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M - IDEALS IN METRIC SPACES

Costicd Mustita

dbstreet. Considering a metrie space and its Lipschitz dual cre
defines the notion of M-idezl and HBE-gubcpace of a metrie epace (with
rerpect to its Lipschitz dual). One obtains some results analogous
to theee in the theory of M-idesls and EB-subspaces ir a mormed space.
The recults in the paper ere based on an extensicn theorem of kicShane
(2],[8) azd om & uniqueness theorem which is similar tc one of R.R.
Phelps (10],[11].

Introduction. The notion of M-ideal, introduced by E.U. Alfsen and
B, ETross [1], Bad many applications in functional analysis as, for
example, to Fhe problem of best approximation of continuous linear
vperators by compact operators ( see (6]). Following E.M. Alfgen arnd
E. Effross [1], en M~ideal 4n a normed space X is a closed sinbspace
T of I whose anﬁihilator IJ"admits a‘complement G Ln' X" such
that g+ bi= lgl+Ihl, geG, heT . J. Hemnereld (4], [5]
defined a more general notion t 4 closed subspace Y of a normed
space X 45 galled an HB-gubspace 4if I'Lhas a cooplement G 4o
x " such that for every e X”, |zl allﬁﬂ. NEh>lgl , whenever £ =
g+h, with geG ,heY, h#0. It is imnediate that every K-ido-
al is an EB-subspace and the converse is not true : The space KT )
of compact lirear operators from &.to E, is an EB-subspace of L{/,.),
. the space of ell continuous linesr operstors from {,tp { g whichﬂiﬁ
pot an  N-ideal ( see [4], [5]).

The sim of this papsr is to transpese these noticma to a gensral
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metric space X (without any linear structure) by sppealing to the
Lipschitz dual of X , i.e, a Banach Space of Lipsehitz functions on
X . The notions of Y-idsal and HB-subspace cannot be extonded auto-
matically to a metric lingar Space by using its linear dual, for twe
Teasons ¢ first, this dual may be trivial, as is the ecase for the

space I.PEO.J.J » 0<p<l , and second, there is no norm on the dual

of a metrie¢ linear space,
Besultg. Let (X,d) be a metrie space, x, a fixed point in X

and let Y be a subset of X sueh that T, €Y . If X is a metrie

linear space we take always X, =0 , A functdon £ ¢+ Y- R is cal-

led a Lipschitz function om Y AL there exists K> 0 such that

(1) | 2(x) - £(3}] < K a(x,3) y

for all =x,yecT
Denote by I-ipor the following set

(2) Lip X = §£s Y>R, £ 48 a Lipscnits function on T , £(x,) = 0}.

Equiped with the usual operations of addition and multiplication
by scalars, L:I.p°I i8 a linear space and the application | 1]1- [
Lipof —R , defined by

() ey e ow {120x) - 2l /ax,3) 1 xmyex, x4 7],

is a norm on Lip T . It is easily ssen that ﬁrﬂ, is the smallest
of the numbers X >0 for whiech the inequality (1)  holds, The
spage (Id.pot » Iy) is a Banach space (even a dual Banaeh space ,
see (9]) and we eall it the Lipschitz dual of Y .,

For Y =X the Space L:I.pox and the norm || "I are defined
similarly,

In the following, one Supposes always that the subset Y of X
contains X, - the fixed element of X ,
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The following Hahn-Bapach type extension theorem for Lipachitsz
functions was proved by lc Shane (8] (see also (2] ) s

TEZOREM 1. Let (X,d) be a metrie £pace, x, 4 fixed point in X
2nd Jet Y Do a subset of X auch that T,€T . Then every fung-
Hon feldp Y has o nom-preservins extension in WpX y 1.0, |
thore exists Feldp X guch thay Fly = f gnd Iply = I£ly .

In fact, Me Sheme (8], proved this theorem in the case of the
Sspace Lip ¥ and Lip X of all Lipsechitz funetions on Y and X -
Taspectively , but the above tomula.tioi: is more appropriate for our
needs. We shall eall sometimes briefly any function P s 48 given in
Theorea 1 , an gxtension of f ,

In general, the extension of a function feﬂpJ te X 48 not
unigue . The functions

$1(=) = tnf { 23) + Iy ax,y) ¢ yer},

(a) :
?,(x) = sup {f(y) - ﬂfﬂ! Ax,y) 1+ yex]

are two extensions of £ ang they are extremal elements of the con-
vex set IE(£3Y) of all extensions of f . Every extension F of ¢
verifies the inequalities &

LY

(5) F(x) € Mx) ¢ Ihix) , xex .

Therefors , the funmction fc mpoz has a unique extemsion in I-.‘l.pox
if and omly if F, = ]‘2 . :

DEFINITION 1. The subset Y of X is said to have property (U)
if every fumection fe I.:lpoI has a unique extension in I-:l.pox ¢

Recesszary and sufficient conditions in order that a subset Y of
X Bave property (U) and relations of this property with the pro-
blea of best approximation in Ia'.pOI by elements in Y = are given
in [10]. -
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For YCX denote by Y-

)  Yhs {Feupx , Pymo]..

its ennihilator in m-pox y 1.0,

Obviously , I‘\'is a ¢lossd subspace of L:I.pax .

DEFINITION 2. A subset V of a normed space 2 4is called proxi-
zipal Af for every 3€Z there exists ‘v eV such that

%) Is = vl = a(zv)

where d(z,V) = inf {f: - ri [} re?} denotes the distance from =z
to V . An element ) A satiafxing (7) 1s called a best approxima-
ticn element of 2 by elements in V., If every 3¢Z has a unique
best approximation element in V then the set V is called Cheby-
shevian .

R.R. Phelps [11] obtained some results concerning the relations
between the property (U) and the unicity of best approximation in
the dual of a normed space. As was shown in [10] similar results
hold also in the Lipschitz case 3 -

THEOBEI 2. ([10]). & A s.bget Y of g metriec space I has proparty
(0) i a.ng only if 1ts annihilatop I‘L S Chabyshsvion subsna

Lip X .

The proof of this theoram is based on the following lemma,. which
wlll be used in the sequel 3

I.::.:.ml. ([107). Let X be a mstric svage, Y a subsst of X 43

L tha annihilator of ¥ g Idp X . If Peldp X then a(7,Y1) =

lgly w%e! is a best tion element for
?mgggg ﬂu!ggdonlzg sosr-l'o,m’ﬁ_q! is a
norm preserving extension of Fly o X. !

69
The proporty (U) can be characterized also in terms of some decom-
pozitions of the Idpechitz dunal I‘dpox of X ., To give this charac-
tcrizotion we resd first come definitions and notations.
Lot m Lip X ~>Idp I depote the pagtriction operator , defined

by ¢ .
(s) o) = Fly , PclipX,

and iel e Lip YT —> 0) (mpﬁx) denote the gxtension orerator, defi-
nsd by s
() - o(£) = B£Y) , felip ¥

whore I{(f;Y) denotes the set of all norm preserving extensions of

't to X.Det wi LipX —> ((Zip X) be the composition of the

operators r and & , i.e.

(m) W= el .

Then, for Felip X , we have w(F) = o(r(F)) = B(r(F)4I) and
(6) = {F) , HGlg = =Py , for all G eB(x(F)1X) .

In pgenesral, the operator w 4is multi-valued emd w(F) 45 a con-
vax subset of the ball of radius Hr{?)ﬂx and center O in Iip X .

We ecn now state the theorem of characterdization of property (U):

TEZOZEN 3. IZ T is a subest of a metric space X fhen the fol-

logine sagartions arve eculvalent
- S has nrn-gem &g TR
2° Duery fupetion Pelip X
f_’_-;a
(11) P=H+g , Eewl?) , gerl ,

end WFig > NEly , xhenever g £0 3
3° ‘5- {Ee I-ipox i HHHx = | r(H)H!} iz the only subset of
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.z.:ipox guch that every rem.pox - @ uniquely written th

fory f=H+g , Be% , gextama "Piy >Rl if g0 .
 Proofs 1°—>2° . I the set ¥ bhas property (U) then the
zienslon operator e , defined by (9) , is single-valued and so is
uhe operator w definesd by (10) . Por PFe mpox the funection
w(F)e Id.pox is the only norm Preserving sextension of MHr) = I,
ieee W(F)|y = x(P) ana Hw(]‘)llx = 11:-(1r)11I « It follows that z =
=P -w(F)eY and F = w(F) + g 1s the unique dscomposition of ¥
dth geYl, By the definition (3) of Lipschitz nora we have |l Flly
> .ﬂ'r(r):lr- « The equality | Ry = | r(_]‘)ﬂx dmplics that P is alse
a porm preserving extension of (F) and, by the unicity of the
cxtension it follows F = w(F) , 3o that g=PF - w(?) =0, Honce
I Ry > NPy it gho . .

20 => 3% | Let Fc I::lpox and let F =H + & The decomposition
of ¥ given in 2° . 43 Hew(®) = o(x(P)) it follows that =(F) =
r(H) and | Hliy = Ilr(r)li, vae (e 9| oy condition H!Nx
>ilHly , for g4 0, follows from the similar condition from 2°,

3°=>1% . Let Pelip X and let F = & 4 € B9 g1 b
the unique decomposition of P given in 3° . Then F - g=18,
~(H) = x(F) and, By Lemma 1, I¥ - sly =VEig = Yx(®ly = 1PN 4 »
= dFI,IL) » which shows that € 1s an element of bast approxima=
tion for ¥ by elements in I'L. It 8 1is an other elsment of bdest
‘proximation for F by elements in Y- then, appealing again to
Leoma 1 , there exists Hy € o(r(F)) such that g =F - 31 and
Hylly = lI® = gy = aw,xL) & | *(Plly » I2(8)|y , which snows
ihat Hy ¢ ‘G , Paking into aceount the unicity assumption in 3° ,

is ¢ -
ollows g = g Therefors, Y 35 a Chebyshevian subspace of

-Qipox énd , by Theorem 2 » the set Y hag Property (U).
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Theorem 3 is ca&pletely proved.

DEFIRITION 3. , & subset Y of & metric gpace I is called an L-idez1
if ite ennihilstor 'I_Lhas .& complement é in Lip X suck that
DXy = fiehy + WEly , whonever ¥ =€ +'E, with Gc% and EeTHo).
The subset T is said to have property (HB) if YT has a comple -
mentary stbepace § of Lip X such that Flly }]iHHI o !.ﬁx')llGlix ,
vhenever F =G+ E , with 6¢ Y anda H ¢ ri\{oj » for every func-
tion F&Id.poz .

THEOREM 4, If & subset Y of 8 metric spsce X has the property
(EB) then Y pas the property (U) , ‘

2zocf. Suppose that Y has the property (HB) end has not the pro-
peryy (U). Then there exists a function fe Lip,T having two distinct
extensions ]'l, 1‘2 Iaipox“ and the subspace Ilhns a complementary
subspace '% in Iaipol such that the condition in Definition 3 is
fulfilled, implying ¥; = G, + H, , with Ged ama Bie YL for
i=1,2, 4 ¥ =261 it follows thas G -G =P =¥, v
< (E) -EJeT" , hence @ =Gy =G (6N Y% {0}, as § and T-
are complemenfary subspaces of Lip X ). Therefore F =G+ H,- and
Fo=@+ R, . Fow, 1 E) 4 O then | Fylg >lelly so that Il £y =
8“?1Hx > ﬂGllx 2 HI'(G)"I = Hf“-r . I Hy =0 then H, 4 H) =0,
hence G = !1 and, by Definition 3 , the equality !‘1 = 12 + 32
impliss ﬁtHI = ﬁl‘lﬂx >l Flly =l fliy + The obtained contradictions
shows that the set Y cannot have the propetty (EB) . Theorem 4 is

completely proved.

TEEOREM 5. If the subset Y of X has the property (HB) and
FCLipX » P40, then Pey 4f end omiy ir i x(®)lly = IFly , mhore
‘% is the complemertary subspace of I‘L given in Definition 3 ,

Pooof, Let Fe‘@ s T £0 , and let G be a norm precerving exten-
slonof x(F) to X.let G=0 +H , 6Gec$, He Y be the
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decomposition of G given by Defiuition 3. Supposing lil A 0, one
" obtains the ccatradiction i]G[& > 16y 2 | Gy = |1 XFliy =
= Gy . Therefore H =0 and G=G ¢ Y . As Y is a subspace
of Iip X it follows F - GecY ,But F-G dsdn YL too, beca-
use xF) = X&) , s0 that 2 =690y al0), 1. Pag et
Conversely, suppose Lhat FeI.ipox » £ A0 , is such thai {jn(F)nx
= Py (>0) ,Le¢ F=G+H with Ge§ , BeTI, Ir 540
thea Fiig >IGiy and the equality =n(F¥) = r{G) gives the contradics
tlon (Pl = iPiz >ilGil = @y = | ®(F)ly , which shows
that H=0 and P =G ¢, .

THROREM 6. I2 the subset Y. of a metric sunce X  has the DEODE D=
Lty (AB) then tha subsoags hg tgivsg in Definition 3)
cally isomorphic to the spacs Id.poI .

Proof. By Theorem 4 , tas gubss: Y has the property (U) , =mo

that the restriction r; of the restriction operater r %o ‘E'- is
single-valued and linear, By Theorem 5 , || rl(fi-) h = (Gily , for all
G €% , showing that T, is an lacmetry .

THE0R=d 7, If the subset T Qf a metrie space X pros the proper-

£y (HB) , hen the extension operator e i Ldp,T —Lip X iz linean,

Procf, Lot o & Up YT —.9 be the inverse of the restiicsion
cperstor I = I‘-'lﬁl 4 —— Lip,T which , by Theorem 6 , is ex ico-

metrical isomorpiisa between ¢ and Lip,Y . Then e 4is linear
and e = Je. :‘ where j : 9 — Id.pox y Genotes the imbedding cpe=-
rator of ‘$ into Lip X .
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