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Buletinul Stiintific al Universitatii din Baia Mare
Seria B, Matematicd-Informatica, vol.X111(1997),107-116

ON THE CONVERGENCE ORDER OF
THE MULTISTEP METHODS

Idn Pavaloiu

1 Introduction

In this paper we analyse some aspects concerning the convergence order of the
iterative methods of interpolatory type for solving scalar equations. A unitary
approach to these methods will enable us to analyse them and then to select
among them those with the optimal convergence order.

2 Convergence order
Denote I = [a,b], a,b€ R, a < b and consider the equation
(21) f(z)=0

where f: I — R. For the sake of the simplicity we shall suppose in the following
that equation (2.1) has a unique solution T € I. Let g : I — I be a function for
which 7 is the unique fixed point on 1.

For the approximation of the ‘solution of (2.1) there is generally considered,
under certain conditions, a sequence (z,) >0 8enerated by:
(2.2) T =9(z,), $=0,1,.., zo€l.

More generally, if G : I* — [ is a function of k variables for which the
restriction to the diagonal of the set I* coincides with g, namely

G(z,z,...x)=g(z), forallzel,
then there is considered the following iterative method:

(2-3) Tspk = G(xss Tat1y ...,.‘C,+k_1) v 8= 0’ 19"" L0y L1y eeny Th-1 € I
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The convergence of the sequence (x,) ., generated by (2.2) or (2.3) depends
on certain properties of the functions f “and g, respectively G. The amount
of time needed to obtain a convenient approximation z, of T depends both on
the convergence order of the sequence (,),,, and on the amount of elementary
operations that must be performed by the computer at each iteration step. In
this paper we shall study only the first aspect of this problem, i.e. we shall deal
with the convergence order.

We shall adopt as the convergence order a definition a little more generally
then the one given by Ostrowski [3]

Consider an arbitrary sequence (,),,, satisfying, together with f and g, the
following conditions: N

a) z, €l and g(z,) € [ for s=0,1,...;

b) the sequences (z,),,, and (g(z;)),5, converge to Z, the solution of equation
(2.1); - -

c) there exists m € R, m > 0 such that 0 < |[z,y; f]] < m, for all z,y € J,
. where we have denoted by (2, y; f] the first order divided difference of f on
the points z and y;

‘d) [ is differeptiable at .

Definition 2.1 The sequence (z,) ., has the convergence order w € R, w > 1,
with respect to the funclion g, if there exists the limit:
‘ . Injg(zp) —7|
2.4 = lim ————
(24) “T S In|z, —Z|
and o = w.

Remark 2.1 If the elements of (Zp)p50 are generated by the iterative method
(2.2), then the convergence order defined above coincides with the one defined in
(3. o

For the determination of the convergence order of some classes of iterative
methods we shall need in the following two lemmas:

Lemma 2.1 If the sequence (:l:,,),,>0 and the functions f and g satisfy the prop-
erties a) - d) then the necessary and sufficient condition for the sequence (z,), 5,
to have the convergence orderw € R, w > 1 with respect to the function g is that
the following limit to exist:

: . Inlf(g(z))l _
) Rl Gl
and B = w.
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Proof.  Supposing that one of the relations (2.4) or (2.5) holds and, taking
into account the properties a) - d;, we obtain:

_ -m‘“ lg(zp) ~l _ .. In|f(g(=p))l —Inllg(z,),Z; fli
B ™Y PIE= ek Py oy ey e

| Inllg(2,),% 1
nif (g (@)~ lf (el _ Il (g(z))
nlf @) ol ] [/ (z,)

ln|f (zp)|

Lemma 2.2 If (u,),5, is a sequence of real numbers that satisfies:

i. the sequence-(uy),s, is convergent and lim u, = 0;

ii. there ezist the nonnegative numbers ay, @z, ..., any1 and a bounded sequence
(¢)pp0r € >0, p=0,1,... for whichinf {ep} > 0 such that

= lim =4, 0O

Ant1 .
(2.6) Uspntt = CUTURE L uglh!, s =0,1,..;

.. In 1) : 1 lﬂ_‘ﬁl =
iti. the sequence (——lf—h ) s0 convergent and lim = 2 = w.

Then w is the positive root of the equation:

" gt —antt T — L — gt —ag =0,

Proof.  From (2.6) we obtain

. Inupg,u Inc id . Inu,y
lim —* — lim “~+ 3 aiy lim e
s—00 ln"n-i-a 85—+00 lnu”+’ = 3—c0 ln'“rlm

Taking into account the equalities

lne, . Iny; 1
* =0and lim —2* = _
2—=00 In Unts s—oo lnuy i, wn—i

, 1= Gs n
we obviously have
" 1
w = E Qiyy ;;,
=0
ie.,

n+4 1

Wt a0 - e — L~ agw -y = 0. [m}

In the following we shall consider the equations:

(2.7 PH)=t""'—ouut"—ant" ' — . —apt—ay =0
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(2.8) Q (l) = ln+l - alt" - aqt"-‘ — = Q,.t — Qn41 = 0;
(2.9) R(t) = gntt o, t" — a;,t"“ — e —at— Qipyy = 0,
where we shall suppose that a;, 03, ..., an4 satisfy

n+l

(2.10) >0 i=Tn+1, Y o>1
=1
(2.11) S Qng1 20 2. 203 2y,

$3, i2,...,In41 being an arbitrary permutation of the numbers 1,2,...,n + 1.

Lemma 2.3 Ifon,az,...,0m41 satisfy conditions (2.10) then any of the equations
(2.9) has a unique solution w > 1. Moreover, if (2.11) holds and we denote by
a,b,c the positive solutions of (2.7), (2.8) and (2.9) then

(2.12) 1<b<c<a,

i.e. equation (2.7) has the greatest positive solution.

Proof. Consider one of the (n + 1)! equa.tidns of the form (2.9), denote by s

the greatest natural number for which o, # 0, 1. a;,,, = @i, = ... = aj,,, =0
and consider the function ¢ () = tf_(.i)l .
We have (1) = 1—ai, — @, — ... — @, < 0 and lim ¢(t) = +oc, whence

it follows that the equation R({) = 0 has a solution greater than 1. Since the

: R(?)
function ¢ () = proe
this solution is unique.

In order to prove (2.12) it will suffice to show that R(b) < 0 and R(a) > 0.

Indeed, since @ (b) = 0, we have:

R(B) = B(5) ~ Q(b) = (1 — i) b" + (az — 85) 5" + ..+ (an — 0;,) b+ s —
= (b= 1) [(01 ~ 0,) " + (a1 + a2 — @i, — a) B2 4 ..+
+lar+ar+ ...+ 8 —a; —a;, —...— dl'n—l) b+
+(a1+ar+..+ 8, —a; —a;, —..—a;,)),

is increasing in the variable 7 = %, v > 0 it follows that

whence it follows that R (b) <0, since b > 1 and the inequalities

a+a+..+e,~a, —a,~..—a;, <0, s=1n

hold.
The incquality R (a) > 0 is proved in a similar manner.0
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3 Iterative methcds of interpolatory type

It is known that most of the iterative methods are obtained by invesse interpola-
tion of Lagrange, Taylor or Hermite type. o
Let F = f(I) be the image of I by f. We shall suppose that f is derivable
on I up to the order n + 1, and f/(z) # 0 for all 2 € I. It then follows that
f: I — Fis invertible, so there exists f~! : F — I. It is obvious that if Z is the
solution of (2.1) then
3.1 = f"1(0).
In order to determine an approximation Z of 7 it is sufficient to determine a

function & which approximates f~! on a neighborhood V; of y = 0.
If

(3.2) W) =h@)+R(fy), YyeW,
then we can consider that # ~ T with the error
(3.3) g~ &1 = |R(f,0)|, where & = h(0).

A simple and efficient method for constructing functions that approximate
f7! on V; is the inverse interpolatior. The most general method of this type is
the method that lead us to the Harmite inverse interpolatory polynomial.

Ia order to construct the Hermite inverse interpolatory polynomial in its most
general form we must know both the values of f~' and the values of the derivatives
of f~* at some precized points from V5.

Concerning the succesive derivaiives of f~' we shall rely on the following
lemma:

Lemma 3.1 [6]. If f: I — F is derivable up to the ordern +1 and f'(z) #0
for all z € I, then there exists f~ : F — I and the following equality holds:

iy k-1 k G) (2 i
(3.) (f“)(k)(y)=2(2lc i) H(f ()) ,

il il [ @) S\ A

where y = f(z) and the apove sum eztends on all nonnegative integer solutions
of the system

{342+ 3+t (k-1ix=k—1
6 +ig 4o i =k—1.

Let z; € I, : =1.n 4+ 1 be n + 1 interpolation nodes and a;,as,...,an41 2> 1,
n + 1 natural numbers. Denote by m + 1 their sum:

(3.5) g 4a 4. da,=m4 L
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We also denote y; = f(z;),i=1,n+1and so f~! (y:) = ;.

For the construction of the Hermite inverse interpolatory polynomial we con-
sider as interpolation nodes the numbers y; € F, i = I,n+1, and we need a
polynomial

H (31,015 92,025 i Y1, 045 £ | 9) = H ()
which satisfies

36  HI@)=(")"w), j=0a=T i=TaFL
1t is well known that such a polynomial has the following form

H(y1,01,92,82; 3 Yn41,Gni; 71 | y) =

@.7) +1 651 ai=j—1
_mdls a; 1) a1 (k) y
=3 £ n U0k et
where
n+1l E
(3.8) ww)=II (v —w)"-

i=1

The following equality holds:

(39)  J7(9) = H (31,0542, 035 i Ysrsaness £ | 9) + R(F,0)
where (1)
-1 (€ it O]
(3.10) (f ,y) —(——_-a-—ﬁ!_w (¥),
0 being a point belonging to the smallest interval determined by the points

YY1, Y2, -y Yntd-
From (3.7), for a; = a3 = ... = an4y = 1, there is obtained the Lagrange
inverse interpolatory polynomial, i.e.

ntl

L ziw (¥)
L (y1: 92, s Y f7'9) = L=

and for n = 0, again (3.7) gives the Taylor inverse interpolatory polynomial:

T(yx,f"y)=§;( ) () (v -y -
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Let ,,2,41,..., Ts4n € I be n+1 approximations for the solution Z of equation
(2.1). Then another approximation Zs4n41 can be obtained by
(3.11) Zgynp=H (ys7a'l;yt+ha2; "-;y:+man+1;f’l l 0) , $=12,..
where the function H is given by (3.7) and the polynomial w, is given by
n+s
Ws (y)= H(y-yi)a') s=1,2,..
=s
It can be easily seen that, taking into account (3.9),

| 8)
—(m__ﬁ)—!"'glf (Zop)|™, 85 =1,2,..,

(3.12) |f (Znesa1)l = |f (B)]

if the equence (z,),, is generated by (3.11). Forall s > 1, the numbers 8, belong
to the smallest interval determined by 0,y,,¥st1,---)¥s4n and B, are numbers
belonging to the open intervals determined by Z and ;4n41.
Supposing that ¢, = |f' (8,)] w
) * U (m+ 1)
ses of Lemma 2.2 and, moreover, lim f (z,s) = 0, then, taking into account Lemma

, 8 =1,2,..., verify the hypothe-
2.1, it follows that the convergence order of method (3.11) is given by the positive
solution of equation

(313) t“+l - G,..Hi" - a,.t"'l — . azt —ay = 0.

If @ = a3 = ... = @n41 = ¢, then the corresponding iterative method from
(3.11) has the convergence order wnt1 () given by the positive solution of the
equation:

gt —gt" — . —gqt—q=0.

In [5] there is shown that the number wy, (¢) satisfies
@) wnl0) <wasil))  m=12.
¥) max{q, 2 (g + 1)} <wnnr (9) < g+1;
) mw, (g) =¢+1.

For ¢ = 1, the properties a’) - ¢’) can be found in {3}
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For n = 0, the corresponding iterative method has the form
-1}/
zon =2 L0 ) 4 () () P2 ) +
HEDT RGN @) (=), s=1.2,

i.e., the Chebyshev method. Tt can be easily seen that the convergence order of
this method is m + 1.

We propose ourselves to find bounds for the convergence order w of (3.11), i.e
for the solutions of (3.13). First we shall prove the following lemma.

Lemma 3.2 The positive root w of equation (3.11) satisfies

(3.14) (m+1)*<w<l+ max {a;},

where
m+1

(n+l)(m+l)—:§(i—l)a,~

o=

Proof. Let 8= (m+1)® and Py (t) = 1"+ — @, y1t" — ... — agt —a,. For the
first part of inequality (3.14) it will suffice to show that P,4; (8) < 0. Using the
inequality between the geometric and the arithmetic mean, i.c.’

i pia; nt1 il P n+1
= (n dm) =, (!,')0, Pi>0’ z=l,n+I, Zpi>0’

f: P - =

=1

=1

we obtain

i—1
n+1 . a.a
Pn+1 (ﬁ) — ﬂ"“ — g a.‘ﬂ'-l = ﬂn+l mi%‘ 'é

=1

n41

< ﬂ'ﬁ-l — (E a') ( 'B(t—l)u-) 'z,: a; - ﬂn+l (m + 1) ( ﬂ(t—l)ﬂ.) ml _ 07
=1 i=1
for f=(m+1)%
For the second inequality in (3.14) it easily comes that P,y (a) > 0 for

a—1+1<131<a)i‘{a.}
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4 Interpolatory methods having optima! con-
vergence order

To each permutation of the set {1,2,...,n+ 1} there corresponds an iterative
method of the form

(4 1) Tngy2 = H (!Ii. 3 @iy Yigs Qigs ooey yi,.+1v Aipgrs f-lo)
Tnpspz = H (y.-,+,,as.;y.~,+,,a.~,; ...;y.-,,+,+,,a.-,,“;f“0) , 8=1,2,..

There are (n +1)! iterative methods. Lemma 2.3 offers the possibility to
establish which method of the form (4.1) has the optimal convergence order.

Theoremn 4.1 Among the (n + 1)! iterative methods of the form (4.1) the method
with the highest convergence order is the one for which

ag, S ai, S S a;,,“.

The proof of the above theorem is obtained as a directly consequence of
Lemma 2.3. )

In the following we shall apply the results of Theorem 4.1 to a particular case.
For n = 1, by (3.11) we obtain two iterative methods:

@2 = H(y1,01592,a2; 710), 21,22 € Lyy = f(21), y2 = f (22)
' Tng1 = H(yn~17al;yn7a‘2;f_] 0) y n= 3741 weee

and

@43 = II (y1,82; 42,815 f710), 21,22 €1, y1 = f(21), ya = f(za).
' Tpgr = H(Yn-1,02:¥n,a1; F10), n =3,4,.

The convergence order w; of method (4.2) is given by the positive solution of
t?—azt —o1 =0
and for (4.3) the convergence order is the solution of
2 —at—a=0.

It is easily seen that if @; > ; then wy < wy, and so the iterative method
(4.2) has a greater convergence order than the one of (4.3).
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