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NERALIZAREA UNOR POLINOAME DE INTERPOLARE
PENTRU FUNCTIILE DE MAI MULTE VARIABILE

DE
D. D. STANCU

1. Se gtie [1] cd in cazul a doud variabile, formula de interpolare
Newton relativd la o funcfie f(x,y) $i la nodurile unei refele
tunghiulare definitd de punctele My (xi,y) (i=1,n+1;k=1,m+1),
rezintd sub forma
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diferenfa divizatd de ordinul (p—1, g—1) relativd la functia f(x,y)
pq noduri ale cdror coordonate sint puse in evidentd.

F. J. Steffensen [2] a generalizat aceastd formuld fdcind ca
lumdrul termenilor ei sd depindd, intr-un anumit sens, de numadrul
rilor de interpolare. Formula [ui Steffensen este urmdtoarea:
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2. Formula aceasta se poate incd generaliza. Aplicind funcf; y A+l mytl
flz,y) formula de interpolare a lui Newton relativa la variabila g M fry)= Y, Y (e—x).. (—ats 1) (Y—Y1,1) woe (Y—Yij=1) X
: ‘ =l [t

se obfine

n+l
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. R(x,y,2) este dat de (10) aplicat lui f(x,y,2).
S4 dezvoltdm acum dupd formula [ui Newton funcfia de z
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Sd considerdm acum functia de y
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Aceasta se poate de asemenea dezvolta dupd formula lui Newton,

Sd considerdm in acest scop ordonatele

... ind cotele

(7) Yil  Yi,2» Yi +1 FiG Ty bk za'.],p,-'1|+l ,
Lty e 3SR .mi 0 o e ¥ -
presupunem cd depind de / §i j atit ca numdr cit §i ca pozifie ;

a cdror valori §i numdr depind de numdrul natural /. Formula de in~ obfine

terpolare relativa la functia (6) i ordonatele (7) este .
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Inlocuind in (11) obtinem in definitiv
f(xs y' Z) =

Infocuind in (5) obfinem formula de interpolare
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Formula aceasta, care e mult mai supld decit formulele clasice de
interpolare ale [ui Newton si Lagrange, generalizeazd formula (3) a Id
Steffensen. -

Se pot da multe exemple de distribufii importante de noduri
care formula (9) le poate folosi dar pentru care care formula (3) ni
se poate. aplica. .

3. Formula (9) se poate extinde imediat la functiile de mai mult
variabile. Pentru a nu complica expunerea sd ne ocupam de cazul @
~ trei variabile. b
Dacd se aplica functiei f(x,y,2) formula (9) se obtine
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.:,'Formu[a de interpolare (18), care foloseste un polinom de in~
e de gradul global'nin x,y,z, sereferd la o refea tetraedrica de
2) (n+3)

37

4. Cazuri particulare importante ale formulei (14).

f) Dacd valorile gi numdrul ordonatelor (7) §i cotelor (12) nu gg
pind de i si j, se obfine formula de interpolare a lui Newton penty
trei variabile '
n+l m+1 p+1

(16)fwy2) =Y,
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noduri §i anume
N Uy 2g) o (I=1,nF13 j=1,nE9"0, k:[,n—l—S—i-Ti).
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' elativ la restul (19 al formulei de interpolare (18) vom demonstra
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K| Yo Ygs 1+ eoremd. Dacd funcfia f(x,y,2) e continug i admite derivate
LB e 2 e continue pina ta ordinul n--1 inciusiv, restul formula d. in-

T Lasrens Trgt T lare (18) se poale pune sub urmdtourea formd
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formula (14) devine
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y, ¢ Sint vawori din cele mai mici intervale care confin respectiv
€ Xy reeesLy 1)y X5 Yy goons Yutl, Y3 Zqsveey Znls 2,

Demonstrafia pe care o vomda e analoagd cu aceea care se folo~
la stabilirea formulei [ui Taylor pe tru trei variabile.

‘ie My (x4, ¥o» 2,) un punct din tetraedrul (7) care contine no~
 de interpolare §i sd notdm
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unde restul e dat de formula r—xo=h, y yy=k, 2—z,=1,

a considerdm fun.fia de variabila ¢
F(l) =1 (xo+-ht ,ug+kt, zg4+01) , 0=t = 1.

cd f(x,y,2) admite in (T) derivate pind la ordinul n-+1{ inelu-~
funci F(f) va avea derivatz continue pind la ordinul n+1 inclu-
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. 3 _ _ Vom cduta restul formulei de interpolare (18) sub forma
Formula aceasta reprezintd o generalizare a unei formule de in

terpolare a lui O. Biermann [3]. Polinomul de interpolare folosit dé
formula (18) are gradul global n.

3) Dacéd valorile ordonatelor (7) gi cotelor (12) se aleg indepen
dente de /i j, se obtine extinderea formulei lui Steffensen la trei variabile

4) In cazul cind coordonatele (7) gi (12) nu depind, ca numar, ¢
i §i J, dar valorile lor depind, se gdseste o formuld de interpolare caf
rezultd din (14) facind

mi:m ’ pi.j=p|(l‘=1.23c -.,m+1§ i=1,2,.--,p+1}.

o (x,y,2) =

Cofymt1—i—j (=@l —2)) (Y—31)oeely—1)) (2— 2) el = Zns1_1_j)s

in+1—i-j sint valori pe care voim si le determindm.

nind seama cd f(x,y,2) e data de for. ula (18), cu restul (25)
Olinomul din membrul al doilea al formulei (18) e de gradul i,
cd restul formulei (24) este AR S ]
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Dar folosind o notatie simbolicd cunoscutd avem

J 0 d \nh
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Restul formulei (18) se ob{ine fdcind /= {in (26). Din (25) deducey
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“iplocuind aceste valori in (25) se obtine tocmai formula (21) pe
soiam 8~0 demonstram,

‘Observatie. Aici ni se pare interesant faptul cd toate deriva-
rfiale din (21) se iau in acelagi punct 2(&,%,{), rezultat la care
putea ajunge dacd se aplicau diferen{elor divizate din expresia
restului formulei (18, formulele de medie cunoscute.

Dacéd se considera cazul [imita

B—a,y;="b,z=c,(i=1,n+1; j=1,n+2—is k=1,n+3=i—j)

de interpolare (18), cu restul sub forma (21), se reduce la for~
fui Taylor

" 5 Sl b 0 e Oy 00
) fle v =Fla b0+ 3 m[am”ﬂy"*az’] fla,bie) +

R I T A
BeE oy 0 g 2y 9h , b0k, c+ o)
+(n—{-1)l[0xl+dy +az} fat-9h, b+ 9k, c+l)

O« =1 i—=x—a,k=9—b,l—<—¢c;

. Intr-o lucrare viitoare vom ardta cum se pot obfine, plecind
a anumite formule de interpolare, dezvoltdri tayloriene de felul ce~
ybfinute de M. Picone [4] si M. Nicolescu [5. Vom face apoi
umite aplicatii la integrarea numericd, foluosind unele rezultate ob-
recent de D. Mangeron [6].

it la 12 1 1157 Universitatea , V. Babes", Cuuj
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LIEHWE HEKOTOPBIX ®OPMYJI MHTEPIIOJIMPOBAHHWS AT OYHKIIHF
HECKOJIBKMX [TEPEMEHHBIX

(Pesiome)

iTop o6oGmaer B (9) Qopmyny nurepnoanposanus (3) JC, ®. Mlreddencena,
| 4TO 3HaueHus OPAHHAT (7) 34BHCAT OT HATYPANBLHOLO uHela i, KOTOpoe BXOZHT B
0 opmyay.
Jlee yeranapauBaeTea (opmyna HHTeprnoanposanus (14) B caydae TpéX nepeMeH-
i opauHater (7) W annauxkate (12) Ae sapucsT OT [ W j HW B YHCJAE, HH IO 3Ha-
70 monyuaercs opmyna uurepnonuposanns Helotona (16). Taioke oTmeuaercs
cayuaii (17), xotopwlii npupoaut K (Gopmyae uHrepnosnposanus (18), o6Gobmaio-

; ','My.ny O. Bupmanua [3] oTHoCHTENLHO TPEX nepeMeHHeiX. B natom naparpade
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NoKA3aHO, 4TC ecan [ (¥,y, 2) HenpepLiBHA M HMEeT YACTHHIE NPOH3BOAHLIC Henpepk
Ao mopsaka n + 1 BRalounressHo B ob6aactd (T), comepsxameli yagabl (20), To ocTar
_uaed (1) qopmynst uuTepnonnposanns (18) MOXHO BHIPA3HTH (p'o-(gmynoﬁ (21), npm
BCE YACTHHIE NMPOHSBOAHbE, (UIypHpylOWHE B Heli, B3saTH B Touke &2 (&, 7, L) obnacty
B nmpenensHom ciygae (31) npexmgymas (opmysa WHTePNONLPOBAHHA CBOAHTCH K
myae Tafsopa (32). :
ABrop pefaxTHpyer ans onyGAMKOBAHHA B Gaumcafimen OyAyImIEM CTATLIO O
Jo3eHHH (yHkuui mo tuny Tsifmopa, Bpode TeX KOTOpPEE 6LIIM HayueHsr M, [MHukoy,
[4] u M. Huxkomecky [5] m 06 ycraHOBAEHWH KyGaTypHEIX opmyn BelCWEd creq
TOYHOCTH, HCNOJB3Ys HEKOTOpBIE OPTOFOHAJNBHBEIE MHOTOYAEHEl, BBCNEHHBIE HENABHO
ManngxepoHowm [6].

THE GENERALIZATION OF CERTAIN INTERPOLATION FORMULAE FO
THE FUNCTIONS OF MANY VARIABILES ‘

(Summary)

The author has generalized at (9) the interpolation formula (3) of J. F. Ste
fensen, in manner that the values of the ordonates (7) depend of the natural ny
ber i, which take place in the formula Afterwards he has established, for the case
three variables, the interpolation formula (14). If the ordonates (7) and the cotes 112)
independent of 7/ and j, as much as number and as much as position, one obtain
interpolation formula (16) of Newton.

We mention also the particular case (17) which conduct us to the interpolat,
formula (18), that extends at three variables one formula due to O. Biermann [3].
nr. 5 it is demonstrated that if f(x, ¥, 2) is continuous and has continuous partial de
vates until the n+1 order inclusive into a definite domain (7) which includes the kn
(20), the rest (19) of the interpolation formula (18) can be put into the form (21),
partial derivates which occur being considered all at the point @ (£,7, &) of (7). In
limit case (31) the precedent interpolation formula reduces at Taylor’s formula (3

The author promise that in future he will occupy himself with tayloriennes de-
velopments, of the type studied by M. Picone [4] and M, Nicolescu [6] and w
search ro establish the cubature formula of high degrez of exactitude, employiog a class
of orthogonal polynoms introduced recently by D, M an geron [6]



