BEMINAR ON

Preprint Nr. 1 , 1986




oy nn-mu.m inistu , Gn Ceristi's mu- and
. N _- successive Mm ssssecevanssnesocsass L
. 2a mm hmwlﬂnm.ttyd
ada the Galerkia methed for & differenmtial equ-
s . m secescovresssssesovssonsiocaascesasionas 11l
3. Mdreisn Diacomn , Couples itératifs. Méthodes itératives
: s cl:tmn Ll’dﬂ-lumlu itératifB.ceecs.. 27
4; e Im.!.bpnil. I.Plvilain Iunm:l.ntnrpola.—
ting lpliml Itth applications tn the egua-
tion S0lVADG seeveececcnes et e din s b T
5. Gosticd Mustita , On the utnn:lm of Lipschits Panc-
; VD 7wt on ca sttt e b i St s dbma s v b
6. A.B. Németh , Known and new equivalemt forms of the
: ' archimedian property of erdered vector spaces...93
7. A.B. Németh , A mecessary condiflon for subdifferentia-
_ : - _ bility of comvex operator® sec.sececicscessccns 104
B. Inn Pévéloin , La convergence de certaines méthodes
it&mtiﬂl pouy resoudrs certaines iqw )
_ tions cpératienmelles. ......... Fpessite PR 127
. Ion Piviiloiu , Bar 1'estimation des errsurs em comvar-
gence numéﬂﬁue de cerkfines méthodes
T e S e USRI
10, Dumitru B:I.pehnn o Bur la longueur de cerdains inbterval-
les d'interpoletion pour des classes d*égna~
tions différeatielles linfaires du seconde
o i W o S i bt 137
1:, Toamn Serb , On the medulus o‘.‘i‘_ gonvexlty of I‘;-. BDACSS. oo sass 175



95 1

"EABES-BOLYAI™ UNIVERSITY, Faculty of Mathematics
Research Seminars

Seminar on Functional Analysis and Numerical lethods
Preprint Nr. 1, 1986, Pp. 83 - 92,

ON THE EXTENSION OF LIPSCHITZ FUNCTIONS
i

Costicd Mustita

1. Introduction. Let A be a subset of the intevval [a,b)<eR.
A function £ A—sR is called Lipschitz if thers e dste L20
such that

(L | £(x) ~ £(y)| < L. lx -3 ,

for all x,y €eA. The smallest nu.mber L for which the ines uallty
(l) holds i1s called the Lipschitz norm of f ana is denoted by
ﬂflL - The Lipschitz norm of . £ can be calculated also by the
formula

(YRS & 0D YA SCx)om SN A b 3 41 2ypg oo £ v} .
Denote by Lip A the set of all real valued Lipschitz funec -

tions on A , ‘i.e,

() = Lip dim ey te k-8, "% Lipschitz } .

With the ‘usual ( i,e, pointwise ) operations of addition and malti-

plication by scalars, ILip A is a vector space ,

A Ligschz.tz extenamn of £ to [a,b] is a Lipschitz function

[a,bj—» R such that



&h
(%) Pl =t end IFly, = M2l o
By a vesult of Mo amaNE [4] every function 4n Idip A has at
1gast one Lipschitz exbension 1n Lip [a,b] . More exactly, the
£olloving two functions
(5) r,(x) = 892 | £ -IlﬂL-lx—yI ¢ yeal
and :
(6) By(x) = inf {2(y) + Vebg.teyl 1 e A}
, Denoting by B(£;0a,b])

[a,b]
ipschitz extensions of S 7o)

- {Feldp [ab) P, = £ and'!FﬂL=|fILi :

to extbensiong of £ to

are Lipschitz
Il-a’b} 3 LeBe

+he seb of all L
(77 B(£3(2,b))

the following assertions hold true

{a) Fl(x) < Blx) & Fe(x) 7 zela,b] »
(b) B(£;[e,b)) 1is a convex subset of Tip [a,b] 5
(&) The functions ¥, and F, are extreme points of
(s [a,b)) -
(2) ) 1£hy, =0

By the definition of the Lipschitz norm ( or by
ant and therefore h-0y is pot actually

and only if &= consh
Lip OJ'L of all

L

o norm on Iip A but it is a porm om the space
funchions in Tip A vanishing at a fixed point X E A . The space
Lipoﬂ with the Tipschitz norm is a dual Banach 5pace (see [2] 2.

5. Iipschitz extensions fron finite subsets of [a,b] .

Tet ©fayb) be th

~ions on [a,b] and 1et

e space of all real valued continuous func—

i ;f 5 ; <
W on’xl"‘"’xnk CR x]g...zxn“b :

—
o2
-

por a1l Fe B(Ly [a, o );

By

be a finite
Subset
of [a,b] . Then obviously, the
. restriction £
Li

of a £
unction fe Cla,b] to M is in Lip M
M and
(CHER o e
= m
W = mex {1£0x)) - 20l Ax, - |
Let U‘ cla,b] J 17Xl 0 d8=0,1,.00n, 145]
3 a,bl — ; - | |
7 I : Iip M be the restriction operat
. : X | . or, i.)e,
o | (£) = fly .» for fe Cla,b]
y the ab : ‘
st ove quated result of [ic SHANE f)
8 2z extension : "'T_)has .
the exte L Feldp [a,b]. Let V: Lip M\ e
nsion operator defined by ' g)(LiD S
(11) -
V(g) = E(gs [a,b]) , gelipn
and let Ws |
e ¢[a,b] —>
»b) gj(Lip[a,b]) be the compositi
glvion of U and ¥

(12) : : 3
7 = Vo lF .

In general W i ul

| is am I

fe Cla,b] such ti.valuad SEARAbERIApAILE. Sudoek 1

o " th_a.1f feW(f) is called = ¢ g ool R
viously the 2 PR Yol
G ’ set of fix points of the operater W ‘

In y 1f gelip M an ) [ - 48 PO
[a.b-l » then -fe;’ d f is a Lipschitz exbension of . 2
i (£) ‘. The fix points of the operat U it

characterized in Theorem 2.1 below s

For x,y ¥
s7ela,b), x4 and fe Cla,b] put
]

(13) e AL
A | ,y.f]_- (£(x) = £(y))/(x - y)
(14) x,y;
(x,7:2) (%) = {{c,yaf].(t—x) + £(x). 4. tela;b]

2.1 ‘I‘Hmaﬁm,
s AR Let feO[a,b] and let M be the set (&)
: and only if vl
T vt y there exists an index ke {o,l n-1]
= L) 3 eu ngll=

IRE ] ] x’ E;a'b » I.. ﬁ ¥ e I !x f .
k! | S JI
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' and
s TIf feW(f) then fe E(f\u;[a.b]) }
Proof.
P
f£h, =gl dy = max { |(x5, %501 1£]) 3=0y .
L b

that £l
thare exists k€& fos100e ,n-1} such | wr

and the relation (15)
£ {he relation (15) holds fo

o that,
\lxes Fis1 1))

Conversely, 1

n-—l} , then

holds. "
o a index k€ io,l,...n

L)}

» £1) sup{\[x,y'-ﬂ\ - geslabl ik ;
IIY--._-_' Tewl ! j = 0,1,....3-]-]] & MMBL'

> maxi“xji *541 )|

= ﬂf‘]’, , which Ry P e

sfore, ﬂf] 1_—1?11 = \ ixk’ Tewl .'f]\

hes come corollaries .

o1ution (15) holds for an index

hgorod 2l

5 o JOROLLARI
then

ol s e A ‘r-l}
(=) = B(Ik' Xiesl if)(x)

I

for a1l xe [xo Xeal -

41 ! e A )
H ' , for an X € (x 1 Epenl
e B(xt) £ g(x.&, Zye. .f}(x )

Prool. o

[Ty = izl {{=t, Kiegl if]1}>“_1k_| Freel if].l =
W e sup {\Y_xmfll : x,yela,p] » X £ ¥y

contradiction.
= F(x) , xe[xk, xk-l-l] '

A £(x)
£eW(f) Lthen
" is the index for which

5.2 |(COROTLARE.
‘ e k€ io,l,...,n—l}

s ) e
‘F_ -+ Fl ¢ z,7e( 8,0}, X £ :,-} =irly = HL‘M“L \[X}: K+l

it b, 37 s k=o0,1,...,0~1 , then W(f)
e Ficel e

T

-'_.'éndi__corallaiy_~ 2.3 - follows from Corollary 2.2 .,

2.4 COROLIARY. If a=x  and x_ =b , then

O I et n
(a) " sup {Ex.ysfl x,7€ [a,b, x £ 7} = [lx,, x, s£]],

| L‘!uﬂ Lelx) = 1(10.. x, 30)(x) , for a.ll x€[a,b] , and

(b) sup{l[r.nﬂﬂ 2 ox,y6 fa,bl , x £ r} =[x %, 32
k=o 1,...,n—1 . m;igs £(x) = f.(xk, Tpepp D),
xe [x, 11:-!-1] S R il S
Combining Corollaries 2.3 and 2.4 it follows
2.5 COROLLARY. If fe Tip([a,b], X, =8, %, = b and el -
{#has

i

3. Paces and extreme points.

Let X be a normed space and B(X) = {xe X : Bxls1}
closed wnit ball., A subset AEB(X) 1is called an extremal subset

( a face ) of B(X) irf “f; 4 (1 - w i, € & for £, £, eB(X)

and a number -{, 0 <= < 1 , implies fl’ :EEE& « If A4 contains

- exactly one point f , then £ is called an extreme point of B(X) .

Let M be a finite set of real numbers

M={x, Xyyoeney X} v X eX L e KXy

Lipolt = {f , £1 U>R, £ is Lipschitz and fx h=0%.

3.1 THEOREM. The function e B(LipOM) is an extreme point

of B(Lip M) if and only if

Mmoo meq 2l

for k = Oylyeaeyti=1

Proof. Suppose that relation (16) do not hold and let
k€ $0,1,.,0,0-1} and €30 be sudh that



8%
(G gy VEMp L —mbee
Let ‘ ” e
{6 x e'{xo,xl,...-,xkk
£.(x) = : .
1 Sl ¢80 xe{xk_i_l,._..,xn}
and
£(x) X € {xo,xl,...,xkl
£.(z) = :
: L ElE)ee= & © o x € { FppreetrFn

where §= (62 )Xy~ xk) a

Becauge

LT o) ol - 2.8 1 and

Xyl ~ *k

\£Cxy 0D = e <1 -8/2 <1 , it follows that

el T Tk
e e ey
£ = (/2)(f, + £5) , so tha
be,ly =2 = £0; . But : 1 s
not an extreme point of B(Iuipol'ﬂ) "
ig fulfilled and Ghere exist

e now that condition (16)
and

3 B(Lipolﬂ) such that gy EfEes
be the smallest element of M for

Suppos

two functions By Bs

= (/2)(gy + ga) . Let x5
which g;l(xi) £ f(xi) o hs gy

= :E‘(xo) , it follows 121 .

; =)k this case
£(xy) > £(xg ) end gy (x;) > f(xl? Ia

Case I.

£0xg) - £(x54) O

7

5£3Ci> = El(xi—l)
e P T E T 5 |

i ip M) .
which implies (g9l > 1%, 1,0, glé B(L:.po )

('-\_to) 'f'f(xa) =0 and E;ZFxo) =0 = |

=

§9

Gase II. . £(xg) > £(x; ;) and 81(x3) L 2(x;). In this case

' ,52("1) & 2 £(x,) - gy(x;) > £(x;)  and

f(x_i} - [2 f{Ii_i) - gl(xi—l)]

G Ll 2
. i BT %
1€ £xy) - 20xy 1) s
_ BT Bt s
80 that lgily > 1, i.e. .52{: ﬁ(mpom) X
In the remaining cases; i.e. f(xi) < f(xi_l) and gl(xi,) >f{xi}

" or f(xi) < f(:ﬁ_-l) and EICXi) < f(xi) » Wwe have similarly

IgaﬁL > 1 , respectively I'IglIL>1 « The obtained contradictions
show that f must be an extreme point of B(Lip M) .
]

5.2 Remark. Taking in (16) all possible signs, it follows
that the i
_.u.n:l.t b;altT. of the space IL:LPOMI. has exactly o extreme
points .

3.3 COROLLARY. Let fe Lip [a,b] , M = {x
f(xﬁ) =0 , If

- KL
a:xo<xl< s C% =b ¥ and

| belly, = LA [ETE |
Torfaliadk = 051, . 5: 01 y them £ 4is an extreme point of the unit
ball of Lip [a,b] .
3.4 Remark. If £ 4is an extreme point of B(Lipofﬂ) and
the set M is ag in Corollary 3.3 , then the unioue Lipachitz

extension F qf By F(_x) = sup [f(xi) -|x - xi[ $ i=o,1,...,n}
# in.f{f(:i) + |x -xi']_ 3 i=o,l,...,n} y xe(a,b] , is an

‘extreme point of B(Lip [eyb] ) .

4. Best approximation of Lipschitz funetions.,
Let




.40

) 2 _ S {5 § 99
{x,x,;..,‘x} 3 a£x £ x (ovcv"x -"—b' : 2t
ol il n (e Mg n _ 4.2 ‘Rem
b 3 2 5t . e Eh. F Let M be the sat 8
and let - : T S . : (8) and let
x . i ; : : Lip (8. b] £y : )

(17) Lipo[a,b] = {z, £:[a,b}>R, £ is Iipschitz and £(x.) = o}.. g {rila, gz, 2(x,) =0, £ is Lipschits}
TLet also ; } ot . = : & f# W(f) , then, by Theorem 2.1 y 1t follws

ut {r ¢ Lip,[a,b] . f‘m O i g i BN - 5 :

- : X £l

Bince every function £ € Lip M has at least one extension
If, furs
F € Lip,[(e,b] it follows that every function "fe Lip, {a,b] haa wA v further:
2 best approximation (nearest point) in 'N['L., i.e. there exists (i)
: L
g el . such that NE.~ gl = inr{ bt - gl t gel . 1%

was shown ( see [5] ) that Bo € ut i.l_*\_an eglement of best approxif—

£(x) ¢ Fi(x) , x ela,b]

wher :
e Fl is given by (5) ( with A = U ) y then all be

approximation elements of f in M'I'

LT

mation for fe Lip, (a,b] by elements from Y if and omly if are non-positive
= o L]

and ir

& =fle P o for-BeU(E) ', - ! iy
0 ’ : (ii) £2(x) 2 Po(x) , xe€[a,b]

Maling into account the precedings results it follows ¢

. with' P i
o &iven by (6) (with 4 =l )
5.1 THEORSI. Let fe Li a,b and M =4X 4 X 00 ; = s then all She clements
2eb D, (&, ] : 2 { o’ =, rxn} ' of best approximation for £ in MJ‘ en

& L X £E L ven LX T T ) are non-negzative ,

1 n
(a) If the relation (15) holds for an index ke {o 1,....n-—l}

varifsi

ke L RS

Obvicusly, there exist functions fe Lip [a,b]
the conditions (i) and (ii) ey
(o i

and which are not fixed -gince

then all the best approximation elemencs for f£ in M L vanish on

the interval [x., x.4]

For exampl ing i
ple, baking g e Idp, [a,b] , the funcwion

(b) If x =8, % =b and IfIL=][x°,xn;f]\,then 0

» f =
is the only best approximetion element for £ dn M 3 (=) Sllp{g(xk) =-Lyx - x Jvt m e M, keo,1 al
T ¥ =y Ly eie agds
() Iz 2y = [[xe T ¥ £]] , for all k =0,1;...,0°1 with L > flglylly , verifies the condition (i) and She
then O is the only best approximation element for £ in U function g
Proof. Assertion (a) follows from Corollary 2,3 , taking i) =

P £ { g(xk> + L.I}L’ - XT’I 1 %, Vg e I
into secount bhat bhe best approximation elements | g, for f£7in = Koo "‘“l*‘----:bf

; with S
j.J.L have the form L >lhel dﬂ L verifies the condition h(x)

. £ P (%)
g, = £ -F , PeW(s). ‘ x € [a,b] ( i.e. condivion (ii) ) y

Assertions (b) eand (¢) follow from Corollary 2.8 .
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ENOWN AND .
) . NEY BQUIVALENT FORMS OF THE ARCHINEDIAN
PROFPERTY OF ORDERED VECTOR SPACES

Ao B. Németh

The Archimedian
équiment property of the ordered vector spaces, it
¢ or weaken ‘:f'oms become important in some rec 1: v
results o ' e
o n vectorial optimization (see e.g (¥) , (W)
2) etc,). Thi g ¥ : %
> iasees ‘ 8 suggests us to gather the various equivalent
: : : . en
™ ' stabilish new equivalences and to present th
ogeth ; %
er in order to facilite further references
The Archim :
_ rimedian property involves in its statement t\
70

3

finite dim
ensional subspaces. It is in fact a geometri
prop conoe i ' i
exty roing straight lines. The Archimedian pr
operty is

&a. 1 10 Ed-neaﬂ DI bhe pnsitlve cone Of

Lh: h::j:fad vector space. The two different approaches :

an : :
Ry de p:::‘;::‘b::.n?tha 1f.nea11y clogedness subzist in the
ey _b . 1 .?me the first concerns with vector spaces
ca_ss : y cones while ‘the Baconé term is used merely inm the
. when the Yectnr s?aces are ordered by weds :
(), (F) eto.). Bl o




