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ON A SURJECTIVITY THEOREM

Costicd Mustita

It was proved &n [ 3] that if X and Y are two Banach spaces
and F: ¥—>Y is a multifunction such that F(X) is a closed sub-
set of Y , then \thé multifunction F is surjective if and only if
for every i:-e F(X)- the tangent come in b to the set F(X) is Y .

In this note we ghall give necesarry and su.ff:l.clent conditions
for the aur;ec.tivity of a.multifu.nction F: x—,r o when X and ¥

are arbitrary metric spaces.
For a metric.space 2 .and a fixed point 3z,eZ denote by

Eg LipDCZ,R) . the. get of all real-valued Lipschitz functions on Z
which 'vah:lsh-'a.t AN € 1.‘:.‘
'_-u.-_ upecz,m {_n Z-»RB , £ is Lipschitz and r(z y=07.

- M that & function =£3 Z-»R is called Lipsehitz if there
L i, l;o suoh tht .

'.(z)‘_' ‘lﬂ,:l) -r(:z)l H d(zl-rig) e

fnr n.'l:l. zl,a ez s where d .denmotes the metric of Z ., The smal-

leat nnnbéz- ‘M for- 'hich (2) ‘holds is called the Lipschitz porm
; ut t and hdlnutcdh; Ifl . The norm is gi.\ren by

-""f'-;zé),, l:l - m{’f(ll) - !(ta)[/ﬁ(:l. ) s el o 4 =2}




The space Lip (Z,B) equipped with the norm (.34)_-.-15;'.3.:5?;;5@57 '
space . S o g ; 47 g
If Z;cZ is such that 3z e 3%, and £f¢ I-ipo.(Zl.R) ‘t'];LBD- a
function F: 2-»R , Felip (Z,R) is called an extension of 2
if ‘ e o :

() : flzl =t aa FF0=g2).
In geneéral, every fe& I-ipo(Zl.R} has a least one extension
Te LipD(Z‘,R) . Concerning -the properties of the set of all .exben-
sions of £ see [4] ,[5] . '

A subset A of the metric ‘space ' (2,4) is ;.calieﬂ: unif-urmlx"
digcrete  if there exists >0 ~such that d&(xz,y)2d for all
X,JeA , X £ F. 4 = Al

" For Z,C 2 dedote by zli” . the subspsce of »Ipip_ofﬁ,ﬁ) - ‘defined
by

o
ORI

o S
Obviously , Z'lL is a clnaad"anbslpaue .of the Banach Bpau
Lip (Z,R) . ',
4 subset T of a nﬁrmed 3p;me X  is ealled proximinal if
every x€X has a best approximation element in T ; il.e..for -
every., xe&X there exists yn.i—l'. such that - =

{r € I.ipo(?s‘m -

—

(6) Ix-- you = ,:l;nf{l._-x -3yl 3 e I} ,

- If every x&X: has exactly one element of best :ﬁjprbzimatiun

in Y, thentheset!iscallada e "tn:'.!
Let now X and 'I -be .a metric ﬂpaaa a.nﬂl h Iw—*’I 8, mul‘l:i—

:mnctian. It was proved in [4] that F(I) is always a proximi-

‘fial subset of I and that F(X) is cabysavian if and anly i

!Bm n:l.n raanl!: a:E th:ls Icta is tha tolln'i.ng thearem =-l

mml, I.et x,r be two metric ﬁoaa, let F1 XI—»TY
r{x} is elossd and. m-—tm:.fnmlx

wm&ﬂ@-

_ r;g_m(i.a. L =T);

(®) Bwexy reis, (P(0),2). bas smactly cme excension -
Telip (LR '

(e) e suhspace BCX) __cgm_nx Lip (1,B) .
M I:f!iamdacttvtthﬁn BX) = Isnthat

: Lip, a'cx},n,} = Tip (T,5) and, . 1o ot r“‘-{oi Which show that
[ -the mmm. mz-»(n} :

(:)-;x(a) hold true .
Suppose now that condition (b) 1s verified thenm, by [4, T.2]

'umnonstms R!I-I snd since B(X) 1s closed in Y it

follows that. F(X) =I :L.a. (5) =»(a) .
.~ The aquimlanca Ch)éné(c) £ollows by Lemma 1 and Corollary 1

. from [4]. 'J!bearem 1 :I.a completely provad

) If I aml I are Ba;nxch spaces then condikion (b) is equiva-

f} 1nut also to the cendition ¢

(d.)' ]‘arevery y:E(I) the tangent cone T_‘YE(I) to F(X)
in y is T . ([3],E'heumm5 ;

m&lﬂ! I. Lt ,I,I be fwo M spaces and let .F'. XI—>1

F(X) is c;nsad
(a)évb(&) (b)<==c~(c) and (d_) =(b)
Ir. tnrtihamr_e 'F(X) is not uniformly discrete them (b) =>(d)

tno =




gle. The hypnthesia that F(I) is not uuifurml;—diggrat,

is essential in Theurem 1.
Let X =Y =[0,1] ana’ Fi X7 'd'ermed by
v xelo, 12} -
FMx)= i o !
Then F(X) ={0,1} ia elosed snd uniformly discrete, I.e-r.-
Lip ([0,1] ,B) = iz :[u 1)=R, £ is Lipschitz and #) = ej

Every function fe Lip (f{e,1}, B). has a unigue esxtansion- ?-
defimed by #(x) = £(1)x , xef Q,1] . Indeed i

e, Y= end P¥Vaped = feadt .
Therefore (b) does nnt 1mp13 (a}

Also
F( {0,1} ) ={zemip o[0T R) 5 £(1) = o}

and for every fe Lip oC[a,1] ,R) the element 30 of best approxi-—‘

mation for £ in F( {o0,1} ) is

8 = 2(x) ~ g(1)x xe&n,rl
This element is unique since g (x) = £(x) - TT:) and F is° tﬁe
only extension of £ (see [4], Lemma 1 ). Therefore (e) does i
not imply (a) .

REFERINCES

1, ARONSSON , G.,_A note on the extansion of’ Lapschltg and -
i

Hélder functions (preprint 5.0.0 ot

2. ARONSSON , G., Extension of functions satisfying TApschity -
sondiblons ,’ Arkiv f8r Mathematik 6, 28 (1967), -
551 =561, ' bt

'mamm, cﬂ

mmm_,_

{19??); 222' -250* &

'ngbaq-amiw'_' University, Paculty of Mathematics,
Baaannch Eqnina:iss. ‘Beminar: of Funectional Analysis
anﬂ Bhnnzical Ehthods, Erapzint Hr.l, 1980, 1-20..

Amer, Inth. Bua. 40 (1954}. 837 ~ 842,

" SINGER, L., geg. 4. buni_aprexin atii vectoriale

. Bg, ii _wectoriale p

Eﬂituza lcadlmiai R.ﬁ Romahia, Bucuregti 1967 .




