Sinus Association

ON THE CHEBYSHEV METHOD FOR APPROXIMATING THE SOLUTIONS OF POLYNOMIAL

OPERATOR EQUATIONS OF DEGREE 2

Author(s): Ton PAVALOIU

Source: Buletinul stiintific al Universitatii Baia Mare, Seria B, Fascicola matematica-
informaticd, Vol. 16, No. 2 (2000), pp. 219-224

Published by: Sinus Association

Stable URL: https://www.jstor.org/stable/44001756

Accessed: 21-02-2024 09:44 +00:00

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide
range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

https://about.jstor.org/terms

Sinus Association is collaborating with JSTOR to digitize, preserve and extend access to
Buletinul stiintific al Universitatii Baia Mare, Seria B, Fascicola matematica-
informaticad

JSTOR

This content downloaded from 188.27.131.245 on Wed, 21 Feb 2024 09:44:12 +00:00
All use subject to https://about.jstor.org/terms



Bul. Stiint. Univ. Baia Mare, Ser. B,
Matematica - Informatics, Vol. XVI(2000), Nr. 2, 219 - 224

Dedicated to Maria S. Pop on her 60" anniversary

ON THE CHEBYSHEV METHOD FOR APPROXIMATING
THE SOLUTIONS OF POLYNOMIAL OPERATOR
EQUATIONS OF DEGREE 2

Ion PAVALOIU

Abstract: In this paper, the Chebyshev method for approximating the
solutions of polinomial operator equations of degree 2 is presented. The
convergence of the Chebyshev method is studied

MSC 2000:47H60
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1.INTRODUCTION

The polynomial operator equations represent an important class of oper-
ator equations [1]. Among them, the polynomial operator equations of de-
gree 2 have a special importance because the convergence hypotheses for the
usual methods (Newton method, chord method, Steffensen method, Cheby-
shev method, etc.) are much simplified compared to the general case [6]. In
this note we shall study the convergence of the Chebyshev method for the
mentioned equations.

Let X be a Banach space and consider a mapping f : X — X. We remind
that the mapping f is a polynomial operator of degree two if

a) f is three times differentiable;
b) f" (z) = 63, Vz € X, where 03 is the trilinear null operator.
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2.THE CONVERGENCE OF THE CHEBYSHEV METHOD.

Consider the equation
f (=) =49, (2.1)

where § € X is the zero element. Given an initial approximation ug € X
of a solution % of the above equation, the Chebyshev method generates the

sequence (u,,)n20 by
Uns1 = Un — Daf (Un) = ATnf” (un) (Tnf (un))?, w€ X, n=0,1,2,...,
where Ty, = f' (u,) "
Consider 7 > 0 and denote S = {u € X : |Ju — uo|| <7}. Since " (z) =

05,Vz € X, it is clear that f”(z) does not depend on z, so we may take
my = || f" (z)|| . From the Taylor formula we obtain

£ (w) = f (o) + f' (u0) (u — wo) + 3£ (uo) (u — )" (2:2)

I/ (u) = f (uo) + " (uo) (u — uo). (2.3)
By (1) it follows

I @ < I (wo)]| + mar, Vu€S,

which implies
sup | (W) < 1/ (o) + mar. (2:4)

Similarly (1), leads to

sup 1 ()] < I (wa)l + 1 (o) + 3rmar®. (25)

We shall make the following notations:

mo = ||f (uo) || + 7 [|f (uo)l| + 3mar?, (2.6)
p= gmab® (1 + gmamob®) , (2.7)
v =05 (14 j3mameb®) (2.8)
where Bo :
b= T ey 224 b= || (w0) | (2.9)

With the above notations, the following result holds:

220

This content downloaded from 188.27.131.245 on Wed, 21 Feb 2024 09:44:12 +00:00
All use subject to https://about.jstor.org/terms



Theorem 1 If for some ug € X and r > 0, the mapping f satisfies
i. 3f (uo) ™'
1. maber < 1;
ii. the numbers pu and v given by (1) and (1) verify

po= - |f (w)ll <1 and

Vh <o

VB =po) ~

then the following relations hold:
j. the sequence (u,,)ﬂ20 generated by the Chebyshev method converges;
Jj. denoting W= lim uy,, thenw € S and f (7)) =6,
n—o00

e 3”
i o =l < 2 m =01,

. B —u,] < 7}“’;—5, n=201,...

Proof. First we shall show that hypothesis ii) implies the existence of
the application f' (u)™* for all u € S and, moreover, ||f’ (v) *|| < b. Indeed,

one has
|/ (u0) ™" (f' (uo) — f' (w))|| < mabor, Vue€S.

Applying the Banach Lemma and taking into account relation ii) it follows
the existence of f’ (u)'1 for all 4 € S and, moreover,

I ()| < s =B (2.10)
Denote by g the mapping g : S — X given by
g(w) =T () f (w) = 3T () f" () (T () f (u))’ (2.11)

where T (u) = f' (u)™".
It can be easily seen that for all u € S, the following identity holds:

£ @)+ (w)g () + 1" (W g () =
=177 (£ @7 @), £ @7 @) (7 @7 @)°) +

A7 ) (7 )7 ) (7 ) F @)
whence
If @)+ F ) gw) +3f @ @] <plf @), vues (212)
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Since Up4y = Up + g (un) , from the Taylor formula we get

S (1) = f(tn) + F (W) (Uns1 — tn) + 2" (tn) (tni1 — un)?
= f(tn) + [ (un) g (un) + 3" (un) &% (tn) ,

and, by (1), 2
I ()l < ]l f Cun)” (2.13)

provided that u,, € S. Since 49 € S one obtains

s = woll = llg (wo) | < w 1| (o] < BN — 0 <

ie. u; € S. Suppose now that the following relations hold:
a)u €8,i=0, 0,k;

B) If @l < mllf ), i =
From ux € S and (1) it results

I (wes)l] < oS ()] and (214)
s = well < v I1f (i)l (2.15)
Inequality 3) and (1) lead to
If @)l € & (VEIf wo)l)*, i=TE+L.

By (1) one gets

k+1 k+1

s —woll < Dl —wina €Y wlIf (wi-n)ll <
i=1 . 3’ . i=1
s f_: = (1 = Po)’
ie., ug4y € S.
It is easy to show that
VPo

Untm — Un|| < n=01,,., meN 2.16
" +m " \/—(1 paﬁ) ( )

and, since py < 1, it follows that the sequence ('"'n)n>o is Cauchy, so it
converges. Denoting T = limuy, it is clear that f (@) = 0. Letting m — oo
in (1) leads us to jv. ]
The Chebyshev method may be applied with the aid of the following
algorithm:
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Let u,, be an arbitrary appraximation of the solution of (1), and which
satisfies the hypotheses of Theorem 1. The next approximation uy41 may be

obtained by
1. Solve the linear operator equation

f' (un) Pn = f (un),
2. Solve the linear operator equation
f' (un) gn = " (un) P},

3. Compute ,
Un 41 = Un — Pn — §n-
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