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(59) I(a) < I(1) = O, auquel cas (59), aves («4) et la proposition

1 donnent

(63) . ota(p > 0.
Or, 1'expression de < (f) de 1'énoncé de la proposition &, avec

(51), (53) et la rdgle de 1°Hospital donnent
(64) 1in () = =00,

L'expression mentionnée de o,(p) et (54') domnent m _o(“(p) =

= - 1/(17-24L), ce qui, avec (64) et (63) démontre la proposition
énoncés. _ _
Remargue 4. Nous ne savons pas si 1'hypothdése (€1) est vrais.
Elle concorde, en tout cas, avec les valcm_-a q(- b = B(3 = 1wl
+ 1l et £7(1) = 8(3 - 5P +'f,2) données par (2), parce qu'on a
£2(- $)> £3(1), au £ait que 1'inégalité s'écrit £ > fx = 0,692...

est devient par suite évidente.
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ABOUT THE DETERMINATION OF EXTREMA 07 A

HOLDER FUNGTION

by
Costicl Mustita

&

Iet (X,d) be a metric space and €(0,1] . 4 funoction =1 L1

is called Hilder of class o on X if there exists K20 puch that
Iz - 2] £ .8,y (1)

for all x,ye X .
Put

Neh,x = sop{le@ - 2\ /d"(x,3) + myex, xh3} (2

Then || £|| a,X 18 the smallest constant K for which the ine-’
quality (1) holds lnd\"Ffl called the Hdlder morm of £ .

Dcnote‘by A d(x,a) the set of Hélder functions of class &
on X [3]., Then A“(x,a) is a vector lattice, that is, it is
closed under the opsrations of ad.d:l.tion,l multiplication by ecalars
and .fomtién of supremum -and. infimum of two of its elements.

For & nonvoid subset Y of X , the I{Slder norm. “t“of.l’ and
the space Aﬂ(!,d) are defined similarly .

THEOREM 1. Iet (X,d) be amen_-;g'gpaég . YcX and «€(0,1].
i IGAd(I.ﬂ) then the functions

B = ot { 23) + n:;1u.,.af‘(x,,)‘ v yeT}, xex

&nd (3)

¥ (x) = eup {_,r(y) - ﬂrn"t.di(x,;) ¢ 1&!} , XeX

Are extengions of f , i.e.



Ry = Bly=1,

0 a)

and
2z = 1%l x = I, ¢ -

Theorem 1 follows from Corollery 1.2 im [3) (see aleo [4 1,21,
Iet (X,4) be & compact metric space and let £ be in A  (X,4).
If Y is @ subset of X and q > H:rl,]lﬂ(_I (uere £|y denotes

the restriction of £ to Y ) , then the functions

0(x) = 4inf { (y) + q.dd(x,y) ' 3&1’} s XeX
: (a)

u(x) = sup {.r(y) - q.dn((x,y) t ye I} y XEX

are extensions of r[! which belong to /\ b (x,d) and have the

norme g (eee (2] ). Ir F, and F, denotes the functions defi-
ned by (3} , then

F(x) < £(x) < Fi(x) , xex (5)
and for g >llr|x]|«'x we have
u(x) < 3'2(:) £ f(x) < rz_(x) £0(x) , xeX (6)

A meximum ( Teepectively a minimun) point of a function
f1 X>R is & point x®e X such that

2x®) 2 2(x) respectively £(x") £ £(x) ) (7)

for all xeX .,

For a bounded real funetion £ om X put

K, = sup {f(x) xlxex}- v B ={xer t £(x) = Mr’i (8)

£
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.!.m{r(z)axex} . gz-{xela r(z)--‘,k (e}

Ist now (X,d) be a compect metric space and let f be a

functien in A“(I,d) .

We define now inductively two sequences (‘n)n;o and (M)

n nyoe

- of points in X ‘a.nd of real numbera, respectively, as follows i

be & fiwxed point in X ,

et q> “‘ﬂd.x be fixed and let x,

Let

Wx) = £(x,) + a4 (x,x;)) , zeX (20)

the greatest extension of f obtained from (&) for Y = {:a'fl mRd

let
E, = swp{ 0°x) s xeX) .
Buppose mow that for a natural number n>1 , the poinie
Zo0 Xys ee+ 3 Xy o 8nd the numberc 'o' iy eov p My, were
defined . let U™l bo the greatest extension of f|y obtained

from (4) for ¥ =ixy, X, wee'y Xy f o Put M w mup {0°M(x)
' xtxi and let x; be a point in X such that U‘n'l(xn)=lg‘.

The properties of the so defined segquences ('n)n?_o and.
) (ln)n;o are deseribed in the following theorsa t
THEOEEM 2. Let (I,4) be a compeet metric space and lei

te A(X,a) . For a fived q> Hr[]d'_x lgt the seguences (x.), .,
and (ln)mo be _defined as above . Then

lim = :
a) an L9 M, '
b lin  inf § a(x, cE,f = O
) L { (x,x) 1t xe f} ;
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o) Ibe sequence (f(x,));,, bse the numbgr ¥, ap g
dimit poimb .

Proof. Bimce T4 01 for m = 1,2,000 5 it follows that
the seguence ('n)nao is nondecreasing . By (_6) L U"‘ltxn)a
2 Hxy) 2 li.n{t(::) t xeX) mo thet the seguence (), 48

slzo bounded . Therefore there exists N = lim . By (6)
£(x) < UNx) < M, , for all xeX and ne¥ so that

£2(z) < ¥ , for all xeX {11)

The metric space X haing compact, the meguence (’n)nzo
contains a subsequence (xhk) convergent to & point wzeX ,
A kzo
Bince the function £ is continuous it followe that

:E(znk) —>f(z) , k-—>oo (12)
But, for k21 ,
=1 =1 -1
vE (g) - "nk-ll = Iu (2) - UK (x,t).l £ qd“(:.:nk)-*o
for k— co , and ln]-‘_l—!'l for k—>o , go that
=1

F‘k (z) >N , for kK — == . {(13)
By the relation
TR - 205, )] = [0 - vk, )| < 00 7(0,%, )0, kv,
"and by (12) it follows that '

Uék(s) —>f(g) , k-—>o0 P s (14)
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Therefore , if in the inequalities

-] ;
() < TE () s.un"'lc;) , k31

we let k->cc one obtainms f£(s) < M < £(z) , so that £(z) = 17 .
Teking inte sccount (11) 4t fcllows that »

Ha=zf(z) = m{r(z) 8 zeI} .

To prove b) , observe that if contrery, then there exist
£> 0 apd an infinite subset J of K such that

inf {‘("’d) : xelf’g >E (15)

for all Jj&J . The spece X belng compact there exists a subse-
gunnc-. (xjk)k; of (xd)dﬂ converging to & point yeX , But
Ghan , repeating the above argumente will follow that ye Ef .
which contradicts (15) ,

The effirmeation ¢) follows Zfrom (12) .

Bemarke. 1) Inthe case X = [e,b] and o = 1 a similar
result in proved in [G];

2) 1If the eatensions U® are replaced by tae extensions u"
end m = inf {u“'(z) i :ex]] . un(:m_:_) = m, , then one
obtaine & procedure to find the minimuu m, of a function fe/\ (X4

Exsaple. Iet X = [_0.1] » dl(;l:,y)‘ = Ix - J’] and

£f(x) = x.sin s Aif xc (0,1]

.1: x=0
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It is known that fe /\“{I,d) if and only if « ¢ (0, —1-]
( see [}], Probiem 153 ) apd in this case §

"‘lL,x < [1+2.1n (1+2'K)+25€]U2 < _ &a

We apply now Theorem 2 %o find the global maximum of the
function £ on [0, 1/31':[ for o = 1/2,

Step 0 , Take x = 1/2%
The greatest it
greatest extemsion of ;‘{Iol} to [0, i) 1s
o 2
U¥(x) =. £(x,) + 4!: - xof

The set of points of local meximum of the function UP
is

D= {0 wVeR), (wx, s/VEny] .

Bt E e ‘J U
] X ] IJ ‘ ¥ 1./JL [ ] hl 15

P60 ¢ mn fre) « b [x - x |70k foy ]

The points of local maximum of the function U’ is
Dy = {Cxgys THxgy)) | (0, TN}

where xol is the solution of the equation

v(x) = th(x)
belonging to [xo', %;] and let x, =0 .
Btep 2, Iet U° be the greatest extension of f]{x

to [0, /%) . ILet e

L
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D, = {(xpp Bl Gy iz}

be the set of pointe of local maxinum of the function

U° and let Xz = Xg) o

Let U" be the greatest extension of the function
to {0, /7] and let X 41 Pe

Btep 2.
r\{xo,zl,..-.xn}
the greatest of the abscisses of the polts of the glo-
bal maximum of U® .,

To stop the algorlthm one can proceeds in two ways ¢

a) the elgorithm stops after & fixed number of lterations j

b) the algorithm stops when the difference between the global
maximum U™(xy) of the function U" and £(x,) 4s smaller than
a fizxed number & > O ,

We have programmed thie algorithm in the language BABIC witn
n = 300 iterations.

The program ia the following 3

1 OPEN'LP; *FOROUTPUT ASFILEITO WRITE
10 INPUT X%=X% + 1 1 Y% = 2°X%

20 DIM X(¥%),F1(X%),FR(X%)

25 Mel ¢+ PR =0

30 DEF FN F(X)

31 IF X=0 THEN FNF=0 ELSE 33

32 GO TO 35

33 FNF=X"BIN(1./X)

35 FNEND

40 DEF FN P(X,U)=FNF(U) + 3.355"SQR(ABS(X10))

T——



100
110

210

230
240
250
1010
1020
1030
1040
1050
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DEF FE B(X,Y) PL(I@)=X(I%) s F2(IR)=FNP(X(I%),C)sMi=ABS(F2(IX)- X
AsY+X ~FEF(F1(I%))) ¢ IF MOCM E=H1ELSE1070: "%l
D = (FRF(Y) - FHF(X))/3.355t Da DD t E=Y X IF V2%=0 THEN 1140
D3 = D"(E+E-D) ) I8=I% + 1
X(I%)=FHB(C,X(V2%)) :

Bl = (A+BQR(D3))/2.

IF81>= X1 AND Bl<=Y GO %0 110 IF Vi%<0 THEN 1110 ELSE 1120

PL(IM)=X(IX) s F2(IRK)=FNP(X(I%),C) 1M1l=ABB(F2(1%)~-FNF(FLLE))): &

m-‘ﬂsl .
FEB = Bl IF W< NTHENM=W]IELEE]1140:PE=I& :GOTO 1140
FHNEND TEalR+l ,

IF J%=Xfi-1 OR IR«Y%-1 THENW 1150

X(1) = 0+ X(2) = 1./PI s X(3) =1./(2."PI)
I3 :J%=1 : F2(3%) = FHP(X(1),X(3)) 1 FL(I%) = X(1)
I% = I% +1 1+ F2(I%) = FNP(X(2), X(3)) 1 FL(IN) = X(2)

FL(I%)=X(I%) s F2(IX)=FRP(X(I%),C): MladBS(F2(IZ)-FEF(FL(I%)))s &

IF M1<MTHEERMIELSE1135:PE=J%
IF J%X% OR IN=Y% 1150

I8 =11 8 = F2(1) 5
PR K% = 2 70 J% 1240 IF ABE(P2(J%)-FEP(X(I%)))<1.B-3 1150 EISE 160
I¥ B><F2(K%) THEN 130 ELSE I%=K% 1 S=F2(K%) Qo mI e, D T DM v XM P f
FEXR K% (1151 PRI # 1,¢ PRI 41,' B-AU PACUT ° § J%; ' ITERATII®
DL=X(1)-X(2) 1 V1%e0 i V2%=0 1 D2w-D1iCeFl(IE) | I5SFRL 41, 1FRL #1,"T"TAB(1L)3 *B(D) " yRAB(21)4 RO0 IAB(33)1 T &
FOR K%=1 T0 I% ; ; TAB(43)3 "P(X)" 3 TAB(53)3 "P(X) "y
DX (K%)~0 PRI # 1,TAB(65)s'X";TAB(75)¢ 'F(X) ' ¢TAB(85) ¢ *P(X) " yTAB(97)3 X" &
IF T<0 THEN 240 ELSE 250 , TAB(107)5 "F(X)* yPAB(117) s "B(X)"s PRI #1,
IF T<D1 THEN 1250 ELSE D1=T | ViSE% : 11170 FRI ¢ 1USING '#. # dd### id dabte 4 & #n_## ' F1(EZ); &
IF >0 THEN 1010 ELSE 1020 FHF(F1(ER)) s F2(E%) s FOR E%=l TO J8-1
IF T D2 THEN 1020 ELSE D2l 1 VReES - 1160FRI #1,1 PRI #1,1 FRI +1,'60L APROXTMATIVA'j'Xa'sPL(PR); &
KEXT K% St . 'R(X)=";FNP(PL(PE)); "P(X)=";F2(P%); 'DELTA="y &
IF Vi%=0 THER 1070 . | f, ABB(P2(P%)-FNP(F1(PE)))
MR=I% ¢ I%=T% ¢ 1 : - 11840=1./F1(FE) = 3 1

' - 1185FRT #1, ¢ PRI #1,"VALOAREA DERIVATEL. ‘g P*(X) =" 8IN(U)-0"COB(U)

X(I%)=FEB(X(V1%) )
: 1190 EED
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One can show that in this case the sequence (xa).” conver-
ges to the meximum point x™ = 0,12944 ( the solution of the equate
tion tg(i/z) = I/x , x € (/3% , /2% ) ).
The maximum of £ is M, = £2(x*) = 0.128374 . Afber 300 ite-
ration we have obtalped the following results
::300 = 0.129982
r(z:,mo) = 0.128309
Mppg = pa”(xw,) = 0.144181
The errors are in this case
My - £(xy,0) = 0.000065
= 0,000537

X300 = =™

REFERENCES

1. G. ABONSSOF , Extension of functions satisfying Lipschit: con-
ditions , Arkiv £br Methematik 6, 28 (1967), 551 = 561 .

2. J. CZIPEBER and L. GEHER , Extension of functions satisfying a
Lipschitz condition, Agta.Math,Acad,Bci,Hungar 6 (1955),
213=220,

3. R. LEVY apd M.D. RICE , The Approximation of Uniformly Comtinuous

| Mappinge by Lipschits snd Halder Meppings, (preprint),1980.

4. E.J. McEBHANE , Extension of range of functions, Bull,d&msr Msth.
Boc. 40 (1934), 837-842.

5. O. MUBTATA , Best Approximation and Unique Extension of Iipschits

Funotions, Journal Apprex. Theory 19 (1977), 222=-230,

6. B. BHUBERT , 4 sequential methed seeking the global maximum of a
function , SIAM J. Numer. dnal. 9 (1972), 379 - 388.

7, The Otto Dunkél Memorial Problem Book, New York (1957).

- 117 =

FOEMAL, CONE VALUED METRICS 4ND NWONCOEVEEL VECTOR
NININIZATION PRINCGIFLE
by A.B. Hémeth
0. Iptreductiop, The extensiom in (W1l-2) of the momconvex
‘ ation prinsiple in (E) does not be formally a gemsralizi-
don. In erdsr to ronuht; a theorem which contains &8s particular
cases both the classicsl formulation dus to EKELAND (B as well as
"u extension for opdered spaces in (122. we have to intreduce
eone velued metrics, It turns out that these metrics offer useful
‘technical facilities in various problems of the ponlinear funotio-
u}ul snalysis. The generalization of ths classical metrioc spaces
4n this direction wes initiated by KUEEIA (KU) and then used by
*mmuc. VULICH and PINSKER (EVP), SOHRODER (8ohR), OOLLATZ (CO),
ummvan:xﬁ BOLTJANEKII and SARTMSAKOV (ABS) eto, Are moteworthy .
the epplicatioms in fixzed point theory. We have got an excellent
guide for surprising this orientation in the monmogrephy (B) of
3US and the literature cited there, The first relevant results in
this direcion seem to be these due to PEROV (PE) and PEROV and
KIDENKO (PK) (see also (R)). The regular come valusd metrios
present for us a special ﬂ_tmst. Their importance fc» the fixed
point theery was discovered by EISELFELD apd LAKSHMIKANTHAM who
have developéd in (BL1l-3) various aspects of fixed peint theory
for mpaces with metrie h;v:hlc values in & regulse ~one of a
Banach space. .

In our nexrt considsreticns ocour naturally some theoretical
problems, First of ell we have % nu.fy 1:: our principal result
is or not a generelisstion of that in (nz). Further, we have to
sharecterise the topological spaces which are metrisable im this




