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ERROR ESTIMATION IN THE APPROXIMATION OI
FUNCTIONS BY INTERPOLATION CUBIC SPLINES

. TANCU, C. MUSTATA

1. Tn this Note we give estimations for the error of approximation
of a continuous funetion f: [, b] — R by interpolation cubic splines with
respect to a given division A, of the interval [a, b).

Let f: [a, b] — R be a function and let

(1) Nea=mmem a .2 0,=18
be a division of the interval [a, b].

Put
(2) fi=fla), +=0,1,2,...,n

and let us denote by Sp(3, A,) the set of all cubic spline s corresponding
to the partition A, and having the properties :

(i) the restriction of s to every interval [x;,_,, #,] is a polynomial of
degree at most 3, for 7 =1,2, ..., n;

(ii) s C® [a, b], i.e. ¢ is continuously two times differentiable on
[a D];

(iil) s(@) =f;, £ =0,1,2, ..., n ie. s interpolates the function
f on the knots in A,.

Put also

h=m— 2y +=12,...,n
(3) me=28"(2;) ; +=0,1,2,...,%
M, =82} , ¢=0,1,2,..;,%
For s in 8Sp(3, A,), the restriction of the second derivative s’ of ¢
to the interval [x,_,, @] is a polynomial of degree at most 1, so that
M, — M,

—L (x — #i_q)y
Py — .’L’.‘_l

(4) s"(w) = M,_, +

TE [y, t=1mn
Taking into account the conditions
$(@_4) = fiy
§'(@i_y) = my_,

3 — c. 1167
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the relation {4) gi{'es :

M, —M,_, M,
) = —(v — 2, + Lz — x4, )2+
- ( = '+ T — )
- + mi_(x — ;) S
for z € [y, »;]and ¢ = 1,2, ..., n.

PROPOSITION. Every function s € Sp (3, A,), given by formula (6), 1s
uniguely determined by the conditions :
(1) s(z)=f, i=1,2,...,n
(i) s'(a) =my 1 =1,2, ..., 0
- (iii) Wy = p, My = q; P, ¢ — given real numbers. .
- Proof. Conditions (i) and (ii) in the Proposition ean be rewritten in
the form

(7 M, = ﬁf‘—;-f’;l — % cmi_, —2M,_,
i = 3 ‘L—i-—ﬁl{ — 2my_y — % My 5 E=1,2 ... %
i

By condition (iii) system (7) is ecompatible and has a unique solu-
tion my, my, ..., m,; My, My, ..., M,. System (7) ecan be recursively
solved starting from the condition (iii) my, = p, M, = q.

2. Estimation of the approximation error. ITn some papers (see e.g.
[2], [3] and the papers quoted there) are given evaluations of the uniform
norms ||s — f|| and ||s’ — f’|| for f satisfying some sufficiently restrictive
conditions.

(a) In the following we shall evaluate the uniform norm
(8) IIs — flly

supposing that f is a Lipschitz function on [a, b], i.e. there exists a number
K > 0 (called a Lipschitz constant) such that

(9) [f(z) — fy) | <Kz —y],
for all x, y € [a, b].

The number
(10) 7l = sap {|f(x) — fW)I/le —y| : @,y € [a,b], 2 #y)
is the smallest Lipschitz constant for S and is called the Lipschitz norm of
J on the interval [a, b. '

The space of all Lipschitz function on [a, b] is denoted by Lip [a, b].
The Lipschitz norm of the restriction of f to the division A, is given by
(11) | flas llo = max { [[%iegy 23 f11: i=1,2, ..., ni
where [@;_q, @5 f1 = (fla) — fl@i )] (w2 — x,_,) is the divided difference
of the function f on the kmots a;_,,
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In the sequel we shall need the following extension result of MeShane
[4]: Let X be a matric space, ¥ a subset of X and let f: Y — R be a
Lipschitz function. Then there exists a Lipschitz function F: X — R
such that F|,= f and || F|;, = [Ifllz. In [6] it was proved that for every
‘e Lip ¥ and every K=|(flz Lhere exists an extension F: X — B of f
such that || #], = I.

By this result, if fe Lip [a, b], then the restriction fla. of f to A,
has at least one extension I € Lip [a, b] such that || 7|, = || fllz. Tt is ob-
vious thal such an extension is fitselt, bul the following two tunections -

Fx) =sup {flax) — Iflle- |2 —a|:k=0,1,2, ..., n}

(12)
() = int {f{ze) + |fllz" |® — 2| :=0,1, ..., n}

are also extensions of f with norm [ f{|,, i.c.

(13) 18y M = 17l = [Ifll; and F{ar = Fylar = flas £

and every extension I of f|a, such that || F||, = |/f|[, verifies F, < I' <F,

(sce [5]). In particular :

(14) (@) <flx) <Fya),

for all & € [a, b].
From (14) it follows

s(z) — F(a) > s(@) — fl@) > s(x) — Fy(z), @€ [a,b]
so that
(15) min{[ls — £, ls — Lall} <lls — fll < max{|ls — I, [Is — I}

' Taking into account the fact that the functions I, and F, given by
(12) are piecewise linear, the calculation of the norms [|s — F,|[ and [[s—F, ||
reduces to the caleulation ot the norm of third degree polynomials on com-
pact subintervals of [a, b].

It
a = (s — I, . zp || and

(16) ,
bi 2= “(3 - —FE) r[xl-ﬁl. 1 ”
fori=1,2,...,n, then

8 — || = max {6;:1=1,2,...,n
and
s — || = max {b;:e=1,2,...,n
In order to caleulate the numbers @, b, v+ = 1,2, ..., n, we have to
distinet three ecases :
Case 1.. f, , <f:
In this case, for » € [»,_,, @] we have
{fu 1 — fllele — @y), @€ (@4, 2]

L)
Ji H (e — @), xe(z, %]
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where
‘ ® = T Hy i fis _'ff
‘ 2 20 flle
and
Fy(x) = {ff—l + Iz — #,), wxe [.,igr.m" Z]

fu‘ T ”f”L(m - ‘1'.'), r e (:1:, *I"i]
where

7 % + %, _fl—l *.fg

2 21flle
Since
T, <x <E <X

we have

& = max {|(s — Fy)|u, . agly 18 = F) | il 18 — B, 5ol

and
bi = max {8 — Fy) |y, wlly (s — Fo) liw 0l (s — Byl x|l

Case 2. f,_, >f. _
In this case z,_, <¥<x<<a, and therefore the norms of s — F, and
§ — F, are calculated on the intervals [, L. [B2], D2, o]

Case 3. f;_, = [

In this case g =& = (a;,_, + 2;)/2 and the norms of ¢ — F, and
§ — F, are calculated on the intervals (% 1y (Bety)/2], [(2+20)]2, @],

In concrete situations, the numbers a, and b; can be earily calculated.
We do not enter into details, but let us mention that, in general, can be
obtained evaluations from above of the norms occurring in  the
expressins of a, and b,, depending only on My my_y, My, M,_,, h and |[f||z.

Concerning the exactity of the evaluations (15) we show that in
the set of all real valued Lipschitz functions gon [a, b] with norm | g||,=
= [|Ifll. and such that g(x,) = f,, i =0, 1, 2, ..., n, there exists two func-
tions f and f such that the evaluations (15) are the best possible in this
set.

Let
(17) Jﬂ(figﬂ_ ila, b)) = g € Lip L% b] : g(x) :f(mf)a ¢ = 01,2, ...,m,

lglle = Iflle}

Obviously, the functions F, and F, defined by (12) belong to-
E(f}A‘_; La, b]) and if g € E(f|a, ; [a, b]) then
Fy(2) <g(x) < Fy(w), »€/[a,b].
KFor every interval [#,_,, ], { =1, 2, .. ., 7, let us define the fune-
tion f; in the following way :
—_ it : — TED 4 L, 1
(18) 7 = Py, ox 11: a; = max |a;, b,
By g, . s it b= max {a, b}
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Let the function f: [a, b]— R be defined by

(19) I I[J;_ll e :fi, t=1,9;..0;N

Then f e Lip [a, b] and, as can be easily seen from the definition of
the funetion f,
(20) IF — sll <llg — sl

for every function g€ B(f|a,; [a, b]).
Similarly, the function S :la,b] = R defined by

(21) N pra=1s i=1,2,...,

where

(22) f.— {Fll[-r,._l, g if a;=min {a, b;
N Fy |y, xp it by=min Loy, bi}

for i = 1,2, ...,n, verifies the inequality

(23) _ g — sl <IIf — sl

for every function g € E(f|a ; [a, b]).

(b) Evaluaetion of the norm |f" — §'||.
In the following we shall suppose f € C* [a, b].In this case f € Lip[a,b]

and
(24) Nfl = max {1 (2)1 : w € [a, b]}.

The formulae (12) become

F (z) = sap {f(%) _xl?[gl%:]if’(w)l g — ) 1 6=0,1,...,n
and

Fy(x) = inf {f(2) + max |f(x)] |& — @] :§ = 0,1, ..., 5]
ze [a, b]

These functions are in Lip [, b] but, in general, they do not belong
to 6‘1[a b]. They are differentiable on (a b) excepting (eventually) the
points in A, and the points - of the form

Ei+wi_1 +fl—1_ff i @y~ Wiy +fs — i

g = y @
2 211l 2 20l

If fi_, <fi, then the functions s — ¥, and s — F, are continuously
differentiable on every interval (a;_;, z), (1 I), (%, &) "We have

M,— M ’ :
#(@) — fla) =T (@ — @)t Moy (@ — @) + ey — F10)
an;

(25)

for all z € [2;_,, %)
Since

— e € — F(@) < Wl @€ [Biiy 2]
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it follows

(@) — Iflle < 8'(@) — f'(2) < 8 (@) + |fllry we [0y, ],
s0 that ; ' : '
8°(x) — f(2) < max {is" + (£l ll, s — [if). I

for every @ € [@;_,, ® |, where the norms occurring in. the.right member. of
the above inequality are caleulated on the interval [y, ], 2 = 1,2,...n.
Denoting .
0
e = [[8" 4 [Ifll
(26)
di = 1" — |Iflle. |
where the norms are again calculated on (%1, 2], £.=1,2,...,n, we
find that the inequalities
(27) min je;, d;} <|[s" — '] < max 164, &}
i=1,n i=1,n q '
hold true on the interval [a, b].
Denoting by

.’Bgﬂ[; = 2%’;]‘{,“1 + .’f;;'_l .Bf,'_'l
M, — M,_,

(28) Ty =
the root of the equation s”(z) = 0 in the interval [®;_y, @] one gels

max { [5'C0) + 1l [ome_y-HIf1L, ’,’;’(Mf+»ﬂff_1>+m.--'1+ufu;,1};

if wy € (@i_y; )

|

if 2, ¢ [y, 2]

(29) ¢;= ! .
% (M; + M,;_,) + iy + (1 fllz

i { ma_y + If 1],

and, respectively,

(Mot Moy) + 'n-a.-_l—nfub_,r}

by

max{ 1)~ ey =11, |2

‘ if @y €(@i—q, 2)
(30) = hi
(e Mom) ey 11| }

max {l’mi—1 = ”I”L Ja

o AE @ € [y, @]
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