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INVERSE INTERPOLATING SPLINES WITH APPLICATIONS
TO THE_ EQUATION SOLVING

C. IANCU, T. OPROIU and I. PAVELOIU

1. INTRODUCTION

Let f be the function:

(1) ] f:[a,b]—R,
and:
(2) AI‘:a=xo< X< ....<xn_l<xn=b, nx=2, nel,

a ;I)a:rfition. of the interval [a,b].

We assume that the function f is twice derivable on
the interval [e,b],and f'fx)#£0 for all xel[a,b]l. We
" denote F=f([a,bJ).

Frum the above assumption it results that the functi-
on T ia a8 bijection; hence there exlsts £l :F—[a;bl.

Since we have assumed that the function f is twice



derliv

b1, and £1(x) £0, ¥x€ fa,bl,

able on the interval L&,
will =slso be twice deri-

hat the function f'l
t P, and:

it results t

vable on the se

(rlee ) = Ve ()

(3) _ -
EPETSRYIE e R S

(£t ey )"
pomerical me-

" Next, we deal with the elabo-ra'?.ian of a

thod for solving certain equations of the form:

(4) f(x)=0, xefr,bl,
rse interpolating cubic eplines.

quation (4) admits & root xTela,bl,
l(0) =X, while from

nging the inve

Assuming that the e
o0 it follows thai f
bl it follows the uniquenesas of x-

s for solving

then from £(x) =

#1(x) #0 for all xela,

We shall remark the following two case

the equation (4
A. The values _firf(xi) ,4=0,m, of the functiom T
on the knots of the partition (2) are given, and f'(xo) =
=mg, f“(xo)=llo , where mo,l‘loeﬂ 3 moaéo, are glao given.
B. The values of the function £ on every point of

the interval [a,bl are known.

In order to =olve the egquation (4) in each case (A or

B), we shall construct an inverse interpolating spline.

INVERSE INTE RPOLATING: SPLINES
teml containing the

2.

Let E-!-,p]S.:? be the ghortest in

6

1ueB f = f( 1= n the nction f en the ot
va i X ) 0
1 ] ) '] of h fu ekt h kn 8

of the partition (2).
Since £ 1
Bin. 8 bijective on fa,bl, it is either incre
g or decreasing on this interval )

We shall
consider further that f ip increasi
ng, and

we shall denote by:
(5) | ‘
Af:af.=fo<fl.¢...<f <
the partiti ] e fn: ;
‘ on of the interval [oc,l determined b
ints fi g vdo= Oyl G
We shall

construct the inverse interpolating cubi

spline associated to the function f Sy

Usin, tlons 2 and w ct the
2 the pﬂrtl ( ) (5)] e constru

function H :
» Whose restricti
ong have the foll
owing form:

(6) H.(
(y) = a,y° 2
14978, FT D yT + oy # Ay aplene, mae;

for all yelf
‘ i f, 1.'] + Thepe restrictions are uniquely d
t . . . y K

termined from the conditions:

_}fi(fi) = Xy
(7) Hi(ry) =y,
E;(ri) =0l
1 Eell o =
where: 1( i+l) i ik
DS = 1/£'(x ) = 1/m,
(8) "
D = - " (]
o £ (x, ) (£1 (x,))7 = - /m2
D] = H! v
1 Hi-l(fi)’ Di = H;-l(fl)’ 1=_:

From (6) and (7) one obtains:
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(9) 8y = (1- ni[xi.xi+1.r‘:—(ni/z)[xi,zm.n (sz
'Ii))([11t11+17f1 (xi 1'11)2)-1 :

(10) By = Dglz - 3“1‘1 ,

1 AL 0
D "'Difi"’jnifi'

(11) ey
2y 4 (n;/z)fz . .15:{ iso.i-l :

(12) . dy = 1-1)1

where [Xg.%4 1.f3 denotes the :l’jrst order rliv:\.dsdr differen-

ce of the function f on the knnts xi, ::1+1
Paking into account the eqmlitins.

o0 L
Hi(fy343) = D1

(13) g : |
Roir ) D e s el RaR A

one obtains fronll (6), (9), (10) and (11) the following re-—

currence f ormulae:

Dy, = i +DifFp-%ial HUEg g =%y *
(14) + Bai[xi,xi+1,f] (xi+1 - zi)
Diy = *631f"1"1+1'ﬂ(‘1+1"11) ’

for the ecalculation of the valusa Di and Di‘ i=0,n-1.

Knowing the restrictions Hi for 1=0, O.n-1 , if we have

) in which the root x of
since Hj approaches the

determined an interval (xj, x50
the given equation (4) is lying, 8
function £ for xe&(xy Xyyq)s ¥ results the following

approximation for the root X:

L3
- Ml

(15) H(0) = 4y ¥ F-

H

3‘- m .
, NRIIOR!J{EIMERSE INTERPOLATING SP

In this sect ﬂml
mmﬁ::nn lgiwamtomrortha in-
m — [Swl_im] (6). Por this purpose, ming the
: » W& shall conatmt
g e o 7 the cubiec inter-
ting spline f ™ on the knots of the partition (5)

- whom restriction
lon on the interval [f
ing form: EFET ;] has the follow-

(16) B . 7 : ; '
i-1 ¥) = ((®Y-D" . )/(6k
: . (:1 1—12 ( 1J)(J-f1-1)3+(D;_1/2).
y-£; )" +Dg -
where : i i-'l(y : ri‘l) +xi-]_ ’
yelr £ ' ‘
i=-1"° ] D" n =i
and ; g Ml Xy wTinfaa, dnle.

{=H(f3), Df=H{(f;), i=0,n.

Denoting by H
o (3,4,) the set of all the cubic inter
aplines corres :
7fd11 : ponding to the partition (5), th
owing proposition holds: ' )

Proposition "
4 1. BEvery spline HeH(3 Af) which has
orm (16) is '
) mquely determined if it satis
following conditions: -a o g

Bi'."l(ri) i Ii ]
(17) =
Hi"l(fi) = Dj'_ .

Dé . Vi Dg =

where :
where &,,8, €R are given.
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Proof. Using the formula (16), the first two conditi-

ons (17) can be written as follows:

(6/k2)(xy = Xyq ) = (6/k1)D) = 2DF 3 »

Dy =
(18) EATS
Di = (B/ki)(xi = Ii_l) = 2Dj'.—l - (ki/E)Di_l ] i= I'n .
Since, in the problem we have gtudied, we have \Dé =

=al=l/f'(x0) ‘and D3=32;‘f"(10)/(f'(10))3 are known, if

follows that the gystem (18) is compatible determined =and

provides the values Dq, Dé, A D;;’ 1L D§, e D; which de-

termine the cubic gpline whose restrictions are of the form

{16

ction f is decreasing, one proceeds

arrangement of the knots frm

Note. If the “fun

analogously, performing a re

right to left and taking the values Dy and D;‘l instead of

Dcl: and Dg, respectively.

4. SOLUTION OF THE EQUATION f(x)=0

i =0,n, 0f the partition
j+1)CGﬂ.b) in which the

The sign of the values fi -
(5) points out the interval (xj,z
root ¥ of the equation (4) is lying.

The method we present in this pﬁper is given by the

formulae (15) and (16), obtaining the following approxima-—

tion for the root X:
=T K " " 3
(19) X = Hd(o) = ((Dj'i'l_nj)/(skj"‘l))(-fj) >

" 2 1 0
+ (Dj/2)(-fj) +Dy(-£; )+ %y -

33

5. ESTIMATE QF THE ERROR

Theorem 1. :
3L : I__-g_!_iitha function (1) be increasing. If the
nverse function £ ‘approxima
AR f is ted on the interval [fi 1
4+ i=1,n, by e cubic spline of the form (16), observing

the conditions (17) and
B D'.__ ¥ .>0, then t 1
- equalities hold: “ S he following in-

r
Sx' for DI__1> 0, D]!_-]_)O;

§x~2D§_jk;, for DI .>o0,

Di_ 1403

(200 1H_ -yl J
§x - DI ;X5 for Dy 20,

Ll e

- oo 2
Sx 2T’,:I.-ll‘:i = Di'_]_ki » LOT

Dg'-‘-l < 0,. Dj'.—ld' 0"

-

where 3_=x, - ; —
el B T B R i L B S e R U

Proof. It results from (16):

H . (y)-£7X3) = ((ov
e () = (OF =By y)/(6k)) (3 - £54)° +
T SCTIURE M LT TR AR S
and then:
(21) |8 2 : I
| B () -1 (y)l<l(n;-D;_l)/(ekimy-fi_113+
+ ID;__]_/EI ,j‘ri_llz*.ln_{_ll ly = fi—ll + ]xi 7 'xi

From tﬁe conditions of
the theorem we have -
ly-1;,1<



Fh

. ; be 5 i
: nd then the inequality (21) can pu
B B e e o

in the form:

2 *
(22) 1y () - 27 1< (0 - Df 1)/<skim3+1 3 lki |

+1D§_ kg +x- xi-l'
It ]}g_lb‘o , one obtains from (22): 2‘
2 ot
(23) 1By, (9)-1 £1(y)| < (D/6)i2 ~ (Dy_; /65 + (D] _;/2)k] +
"’lDi 1“‘-1 tX-X; 1 = (D"/G)k +2(D'_1/5)k1+
+D} kg +x-xy 4 .

Taking into account the first equality (18), the ine-

quality (23) will acquire the form:

(26) 1H;_,(3) -1 ()] < (5/6)(Dg +2D5 1)+ D 5]k #x-
-xy_ ) = C/6)(6(xy - xy 1 /K - 6D]_1/ky) + 1D} _51k;
+X-Xg g = Xg =Xy g -Di gk +D ok 4xoxy ) -
= X; =2x; 4 +X-Df_k;y +|Df 41k .

For Dj ,>0, we obtain from the inequality (24):
(25) 1H; ;) -t H) lexg-2x; ;+x = 8,
while for Dj_, <0 we have:
(26)  1H_ (-t Ny <5, - 2D} _yk; .

If DII

1-1<0, then we obtain from (22):

2 2
@7)  1H;_; () - 272 | < (D613 - (DY 1 /6012 - (DY_1/2)ic5 +

' (za) lni 1070 - r'l(yn«szs)(s(xi x;_1)/x2 - 6py

S T

‘+; Lyl +xymmy 1’- (31/5)k1 405_1/602 4
*“7'1 1“‘1‘”“‘1 g

Taking 1:1;0 account the first equality (18),
qnnlity (27) w:L"ll ncqnire the !ollowing form:

the ine-

1-17%; -
g _2])1_1) 3 4(n _1/6)k1 + le'_ llki '-!"I-'xi_l. = xl - xi_l._
=Dj gk - 2(07 /6 )k - 4(DF /602 +1D) Ik, +x -

JrEelqyie g 1“1 Di 1k + “’1 1k
_7 . For Di 1->-0 » the inequality (28) provides the follow-
ing result: ' '

(29) Iﬁi_.lci)-'rflf(y'Jl<s x~D7_sk,

while for D1 1<0 we obtain from the same 1nequality (28)

the result:

Go)  1H;_,()-172y) |<s5, - 2Dj_jk; -Dy_ k2.

So, theorem 1 is proved.

Theorem 2. In the conditions of theorem 1, if the func-

tion T 1s decrea.ain.g, then the following inequalities hold:

%y, for 0y L0, 0 €o;

%y~ 2Dj « ky, for DY & 0,D] 0;

= =
G1) 5 -21y))< ytD} =k, for Dy 3 0, D} £0;

mx+D -ki 2D * ky, for DY >» o,

D} ;;.o



where: _

éz;'i . i=1,n.

(32) by =PXg - X =Xy _q°
imilar to that of theorem T

The proof of theorem 2 ie B
We notice that:

= X =IK + X = s -5 2h. d = 1"1 -

(3)) Sx i i ] x: 1 1™
(o] he-

U & h r A (3 ) d (33)! o a

s1n, the formulae 2 an ne Dht in8 from the

orems 1 and 2 the following results:

e (=3t . n the CDHd tions Of theorem the fOl low-
Theor

ing estimate holdse:

- o : »
7 < Tax 4{ Rmeweh 2h. +P5> 2h1+p +p }-
(34) §H-£ "l< . 1! % Py 5 TP 1k

where:
=odiz nmin Dk ¥
e el ain o
o
=, — mfin *DY K5 .
P2 Lienti T ®

the follow-

S 2,
Theorem 4 In the conditions of theorem

ing estimate holds:
ing egh ey - —

T i D. h.-{-_ 2h+-ﬁ +i}-2} .
(35) W H-f Y| < max {ah;,2hi45;,20+P5,20;7P)
l<ign

6. NUMERICAL APPLICATION

20—
Based on th th ory of Section 3, a cElC'Llla ion p ;
& e e t (8]

. ) a
a 2 428 b K A ( racy 1] WE 31 &
gFram wi tten n B SIC accu cy: 18 ni cant di its ) was

slabh ted hi T A et 4 t ot f n
elaborated. Thie pProgran allows 0 determine he Tro 0 a

¥ : '

equatrion f(x) =0, where the analytical expression of f£(x)
is known (case B, Section 1).

Ae input data one considers: n = the number of knota,
and the knotls ‘Xyr Kpareeay Xx,- The values ¥y =f(xi‘). i=0,n :
and those of the first and second order derivatives of the-
ge ones are computed by means of the numerical-type functi-
ons FHA(X), Fﬁ'ﬂ(l), FNO(IIJ. defined by the programmer for
£.lx), f'(x)r and f"(x), respectively.

The values f(xi.) .. i=0,0, are increasingly ordered
(the lines 230-310 of the program); after that; the values
D= i/f'(on and D3 =—f"(xo ),/(f‘(:!cm))3 are calculated. Then
one determines Di and D;‘_ 5 izfﬁ » with the recurrent rela-
tions (18).

After these calculations, the interval Lyys e D B

=0,n~1", in which the root is lying, is tested, and then, by

means of the formula (19), one estimates the value of the

" root T ¥ H(0) and £(3).

The program was especially applied to the case when on-
ly three knots, x50 X9 X5, 8re given (see Table 1), the ro-
ot lying into one of the intervals (xo, xl), (xl, x2).

In order to determine as accurately as possible the
value of the root, the program contains a sequence which
restricts the interval in which the knots are lying, as fol-
lows: if f(xo)-f(f) >0, then one removes X, , while in the
oppoeite case X, 1is removed; in both cases the value x
found at the previous step is inserted instead of the remo-

ved knot. This successive removal process stops when |f(X)]



becomes Smal

by the

Table 1 lis

program in the case of fiw

ler than 10

EL:

program is given furt_her down.

d).

restriction of the microcomputer we used).
i this

ts the results obtained by mnan.s of

e aquatic;na. The listing of the

-10 (tnis restriction.being imposed

Table 1. ,
z) at | JE(x)]
Knots used Root (xX) a2
: uatign }.:tzgzl]; atostart every. step
AR the rgot
ig lying ; -
- s Satemeen |1
-2, 0.3, 0. . 250000 "
il 1 R AT 8;3200000000_ 0. 00E+00"
+3I—1 =0 ! . : 52E-04
.1512952567 | 9- :
. 6) 4,5, 6 41214567631 2.572-07
x“-101nx (4-_ Lunen 2.5 l
- 3 = o 7
1,2, 3 1.8448743194 1.60E-02
G ' 1.8412032474 | 4.49E-04
P 1.8411000557 | 1.27E-05
1.8410971431 | 3.58E-07
1.8410970608 | 1.01E-08
1.8410970585 | 2.84E-10
1.8410970585 | 7.28E-12
| 5.3 | 1.0 1| 4.29E-04
' .5,1.5,2 | 1.089047729
e tsteisale " | 1.0885982411 | 4.66E-07
.ginx-1= 1.0885977529 5;0§E-10 25
- 1.0885977524 | 1.82E-12
: : e 50!l 8. 05E-05
6.5 | 4.8006851220] o 0802
oo CasBpsin e .8007808072!| 4+ (
"aaF 48007808029 | 7+28B-09
« ginx - : 4.80C - -
- 5=0

100 REN Inverse interpolating cubic spline for aq,
110 DEF FIA(XJ=4.HX‘3+3.iX‘2+3.ﬂX-!.
120 BEF FNB(X)=12. %X*2+6 %}+3.
130 BEF FNC(X)=24 . 8X+&.
' 140 LP!IITtLPRIlT!?C(IO)'-
" 150 READ N
160 DIN x(l+1},F(H+1),IPCI+;J,BS(N+1J
170 FOR I=0 TO N:READ X(I):NEXT I
180 FOR I=0 ToO H:AA=FNA(X(I)):F(I)=44
190 LPRINT USING® x(l#)l+0#.ii##';I,X(1);
200 LPRINT USING® ,f(l#)t*iﬁ.####';I,F(IJ
210 NEXT I
220 LPRINT:LP!INT,SPE(#)'B(O)“:SPC(I2)'f(H(oJ)'
230 REM Increasing arrangement of the valuaes y(i).
240 1v=Q
250 FOR I=0 TO N-1 .
260 IF F(I)<=F{I+1)THEN 60TO 300
270 TT=F(IJ:F(I)EF{I+I):F(I+I)=TT
280 TT=I(I):X(IJ=X(I+1):X(I+1)=TT
290 IV=Iy+1
300 NEXT I
310 IF W<>0 THEN GOTO 240
320 REM Values of DS(i) and DIP(I),
330 DP(0)=1./FNB(X(0))
340 BS(0)=—FNC(I(O))/(FKB(X(O)3“3}
350 FOR 1=0 TO K-1
360 E=F(I+1)-F(13:E=X(I+1J-X(I)
370 HS(I+1}=6.iH/(KiRJ’2.IBS(IJ*é.*DP(IJ/E
380 DP(I+1J=3-*ﬂlK—RlDS(IJ/Z.ﬁE.lDP(I)
390 NEXT I
400 FOR I=0 TO N-1
410 IF F(I)M®F(I+1)<0. THEN GOTD 430
420 NEXT 1
430 Y=0.
440 AA=Y-F(I)
450 BB=(RS(I+1)-DS!I))*ﬂA‘GI(F(I+I)—F(IJ)/6-
460 CC=HS(I)!ﬁﬁ‘2/2.+nP(IJ*ﬂA+X(IJ
470 HY=BB+CC
480 LPRINT USING”#;##########';HY;
490 LPRINT USING" WA AN ENA(HY)
500 IF ABS (FNA(HY))<1.E-10 THEN GOTO S40
S10 IF F(O)®F(1)<0. THEN X(N)=HY ELSE X(0)=HY
S20 FOR I=0 TO HlAﬂhFNA(X(IJJ:F(IJ=AA:NEXT I
S30 G0To 230

Input Data®;LPRINT

solving.

Heo )=+ . #4448 R0408 " ; HY

S40 LPRINT:LPRINT USING® Root:

550 LPRINT USING” FCH(0) )= +#.##*~~~%;ENA(HY)
560 STOP :

S70 DATA 2.

580 pATA 0.2,0.3,0.4




fo

Note. We mention that a program was glahqrsted also

for the inverse interpolating Bpline presented in Section '
2, but in meny concrete cases, when the knots got near to .
the root (in the meaning of the above removal), undeterpi—
nacies appeared because of the small wvalues of the denomi-

nator in formula (9). That is why the inverse interpolating

spline proposed in Section 3 (which has not created such

problems) has been chosen.
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