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A.NEPPLICA‘.’EIQNOF&EEOHMO?E;:M

by
Costici Mustita

Let (X,d) be a metric Bpace and let Y be a monvoid subset of X.
4 function f: Y—> R is called Lipschitz on I if there exists a
numbar L20 suech that

(1) () - 23| < & alx,y) |

for all x,yeXY. A numbsr L satisfyinf) (1) is called a Lipschitz
constant for f on Y. Denote by Lip ¥ the set of all real-valued
Lipschitz function on Y and by Er(f) the set of all Lipschitz
congtant for the function f on Y . It is sasy to check that

KT(f) I[Lf y @ ) , whers
(2) Ly = sup {|r(x) - f(7alx,y) { x,y¢Y , x & v).

If Y=X then Idp X - d.cnotcln the set of all real-valued
Lipschitz functions on X ,

Mc Shane [6_| proved the following extension theorem for
Lipschitz functions 3 I

THEOAEW 1. Let (X,d) be & metric Epace and let Y be a nonvois
subset of X . If feldp ¥ and L20 4is a Lipschitz constant for
T on Y Shen there exists Fe Lip X such that Fly=¢ and

[ P(x) - Py ¢ L alx,y) , for all iy ek
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If I is a compact metric space demote by O(X) the Benach
space of all real-valued continuous functions on X . Ae usually,
we consider the uniform norm on C(X) , i.e.

(3 Moy = sup{fnGx) : xex} , meo .

Then Lip X is a subspace of C(X) which is dense in C(X)
with respect to the uniform topology (1.s.mm1mgammd
by the momm (2)) ( see [1] ).

let now feC(X) and suppose that ¢ nx.w.u::mx Por
he C(X) consider the problem of the evaluation of the morm

o he - miy ,
knouing & lipschits constamt LK (f) of £ m'_awm;ar
f onmsubset T of X . 2

Obviously, fjy€¢ldp Y and Iﬂzd,_- implying Eg(r) SEp(s Y-
By Theorem 1 if L& K. (f|,) then fly hes z Lipschits exvension
F on I, such that I-_.ign»Msz-mtar ¥ .. oo (i.e.

lexu'))
1: was shown - [4] [aJ th:t for Leli,(.t‘]]) . the rnnwins

¢l ;.j';_.x '{-rs:ﬁxi-”m&) : TRL oot 5
e Gl ' _
riw = Iln {tb) I-G(xq} : n I} - T

-- mmﬂt t{, M:&ns =B uwm
mz.u,(q,},mh :

m 31’(:1!) -{remp: )1! = q, and Le xx(r)j
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the set of all ldpschitz extensions adnitting L ag Lipechitz
constant.

Concerning the extensiong glven by the formulae (5) one can
prove the following result :

LEJMA 1. Ig_ I E__&iuagnf L&m__u_s__uube_ I.
" fE upx and Lel’x(r) Ihen every Fe E (f]y) wverifies the

ties ;

) Bi(x) € P(x) $P(x) , zex .

Froof. If L is a Lipschitz constant for £ om X then L
is alsc I-:I.pechitz constant for fl y o8 Y , so that the functions
l‘i and F_ are well defined .

Now, let Fe E (f] y) and supposs mm: there exists ue I\ Y
anc.h that F (u)(!‘(u) Then , by the definition (5) of ¥
it follows the existence of an element ye I such that

£(3) + L d(x,n) ¢ ®n) .

But F aod f agree on Y , mo that F(y) = £(y) and

7

F(u) = F(y) > L a(x,n) ,

contradicting the fact that L is a Lipschitz constant for ¥ .
The inequality l‘i_-:-l' is proved in a similar way .

Bemark 1. Ir Lelx(r) then IGEL(r[r) 80 that, by I._amu. 3 S
(8 TR Er(x) , xex.

The following theorem shows that the set of Lipschitz extensiors
has some compactness proparties :

THEOREN 2. If I is & compact metrie spacs, ¥ & nonvoid

closed subset of X , feldpX and Le K;(f) , then the set
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BL(I].!._) is compact with respect to the uniform topology of C(X).

We intend to epply Arzelas - Ascoli compaciness I;J:eﬂrem and we
ghedl divide the proof into three lenmas.

LELIA 2. Ihe get E(f|y) 4is aniformly bounded in C(X).

Proof. By Lemma 1
20y ¢ max flizgiy , ingig
for a1l FeE (f],) .

LEMMA 3. Ihe set B (f|y) isa (uniformly) echicontinuous

subeet of C(X). L, 2 i

Proof. For £>0 let d= £/(L + 1) . Then

| FGx) - Bl $1 ata,3) < e ce
for all x,yeX with d(x.:)ctr and all Fe E(f|.)

The set EL(ﬂI) is closed in G(X‘-) y ¥ith respect

fo the uniform tapology ‘af CG(X) .

Proof. Buppose that un)n; 1 18 a sequence in E (£l y)
converging uniformly to a function Fe C(X). we bhave to show that
F is also in E(f]y) . But

LELA 4.

| F(x) = r(:)lsir(x) - rn(x')i‘ + 1P - 2] +
+ 17,3 - F)jc 2P -2 | + Latx,y) |,
for all x,yeX and all ne K . Leting r-— oo , one-obtaine
7@ - 2I< Latz,y)

for all x,y€X . 4s F.(3) =12(3) , for 11 ne¥ ‘and all yel,

and P (y) — F(3) , for R—>o , it follews F(y) = £(y) , for
all yeY , t.e. Fe¢ I;L(f]'r) .
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Eroof of Theorem 2. Takcing into account Lemmas 2,3 and & |,
mmrolmtmmmm mucwm

COROLIARY 1. et X Mﬁm&w,rw
mmx.rempx

LeEy(f) gnd h&G(X) . Then
1:’26&(111} M‘

ﬂ" e hux »

(9) Il"l - by € Jir - ul; <
for al1 Fe 1,;{:],}’--" In particular
(10) o ¥#y =iy € e - vy < 1wy <nly

Eroof. The Corollary follows by the compactlty of the set
B (f| ;) and the continuity of the function &n,?) =fn -2y ,

FEB(f]y)

mnmamxm_mmm T a nonvoid

, t€ldp X | LeEg(£) and nea(xa Then
(11) ﬂa{ih riix » Hh“".‘x} ‘-ﬁh*—-dl_.
»-{nn-r,n. =]

m_ Corollary 2 fellows from tha inequalities (8) and
Corollary 1 .

COROLLARY 3. MIMM.IM
glosed subset of X , £€I4p X', LEK(f) amd heC(X) . Theg
m—&ﬁ_‘i—l!ﬁ_fw_@mﬂg F1oFo € B(f]y) such that

In-riy = ata{jn-riy, in-2)
(12) and

In =2y

max | m =2y, o - 20

18V
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Proof. By Corellary 1, there exist twe functions F,.P,é E (f|y)
verifying the inequalities (9) , for all F& By(fjy) . Buk then
By - big £IP, = hly’ and X, - blly < U2, - bily , so that
max {In - 2y, b -Rjg] <hn, - nig .
On the other hand, by (8) , it follows

ir, -niy < max {kB, -nly, 7, -nigf ,

which shows that the secend eguality in (12) is trus. The first
one is proved similarly. . y

Remark 2. Corollary 3 shows that the evaluations (11) are
exact in the class E;(f|y) .

A J-no-t: in a metric space (X,d) is a pubset Z of X
such that for every x€X there exists 2¢Z such that ax,2)< 4.

THEOREM 3. If X is a compact metric space , T 1s a { -pet
in ¥, felipX apd LeEK(f) , then

(13) liw, - nly - Ury - nlg| <224 .

Proof. Let x €X . As Y isa J-net in X there exists
J,&Y such that d(:o._yo)é.(r y 80 that

P (x) - Fy(x) = int {£(3) + L a(x,,y) : yeI| -

s e {f(:) =5 Axg,3) 3 ye!-f =
= inf {£(3) + L 5.(-10.1) tyet}+ tnf {-£(3) ¢ L alx,,7) + ye T}
<2(y,) + Lalx,y,) - £(y,) + L &lx,7,) = 2 L d(x,,3,)42 3d .

As x, was arbitrarily choosen in X , it follows

- 8l -

2ud 2ip, - g > |17 - iy - ip, -nig| .

1° Dot X e{a] , dx,7) = |x =y and'let Y be a divi-
sion. AI- ﬂ..m interval [l.h! 5 ﬂx t .l ::oéxlx_ Bca (Inab )
Iet £ be a Lipschitz function on [a,b) with Lipschitz censtant L
o et £ e f0r) . 15 aeliand . Db wen shout dn(5] that

there exists a anique ‘;.nt-mllﬁun cubic spline s having the
form 1 '

., Tedls. = 0 3 e 2
a(x) 6 b (x-x 1) + l—l:-l(x-xi_l_) + my(x - x 4)
* 50 ’
for x¢ [ ;, x,] v 1=12,0000m and such that s(x) =f, ,
"(I’_J =n -.(xl)di » 1=1,2,...,0% m, =D, H =q.
The evaluation (11) give! :

(1) -u‘:{i--riﬁx v le =2l le s -2f

: : 2 -:{i- - Bylly o s =241

By Cerollary 3 the evaluations (14) are exact in the class

of lipschitz functions en {a,b] admitting a Lipschitz constant L

and taking the values f; on the knets &, ,1=0,1...,0.
All of the terms invelved in the inequalities (14) cam be
efectively calculated , as l'1 and ¥, are pelygenal lines om-
every subinterval [x; , , ;] and s-P9 ,3 - P, are pelyno-
wials of degree at mest 3 en every such subinterval (see[5] ).

2° Let X ={0,1) and fer given a,b€R and K>0 consider
the fellowing set ef Lipschitz functiens :
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F - {reLip(0,1] , £(o) = a, £1) = b , L, <K}

where L, is the smallest Lipschitz censtant of £ given by (2).
Lot B, ¢ -*'—-‘- C{0,1] be the Bernstein pelynemial (restricted
teo j' ) dnﬂ.ncd by

; k k n-k k .
B (£)(x) = ch r(-;—) AQ-x .x , xefo,1] , 25 .
k=0

B.u. Brewn , D, Elliet 'md D.F. Puget 3] proved that
an(.?-d) ek T gt © 3 B S G W SR

Taking inte acceunt the fermulae +(5) and applying Lemma 1 it
follewa that

P(x) = max {a-L,x , b-L (1-m] <

£ BO@smn{aclyx , el Q-n}er.

for xe(0,1], implying

a+b : 2 +Db
- - £ B (£)(x) ¢ +
2 2 2

3

Lor all »px€ [0,‘1]' » and censequently

a+b a+bd

2

E K
- =— < B (£Xx) < + — , =zclo0,1)
2 ” 2

=
(because Ly <K , for all fé¢ - 5 .

Thcref._tro

,HB‘(f)“élu{li+b+E|. l"""b*ﬂ}
2 2 )

= Bz7i

fer all fe g: .

But, the set 7 contains the functiens F; and F_ and conse-
Guently it centains «.l the Bernstein pelynemials , Bn(Pi) and
B(I} gl = TP Gl

The functien Pi being cenvex, the pelynemials " Bn(l‘i) are

Eonvex tee , and

B (2 )x) > X(x) , xelo0,1),
Anzlogously , ¥_ is comez” , the polynomials B (F.) are concave
too , and '

2 ONx) £ RA(D) . exelils o

(see e,g. [B), (9] ).

Because

Lo [B(F) - R =0

0 oo
lim B (F) - F | =0
n->00 L% e
and
a+b . il
max ?5(1)' = G —
xc[0,1] & E
d a+b K
min  F,(x) = - %
xe[0,1) 2 2
it follows the formulae
la + b+ K| Ia+b-K[i
lim sup HB (f}} = max 5 ' 2

nso feF
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