'.) Check for updates

IJMMS 2003:42, 2645-2651
PIL. S0161171203211418
http://ijmms.hindawi.com
© Hindawi Publishing Corp.
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We show that the convergence of Mann iteration is equivalent to the convergence
of Ishikawa iteration for various classes of non-Lipschitzian operators.
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1. Introduction. Let X be a real Banach space, B a nonempty, convex subset
of X,and T : B — B an operator. Let u,x; € B. The following iteration is known
as Mann iteration (see [6]):

Uns1 = (1= o) Un + 0, Ty, (1.1)

The sequence (&), C (0,1) is convergent such that
limoy =0, > o =ow. (1.2)
n=1

Ishikawa iteration is given by (see [5])

Xn+1 = (1= &) Xn + &n T yn,

(1.3)
Yn=(1=Bn)xn+BnTxn, n=12,...
The sequences (&Xy)n, (Bn)n C (0,1) are convergent such that
lim &, = 0, lim B, = 0, > oty = 0. (1.4)
e nee n=1

Moreover, the sequence (), from (1.3) is the same as in (1.1).

Themap J: X — 2% givenby Jx := {f € X* : (x, f) = | x|, IfIl = Ix]I}, for
all x € X, is called the normalized duality mapping. The Hahn-Banach theorem
assures that Jx + @, for all x € X. It is easy to see that we have (j(x),y) <
x|, for all x,y € X and for all j(x) € J(x).

DEFINITION 1.1. Let X be a real Banach space and let B be a nonempty
subset. A map T : B — B is called strongly pseudocontractive if there exist
ke (0,1) and a j(x —y) € J(x —) such that

(Tx-Ty,j(x-»)) <klx-yI*, Vx,y€EB. (1.5)
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Amap S:D(S) — X is called strongly accretive if there exist k € (0,1) and a
Jj(x—y) e J(x—y) such that

(Sx=Sy,j(x-y)) =kllx-yl? Vx,y€D(S). (1.6)

In (1.5), when k = 1, T is called pseudocontractive. In (1.6), when k =0, S is
called accretive. We denote by I the identity map.

REMARK 1.2. (i) The operator T is (strongly) pseudocontractive map if and
only if (I—T) is (strongly) accretive.
(ii) If S is accretive map, then T = f — S is strongly pseudocontractive map.

Remark 1.2(i) is obvious from (1.5) and (1.6). For Remark 1.2(ii), supposing
that x,y € Band j(x—y) € J(x — ), one obtains

(Sx=Sy,j(x-))20=((f-T)x~(f-T)y,jlx~-¥)) =0
= (Tx-Ty,j(x-»)) <0=<klx-yl?

forall k € (0,1).

In [10], it was shown that the Mann and Ishikawa iterations are equivalent
for various classes of Lipschitzian operators. We prove here the equivalence
for non-Lipschitzian operators. For this purpose, we need several lemmas.

LEMMA 1.3 [11]. Let (an)n be a nonnegative sequence which satisfies the
following inequality:

an+1 < (1-Ay)an + oy, (1.8)

where A, € (0,1), forallneN, >, Ay =00, and oy =0(Ay). Thenlimy, . a, =0.

Itis known that J(x) = ¢ (x), where ¢ (x) = (1/2)]/x]|2 and d¢(x) denotes
the subdifferential of ¢ (x) at x, so the following inequality is satisfied, see also
[1, Lemma 2.1] or [9, Lemma 1].

LEMMA 1.4 [1, 9]. If X is a real Banach space, then the following relation is
true:

Ix+y0% <lIxI?P+2(y,j(x+»)), Vx,y€X, Vjlx+y)eJ(x+y). (1.9)

2. Main result. We are now able to prove the following result.

THEOREM 2.1. Let X be a real Banach space with a uniformly convex dual
and B a nonempty, closed, convex, and bounded subset of X. Let T : B — B be a
continuous and strongly pseudocontractive operator. Then for u, = x1 € B, the
following assertions are equivalent:

(a) Mann iteration (1.1) converges to the fixed point of T;
(b) Ishikawa iteration (1.3) converges to the fixed point of T.
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PROOF. Deimling [3, Corollary 1] assures the existence of a fixed point.
The uniqueness of the fixed point comes from (1.5). Because X* is uniformly
convex, the duality map is single valued (see, e.g., [4]). Using (1.1), (1.3), and
Lemma 1.4, we get

%1 = [* = 111 = o) (xn = ) + 0 (Tyn = Taa) [

<(1- (xn)2||xn —un||2 + 200 {Tyn —Tun, J(Xni1—Uns1))
=(1- “n)ZHXn _unH2

+ 200 (Tyn = T, J (Xns1 = Uni1) =J (Vn —Un))

+ 20 (Tyn = T, J (Yn —Un))
<(1- O‘n)ZHXn _unHZ + 20tk yn _unHz

+ 200 (Tyn = T, J (Xns1 = Uns1) =J (Vn —Un))
< (1= o) 1200 = n[* + 20, K] [0 = 10|

+ 20 || Tyn = Tun||[|J (Xns1 = tns1) =J (Vn—un) ||
<(1- (Xn)ZHXn —unHZ + 20t k[ vn _unHz

+ 200 M1 |[J (%ns1 = wns) =J (v —un) |,

(2.1)

for some positive constant M;. Observe that (|| Ty, — Tuy|l), is bounded. We
now prove that

J(xni1 —Uns1) =J(Yn—un) — 0 (n— ). (2.2)

Deimling [4, Proposition 12.3, page 115] assures that when X* is uniformly
convex, J is uniformly continuous on every bounded set of X. To prove (2.2),
it is sufficient to see that

H(xnﬂ _un+1) - (yn_un)H
= ||(xn+1 _yn) - (un+1 _un)”
= || =X+ 0 Ty + BuXn —BnTXn + XUy — (XnTunH (2.3)
< o (|l |+ [ Tynl[+ [[unl[+ || Tunll) + Bu (|13l + [ Txn])

<(ctp+Bpn)M —0 (n— ),
where

M = sup (([lxnl[ +[[Tynll + lunl [ +[[Tunll), (Bxenll+ [ Txn[l)) <oo. (2.4)

The sequences (Un)n, (Xn)n, (TXn)n, (TUR)n, and (T, ), are bounded be-
ing in the bounded set B. Hence one can see that the M above is finite and (2.2)
holds. We define

On =20 M || ] (Xns1 —Uns1) = J (Vn —un)||- (2.5)
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Again, using (1.1) and (1.3), we get
||yn*un”2 = |[(1=Bn) (xn—un) +Bn(TXn*”n)HZ

<(1 —Bn)ZHxn—unHZ + 2B {Txy —Un, J(Vn—uy)) (2.6)

< ||xn —un||2 + BuMo>.

The last inequality is true because ({(Tx;, — Uy, J(Vn —Uy)))y, is bounded, with
a constant M» > 0. Replacing (2.5) and (2.6) in (2.1), we obtain

B _unHH2 <(1- ‘Xn)2||xn _unHZ + 20t k||xn _unHZ
+ O + 0 (2k) B Mo (2.7)

= (1-2(1—k)otn + 02)||xn — un||* + 0 (ctn).

The condition lim,, .. &, = 0 implies the existence of an 1y such that, for all
n = ng, we have

o < (1-k). (2.8)
Substituting (2.8) into (2.7), we get
1-2(1-Kk)op+02 <1-2(1-k)oty+(1—k)oxpy =1 — (1 — k) xty,. (2.9)
Finally,
IXne1 —tnet])? < (1= (1 =k)otn)||xn = nl]* + 0 (ctn). (2.10)

With an, = l|xn — unll?, Ay :i= (1 = k), € (0,1), and using Lemma 1.3, we
obtain limy, .« an = limy, .« [|Xn —Unll? = 0, that is,

11311 |5 —un|| = 0. (2.11)
Let x* be the fixed point of T. Suppose that lim,,.., ©;, = x*. The inequality
0 < ||x* = x| < |Jun —x*|| +||xn —un|| (2.12)

and (2.11) imply that lim, . x;, = x*. Analogously, lim, .. x,; = x* implies
limy, o Uy = x*. O

REMARK 2.2. (i) If T has a fixed point, then Theorem 2.1 holds without the
continuity of T.

(ii) If B is not bounded, then Theorem 2.1 holds, supposing that (x,), is
bounded. The point was to prove that if Mann iteration is convergent (thus
bounded), then Ishikawa iteration is convergent too. We remark that having
the convergence of Ishikawa iteration, one can immediately deduce the con-
vergence of Mann iteration by setting 8, = 0 for all n € N in (1.3).
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Theorem 2.1 does not completely generalize the Lipschitzian case from [10]
because the operator there is not necessarily bounded.

THEOREM 2.3 [10]. Let K be a closed convex (not necessary bounded) subset
of an arbitrary Banach space X and let T be a Lipschitzian pseudocontrac-
tive selfmap of K. We consider Mann iteration and Ishikawa iteration with the
same initial point and with the conditions limy,—.. &, = 0, lim,, .« B, = 0, and
So_1 0y = o0, Let x* € F(T). Then the following conditions are equivalent:

(i) Mann iteration (1.1) converges to x* € F(T);
(ii) Ishikawa iteration (1.3) converges to x* € F(T).

3. Further equivalences. Let S be a strongly accretive operator. We consider
when the equation Sx = f has a solution for a given f € X. It easy to see that

Tx=x+f-Sx, VxeX, 3.1)

is a strongly pseudocontractive operator. A fixed point for T is the solution
of Sx = f, and conversely. Theorem 2.1 assures that the convergence of Mann
and Ishikawa iterations to the fixed point of T are equivalent for bounded
strongly pseudocontractive maps. A similar result holds for the convergence
of Mann and Ishikawa iterations to the solution of Sx = f. Suppose that the op-
erator S is strongly accretive. It is well known that if S is bounded, (I-S) could
be unbounded. Take, for example, S:R - B=[-1,1] with S(x) = (1/2) cosx.
According to [2], the map (I — S)(x) = x — (1/2)cosx is strongly accretive
and (I — S)(R) = R. Thus, if B is bounded and x € B does not mean that
Tx =x—Sx+ f € B. For the same (& )n, (Bn)n C (0,1) as in (1.4), iterations
(1.1) and (1.3) become

Xnt1 = (1= &n)Xn+ & (f+T=S)n),

Yn=(1-Bn)xn+Bn(f+UI-8)xy), n=12,...,

(3.2)

Upi1 = (1—o)up+ o (f+T-S)uy,), n=1,2,.... (3.3)

The existence of the solution for Sx = f when S is a continuous and strongly
accretive operator results from [8]. This argument and Remark 2.2(ii) lead us
to the following corollary.

COROLLARY 3.1. Let X be a real Banach space with a uniformly convex dual
and B a nonempty, convex, and closed subset of X. Let S : B — B be a continuous
and strongly accretive operator and let (x, )y, given by (3.2), be bounded. Then,
for u; = x1 € B, the following assertions are equivalent:

(a) Mann iteration (3.3) converges to the solution of Sx = f;
(b) Ishikawa iteration (3.2) converges to the solution of Sx = f.
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Let S be an accretive operator. From Remark 1.2(ii), the operator Tx = f —Sx
is strongly pseudocontractive for a given f € X. A solution for Tx = x becomes
a solution for x + Sx = f. For (&n)n, (Bn)n C (0,1), as in (1.4), iterations (1.1)
and (1.3) become

Xn+1 = (1= otn)xXn+ 0 (f —Syn),
V= 1-Bn)xn+Bu(f-Sxn), n=12,...,
un+1:(1*0(n)un+0(n(f*5un), n=12,.... (3.5)

(3.4)

The existence of a solution for this equation follows from [7]. We are now able
to give the following result.

COROLLARY 3.2. Let X be a real Banach space with a uniformly convex dual
and B a nonempty, convex, and closed subset of X. Let S : B — B be a continuous
and accretive operator and let (x,)y, given by (3.4), be bounded. Then, for
U1 = X1 € B, the following assertions are equivalent:

(a) Mann iteration (3.5) converges to the solution of x +Sx = f;
(b) Ishikawa iteration (3.4) converges to the solution of x + Sx = f.

Observe that if S is not continuous, and the equations Sx = f, respectively,
x+Sx = f, have solutions, then Corollary 3.1, respectively, Corollary 3.2 hold.

We remark that all the results from this paper hold in the multivalued
case, provided that these multivalued maps admit appropriate single-valued
selections.
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