl (p 1)2(py—1p) ! (?52“‘?2) (® ‘—73) (?53+73)

iy ”l“ Ul
S S“ S uy (%) 05, ) v}, (2) dx dy dz

0 0

1 = )Ib1+?59+?53_ 7 s—7Ta

1 E_.d

== e - L ]
8 el (B1—12)! (Pr+71)! (Po—12) (Bot+12) (Bs—1s) ! (Ps+75) !

"y (Mg Oy =
‘Sn S” SU vy, (%) v,g(gl) vy,(2) dx dy dz.

I8. Ne vom opri acum asupra unor cazuri particulare importante ale
acestel formule.

Pentru py=p,=p;=0 se obfine o formuli de cubaturi care foloseste
un singur nod si are gradul partlal de exactitate (1,1,1)

SSSI H(x, ¥, 2) dx dy dz=8 mymgmuhyhohy f(%0,0,%0) 0. (59)

- unde D) este paralelipipedul

Bo— Myl =X Kg by, Yo — Mol ="y Sy o+ ohy , 2g— Mghg =27, +mgh; (60 )

iar restul are expresia

7 — Studii si cercetari
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mgtgtigha o 5 5 o L R L 2,2 )2 D22
g = —-*,37'— Tdmy hiDy—+ 4mg haDy = 1z haDy — 3 fH]H'LQ i —
20258 3 s00s0 [ L 23 35040 50 0ysd il
—3 mng h1 ]TngD[; %‘1‘11-21’11,3 hah3 DyDy + UL By s 3 De D3 DE .

Se observa cd unicul nod pe care e definitd aceastd formulid se gaseste
in centrul de greutate al domeniului D, presupus omogen. Aceastd formula
e de tip Gauss, intrucit foloseste minimul de noduri posibil.

19. Ficind in formula (57) p=p,=p,=1,se obtine formula de cubaturi

S SSD]((X,_\',Z) dy dy dr =

1y W i i Pl g2 DI
= Mj:;h—ll@ [ —8(mi —3) (m3—3) (m3—3) (%0, Va,%0) + Lot (mz—3) (m3—3).
i . 2 Gt a2 2

-S?'lf(ﬁ‘tr Yo,%p) T4 ("'”1—3)”12(”15 e 3)51, Il(xo:ynazo)"i"umf —3) (mz—3) m3.

; s o0 2 b L)
,S?’Sf(x,,,yu,zn)—Zf-nffng(ﬁ-zg—.})f)l ST F(%4,800,20) — 201 (113 — 3) 3. (60)
aNad 20203 . 2.2 2
,S?‘I S?’B f(;\co,yn,zn)—2(773‘%—3)111,2%'.351 ST (%, Vg0 Z) -+ iz
010,200,317 2
- S1US1USTT (%9, Ve ) 10

unde
ml(%ﬁm— 5) mgmqh,h oMa 1)4 My m;(%mg— 5) mighy Vid ]12]!‘43 D
g= 45 15
g Ezg;z_:mﬁ(.‘,%ffg— 5)hahoh3 D 113‘1(31131—n]}é.'f)go(gmzfi{)ﬂ; 18 1eh, DD
)
—i 5 3m—5)m (%m— D)
m,(oml 0)1712”13 (3m3 7) 5, 5rdpt M mg( 3 3(: |

3 16200 bl el L 16200

2 Ty 20 v Bep - 9N
- ) Mo—D0)ma(3M3—10D) 5.5 15 vdpd d
1111(11111 ) ?12(3‘ 2 i ) 3( 3 +h h.; la%/z}I)EDqD; |
H832000
Din aceasta vom obtine imediat urmatoarea formula de cubaturid
care reprezintd extinderea formulei lui Cavalieri-Simpson la trei variabile

Y||+J'f1 ¥ ‘!"{’z gty
dy flxy,2)ide—
— 2=y

{f(ﬂ'n+]11,\(: ho, 2y i\ by, v ho 2y —Bg) 1 (%o — ¥ + hoZg+ts)

b3 WD D + -

hyhoh
T
+ (% — Ty, V0t Pg 2y — hia) +-F (%o, Yo —PiasZg ) 1 (%0 71,30 - g,z — )
1 (% — Py, Yo — o, 2o+ Tts) 1 (o —y Yo — a2 —hg) +4 [7(%0,30 .50+ g) +
(%0, Yo+ o, 20— hs) 1 (¥, Yo —PrasZo - Pg) 1 (%0, — s 2o— It5) +
(%R0, 20+ s) +1{(Fo sV 20— s) 1 (g — Py, Vo,%0+ hig) + (61)
(%0 — Py Yo, 2 — M) 4 F(%g + Py, Vo — o, 20) + (% — Py, 3y + fta, %)
(X070, v0— Paszo) A= F(%0— Py, Yo — Ta,20) 116 [/(%0,0, % +hg) +
+1(%0:v0.ts—Hs) Qf (%0,0+ha,20) +1(%0,Y0—N2,20) +F(%0 11, Y0, %) +
(
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unde
hyhshs ’ .
o= 15 2]’.’,1 DE+ )]’sz —I—‘)ngc + ()O ]7,1 hg DgD + g II’L] /73D Dt—l—
- 1121131)4 D; + 650 ng k3 h3Ds DYD ]

Daca in formula (60) facem m[:mz_mr,f) se obtine urmitoarea
formuld de cubaturd de tip deschis, care utilizeazi acelasi numir de noduri
ca si formula (61) si are la fel gradul partial de exactltfﬁ:e (3,3,3)

20y 27, 20y
S S S fx,v,2) dx dy de=

—2hy Y20, J—2,
 6dhyhyh,
SN = /0()0)+‘)[f((),(),f;ﬁ)+f((_),u,—/zn)Jrf((),faz,u)+f(0,-—h2,0)+

("1‘1!0 0 +f ]@1:0’0)]ﬁ4 [f((})]?’EJ]?'S)_I"f(OJ]?'ZJ_h.'i) +f(0, _/?’2"?7’3) (62)
+7(0,— hz:_]"a)"f‘f(]"'l:o»]%)+f(]31»‘):_]13)Jrf(_hlro:hs)*i“f(_hl,oﬁ”ka)+
U, h5,0) + (=D, Pg,0) - f(hry, — g, 0) 4 (—hy, — 115,0) | +-8 [/(hy g, ) 4
—f'f(hl’hz: hy) +H(— Py loo, Tog) A= F(— o g, — hg) + /Py, — oo, fog) [ ey, — Doy, — i) -+
(=

(P — i, ig) +f(— Py, — Py, — Iig) 13+ o,
unde
1792 4 B8 M ket
P="15 hyhohy [4(h1DY 1 oDt 1'13]),;) 5 = (hi 3DeDy - iy h3Dg Dy +
+ W hi3 Dy D)+ 5 o Tit hs 3D DD 1.

Alte formule de integrare numericd au fost date in lucrarea [4].

3. 4. Formula de integrare numeried a lui Cavalieri-Simpson in £,

20. In incheiere vom da, sub formi expliciti, doui din formulele de
cubaturd mai importante deduse deja in cazurile s=1, 2 si 3.
Astfel avem formula de cubaturi de grad de exactitate AL - A1)

{§:.. \ ronyar —2omy. . mghy. . o f01,) 10,

unde D este hiperparalelipipedul

th— ==t 1 m h, (i=1,s)

iar restul are expresia

MyMis. . iighy . . s

i 3 [2° =Y i DA+ +2* ~1mZ h2DE — 3 D;Di_
2 mEhE_ i
iy o @
A .
(—1)s- e
—f—‘?m] Comihi. . WADE Dg]
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21. Daci in formula (39) se face
Pr=po=...=ps=my=my=... =ms=1
se obtine urmitoarea formuld de cubaturid, de grad parfial de exac:citate
(3,3,...,3), care reprezintd extinderea formulei lui Cavalieri-Sompson in E;

§§ - § ronan— (64)
s Cs—1 Ly
.-,...} i P W iy
:—_%—é{4"f(MD)+4“1ES?"f(Mo] +4 z ZS? STEH(M,) +
’ =1 fy=1 1,=2
(h<ty)

+.oRSYL ST M)} e,
unde restul e dat de formula

4 .
k. ;PR: % Z Npy...h_yhihy. .. hDy+ (65)
- i =1
s—1 s
1 ‘
T ZZN,JH. ol B B Kby .. B Dg Dt
i=1 k=2 .
(i<k)
1 5 54 4
i tlh...;?‘gD;l...Dgﬂ'

180°

Aici, pentru economie de scris, am folosit notatiile introduse la (29),
(34) si (43).

22, In lucrarea [4] am stabilit mai multe formule de cubaturd de un
grad de exactitate global dat, iar in lucrarea [5] ne-am ocupat Eie formule
de cubaturd cu un numir minim de termeni. Intr-o lucrare urmitoare vom
cauta si extindem aceste ultime rezultate.
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OTHOCHUTEJIBHO YWCJAEHHOIO HHTETPUPOBAHWS ®YHKLIUM
MHOT'HX [NEPEMEHHBIX

(Kparroe coxepirane)

[Toneaysice HekoTOPEIMH popmynamu uuTepnoasiunii s (pyHKUMIE MHO-
PHX TICPEMECHHBIX, dBTOP CTPOHT HeCKOMbKO (GopMmys s NPHBIHKEHHOTO
BBIIHCMEHUS KPATHBIX Olpee/leHHbIX uuTerpaoB. Jlis Kamioll Npusenc-
HOH (OpMy.Ibl yCTAHABIHMBAETCS BRIPAKEHHE OCTATOUHORO UJIeHA.

B nmepsom naparpade, mocie 06IAX CBeCHUI OTHOCHTENLHO HHCJIEH-
HOTO HHTErPHPOBAHHS (DYHKUHH MHOIHX HepeMEHHBIX, H3 OAHOrO npeaIoxKe-
HHd,  aBTOp BBIBOAUT, B 4YaCTHOCTH, (opmyny Kasaabepn CuMICOHA st
JIBYX TlepeMeHHBIX. B 3TOM cayuae gaercss w Tounoe BHIDAXKEeHHEe 0CTATOYHOTO
uneHa (25) aroil Gopmyasl.

Bo sropom mnaparpade, crpontes Kybatypuast (opmyaa (39) s
S-KpaTHBIX HuTerpajoB. B (42) ycramasiusaercss BhIpa)eHHe ocTaTOYHOrO
HIeHa 3TOH (POpPMYyJIbL.

B Tpetbem maparpade smo BHIBOmMTCH H3' (39) wenmlit pag dopmys
JHCJEHHONO HHTETPHPOBAHHS /ISl NPOCTHIX, JBOHHLIX H TPOHHBIX HHTErPAJIOB.

B nocnequem maparpace naworces KOHKDETHO JABe KybaTypHble (DOpPMYJIEl
AT S- KDATHBIX HHTerpafioB: Qopmyny (62), kotopast ucnoab3yer omun
vseil u qopmyny (64), koropas mpeacraBisier co6ofi 0606IIeH e KBaapa-
TypHoit dhopmyner Kasaasepu-Cummncona.

CONTRIBUTIONS A I'INTEGRATION NUMERIQUE DES FONCTIONS
DE PLUSIEURS VARIABLES

(Résumé)

En utilisant certaines formules d’interpolation pour les fonctions
de plusieurs variables, on construit plusieurs formules pour le calcul
approché des intégrales multiples définies. Pour chaque formule donmée
on établit I’expression du reste.

Dans le premier paragraphe, aprés quelques considérations générales
sur l'intégration numérique des fonctions de plusieurs variables, on
déduit, en particulier, 1a formule de Cavalieri-Simpson pour deux variables.
A cette occasion on donne aussi une expression précise du reste (25)
de cette formule,

Dans le second paragraphe est construite une formule de cubature
(39) pour les intégrales s-uples. Au (42) on établit 'expression du reste
de cette formule.

Dans le troisiéme paragraphe on déduit sous une forme explicite,

- de (39), une série de formules d'intégration numeérique poiir les intégrales

simple, double et triple.

Dans le dernier paragraphe on donne effectivement deux formules
de cubature pour les intégrales s-uples: la formule (62) qui utilise un
seul noeud et la formule (64) qui représente la généralisation de la for-
mule de quadrature de Cavalieri-Simpson.




