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REZUMAT -  O teoremă abstractă de tip Korovkln şl aplicaţii- în  lucrare se 
obţin teoreme de tip Korovkln pentru spaţiul C (X ), unde X  este un spaţiu  
metric compact (Teoremele 2 şi 3). Se aplică rezultatele ob ţinute pen tru  cazul 

• cînd X  este o submulţime compactă a unui spaţiu prehilbertian şi se dau delimi­
tări ale diferenţei || B „ ( / ) - / l | .  unde B n este operatorul lui Bernstein-Lototsky- 
-Schnabl.

The well known Korovkin’s theorem (see e.g. [1]) asserts th a t if {L„)n1sl 
is a .sequence of positive linear operators, acting from C[a, b~\ to C[a, b] and 
such that {Ln{ek))n>i converges uniformly to ch, for k =  0, 1, 2 , where ck{i) =  t \  
i e  [a, b], then the sequence {L„(f))n>i converges uniformly to / ,  for every /  <= 
eC[ a , l ] .  . .

This theorem was extended and generalized in many directions. One direc­
tion is to replace the above mentioned system of test functions by oilier sys­
tems of functions, which led to the theory of so called Korovkin subspaces. 
Another direction is to consider functions defined on more general compact 
spaces than the interval [a, 6], first of all on compact subsets of i lm.

The aim of this paper is to give Korovkin type theorems for the space 
C(X), where A, is a compact metric space. As application, supposing that A' 
is a compact convex subset of a Hilbert space, one obtains evaluations of the 
order of approximation by the Bernstein — Lototsky — Schnabl operator, similar 
to those given in [4]. -

If (A, d) is a compact metric space, denote by C(A) =  C (A, It) the space 
of all real-valued continuous functions defined on A and by Lip (A) the sub­
space of C(A)* formed of all real-valued Lipschitz functions defined on A. 
^ “ ped, as dually, with the uniform norm | | / | |  =  sup {| f(x )  | : * <= A}, /  s  
e  C(A), the space C(A) is a Banach space.

Our first result is a density theorem : -
uniform°wm Th* Suhs^ ace LiP (-Y) is dcnse in C(A), with respect to the

strasf fw , ^ e  assertion of the theorem will follow from the Stone—Weier-
the e r n ^ m ^ ^  T  Sha11 show that LiP (*) is a subalgebra of C(X) containing the constant functions and separating the points of X.

If /> g e  Tip (A) then ‘

I ( / -g)(*) -  ( / • g)(y) | ^  | f(x) | - 1 g(x) _  g^,) | +  | g{y) | . ]f{x) _  /(,.) | < 

_____________^ ^ 1̂ 11 ’ +  llgll • K/) • d(x,y),
• O n i u m , y  o f  C lu j-N apoca, F acu lty  o f  MatHcnuUics
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for all x, 3 , -where K’ Ta n i . ^  are Lipschitz constants for /  and g, res-
pectiyely. + w  t l w y V ^  S W  and siuce Lip (X) is a subspace ,of C(X) It . follows th a t Lip (X) is a. subalgebra of the algebra C(X)
1 T ? hvi0Usly in W  to the proof wehave only to show th a t the algebra Lip (X) separates the points of X. For
* . y e X > x * y  let / :  X — R be defined by f(z) = d(z,y), z e  X. Then 

l/(*i) —f i z2) I =  I d{zv y) — d(z2,y) I ^ d{zv z2), zv z2 e  X,
which shows tha t /  is in Tip (X), f(y) =  d(y,y) — 0 and f(x) =  d(x,y) >  0. 
Theorem is proved. . J v ' v

A Marfcov operator L on C(X) is a positive linear operator L : CfX)-v C(X) 
such th a t L(c0) =  e0> where e0{x) =  1, x e  X, i.e. L preserves the constant 
functions. • (

In the following we shall need the following simple lemma: 
l e m m a  1. I f  L is a Markov operator acting on C(X) then || L || =  1.
Proof. Taking into account the positivity of L and applying L to the ine­

qualities — ll/H • e0 ^ f  < ll/ll . e0, we obtain — ||f | |  • e0 < L (f)  < | | / | |  • e0, 
so tha t || L[f) || < ll/H , for all • / e  C(X). As || L{e0) || =  || c0 || =  1 it follows 
!| L |i — 1. Lemma is proved.

If (/'„)»> 1 is a sequence of Markov operators acting on C(X), le t'
=  L„(íí(., x) ; x),

(U*) =  *): *)>
for all x <= X and n — 1 , 2 , . . . .

Our first Korovkin type theorem is the following:
THEOREM  2. Let (L„)n>i be a sequence of Markov operators acting on C(X). 

I f  (a„{x))„>\ converges to zero, uniformly with respect to x <= X, then (/-„(/))„>! 
converges uniformly to f ,  for all f  e  C(X).

Proof. Let /  e  Lip (X) and let Kf 5= 0 be a Lipschitz constant for / ,  i.e.

I / W - / b ' )  I < K f d ( x ,  y),
lor all x, y  e  X. Tliis inequality can be rewritten in the form:

-  Kf • d{., x) < / ( • )  - f { x ) . c 0 s: K} ■ d{., x),
for all x e  X. Applying to these inequalities the operator L„ and taking into 
account the positivity of Ln and the notations (1), one obtains.

- /< ,  • «„(*) < I  „ if; *) - / ( * )  < 7i/ • «»(*)
for all % e  X, or equivalently, 1

| !„ ( /; *) - / ( * ) l  * ^/l *»(*)!• ^
for all a e  X. Since, by the hypothesis of the theorem the sequence K W U  
tends to zero, uniformly for x s  X, the inequality (2) implies that (L„\fj)n>i
tends uniformly to / .  . „ .v , •

By Theorem 1 the space Lip (X) is dense m C(X) with respect Ao the uni­
form norm on C(X) and by Lemma 1, || || =  1, n — 1, 2, . . .  so that by the
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-Steinhaus theorem, the sequence (!„(/))„*1 tends uniformly t o / ,  for
46

^  r r't v\ n'Up theorem is proved,
all /  e  be a sequence of Markov operators acting on C(X\
u  ‘hefsequen/e « > .« ) .» . < « *  ‘0
/ ■ i ’r n m  t  * « X. then- the sequence (!.(/)).»■  tm is  unifdrmly t„ / ,  for *
( e  C(X).

I f  f  e  Lip (X) //««», furthemore _____

II ¿»(/) —/II, ^  A/ • V || M l » .(3)

for all n =  1, 2, .. • •
. Proof. We have I „ ( 0  =  eo aud

' 0 $ Ln((t ■ f  -  c0)>) = t>Ln(P) -  2t ■ L n(f) +  c0 .

for all t e  R, implying
' [!„(/) P .<  £.,(/2).

for a l l /e  C(X). Applying this inequality to the function / =  d{., x), one obtains :
’ ' {Ln{ i{ . ,x ) \x ) f  ^  Ln(d2(.,x)-, x), (4)

for all x e  X. Taking into account the notations (1), it follows th a t the sequence 
[aH(x))n>i converges to zero, uniformly for x e  X , provided th a t the sequence 

converges to zero uniformly for x ^  X . The first assertion of the 
theorem follows now from Theorem 2.

The inequality (2), obtained in the proof of Theorem 2, implies

II £ . ( / ) - / II < K ,-  ¡|a„| | ,
for all /  e  Lip (X). By the inequality (4), || <x„ || ^ J  || (3„ || , so that

II L„(f) - f \ \  < Kf ■ -f || | | , _
which ends the proof of the theorem. '

Now, let H be a real pre-Hilbert space with inner product . >. For 
H fixed let the function et : H—v R be defined bv e,(x) =  <.r, t ), x e  H, and 
s: H -vR  be defined by e{x) =  <*, *> =  || * ||i 'x e  H.

t e
let e

theorem 4. Let X  be a compact subset df the pre-Hilbert space H and
\K )n^ be a sequence of Markov operators acting on C(X). I f  (LJe))n>, converges 
uniform y o e and the seqitence (Ln(ex; x))n>l converges to e(x), uniformly for

ProofC W e'havr^”^  L̂n^ n>l converSes uniformly to f ,  for all f  e  C(X).

■ \ \ t - x \ \ *  = c( t)— 2ex(t)+ e(x).

hty oSe1 oitains - °Perat°r U  ^  ^

P"(at) =  Ln{ 11 • ~  * II2; *) =  : *) -  2L„(ex ; x) +  e(x) =  ,
~ L n( e ; x ) - e ( x ) ~ 2 [Ln[ex -x) -  e{x)]. (5 )
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.Taking into account the hypotheses of the theorem it follows th a t'th e  sequence 
converges to zero uniformly for s  X, and Theorem 4 follows from 

Theorem <3.
Remark. If /  €  Lip (X) then -

I! LJ J ) - / | |  ^ Kfsl  || an — 2bn | | , (6)
where an(x) =  Ln(e; x) — e(x) and b„(x) — Ln{ex; x) — e(x), for and

t t  =  1 » 2 , . .  • . • /
COROLLARY 1. (Korovkin’s theorem). i a sequence of Markov

operators acting onC[a, b] such that ¿.„(«j) JL ev LH(e2) 2^. e2, where e1(x) = x and 
e2(x) =  *2. x  s  [rt- ft], ¿hen {L„(f))n>l converges uniformly to for all f ^ C  [a, 6],

Proof. In Theorem 4 take H  =  R, [a, b] and the inner product be 
the usual multiplication in R, <x,y> =  • Then e(x) =  e2{x), e,{x) =

=  l-x  =  t-ej(a') and L n(e,; x) =  t-L n{ex; x).By hypothesis Jk
The corrollary will follow from Theorem 4 if we show that L„(ex ; 
uniformly for s  [«, 6], By hypothesis LH{ef) eu so that if e >  0 is given, 
there exists »t <= AT such that | L„(^ ; — | <  zjM for all' n ^  ns and all 
x  e  [a, b ], where M  — max (| a |, | b |). Consequently | L„(e2 | =  |
- | LXei i x) — -x| <  e, for all n ^  ntand all x and t in [a, b] . In particular
for / =  x ,one obtains |L„(e,; x) — xi \< z ,  for all > and all x «  6],
which shows that the sequence (Ln{ex \ x))n>i converges to e(x), uniformly for 
x e  [a, />}. The corollary is proved.

If Ln Bn, where B„ denotes the Bernstein polynomial operator defined 
by

B ,( / ;* )  =  ]Co( ^ ) ( l  x e  [0,1 ] , /  e  C[0,1  ], •

t h e n

B .fo ; x) = Cl(x) and B„(*2; x) =  e2(x) +

The delimitation (6) gives

II B . ( / ) - / I I  « ^

for all /  e  Tip [0, 1].
Applications. 1 °. In the Hilbert space R” consider a compact convex set X  

■with nonvoid interior. For /  e  Cl(X) (the space of all real-valued continuously 
differentiable functions on X) and u e  R", denote by V/(w) the gradient vector 
of f  at the point u, i.e.

v/(») =  ( | m ........ £< *> )• ■

l e m m a  2. I f  fe CHX) then f  <= Lip (X) and K ,  =  max || V/(m) | | .J J itrnX
Proof. Let x, ye  X , x/  y. The mean value theorem implies the existence
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of a point u 
that

48
.  A' (which is an  internal p o in t o£ th e  se g m e n t jo in in g  *  a n d  yj  snck

m  - M  -  S I  w  •
Applying n o w  th e  Schw arz inequality , one  o b ta in s

|/(l) _ /(y) | -  IIV/MII • II * -  y II < (“aJ II V/<“> II )• II * -  A ll.
COROLLARY 2. I f  (■£»)« >1 

where X  is a compact convex
is a sequence of Markov operators acting on C(A) 
subset of R”‘ with non-void interior, then "

I £»(/■•; x) -  f{*) I ^  max II II ’ V-M II • — x  II2 > x)> (7)

for all f  s  CX(X). . . f a t -
Proof. By Lemma 2, the inequality (7) is a consequence of the inequality

(3) (see also (1) for the definition of p„).
2°. The Bernstein-Lototsky—Schnabl operator. If X  is a compact space, 

S is a subspace of C(X) such that e0 e  S (remind th a t e0[x) =  1, x  e  X), f  
is a Markov operator on C{X) and * is a point in X  then a Radon probability 
measure v, on X  is called an L{S) — representing measure for x  if

! ( / ;  *) =  f fd'tx,
x

for all /  <= S. •
Suppose from now on that X  is a compact convex subset of a pro-Hilbert 

space H and let A(X) be the space of all real-valued continuous affine func­
tions defined on X. Let V = (V„)„^i be a sequence of Markov operators on C(X) 
and let M(V) =  {vv, : n ^ 1, x <= X} be a set of Radon probability measures 
on X  such that v*.,, is an V„{A{X)) — representing measure for .r, for all 
* e  X n =  1.2, . . . .  Suppose further that the family d/(l ' )  is such that 
the functions E„ : X—*■ R defined by E„(x) =  vTI1((i), x e  A', are continuous for
a 1 ? !f 2> • • ••. -P =  (Pn,j)nj»i be a lower triangular stochastic matrix i.e. 
an infinite matrix such that pn>j > 0 for all n , j  > 1,

■ !CA>./ =  1 and £”■> =  0

n =a l' H ^defi~ *s a seclueuce °f continuous functions p„ : X —+ [0, 1 ],

where t, denotes the Dirac 
: X n-+- X  be defined by

P»(*) x̂.n +  (1 — pH(x)) t x O V„, 
measure on X  centered at t e  X . Let also x n,p-

A n » A Xl. X2l

for (*» x2........xn) e  X ”.
Xn) — ' X},

J = 1
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The Bernstein — Bototski—Schnabl 
p is defined by­ operator with respect to M{V), P  and

x) _  [ f o n HPd (g) v ^ ,
*■ '

for all x  s  X  and all /  e  C(X). I t  follows that B„ is a Markov operator on 
C(X) and straightforward calculations (see [5,]) show that

B„{ey ; *) =  YlPn.j ■ pj(x) <x,y> +  ¿ p n,} - (8)
. J=I y~i

(! -  ?j(x)) <x,y> =  <x ,yy  = ey(x), 
for all x ,y  e  X  and f

B,t{c ; .v) =  E  p lj  [Pj(x) vxfe )  +  (1 -  Pj(x)) • 7,■(«;*)]+ ( 1 -  £ * ( * ) ,  (9>
• 1 V >=i /

for all -v e  A'. Here, the functions e,., c : A'-*- R are defined as above by ey(x) =  
=  <.v, v> and e(x) =  <x , *>, * s  X. .

As a consequence of the general convergence theorems one obtains the 
following result :

TJIKOKHM 5. I f

lim E  l>li P,(-v) • Ky(c) -  V}-{c ; *)) +  £ & ( * >  I *) ~  «(*)) =  Q. (W>"—*• ; 1 J  = 1
uniformly for x e  A', thin (B„(f))n>i converges uniformly to f ,  for all f  <= C(X). 
7/  /  e  I,ip (A’) //?<’« furthermore:

J i f f )  - f || ^  Kt E  P».i P> £;• -  W  +  S to W -« )
1/2

( 11)

where Ii,(x) -- v, ;(f), # e  X.
Proof. The convergence result follows from Theorem 4. Indeed, by (9)„

ft tl
Bn[c ; .r) — e(x) =  E / ’«.;fP>(*) v*j (c) — *)) +  E^«.;(^y(e i x) ~~ e(x))>

i J=1
and the condition (10) of the theorem implies that (£„(e; *))«»i converges to- 
e(.r), uniformly for x & X. The equality (8) gives for y  = x, B n(ex, x) (x, xy  
=  e(x), for all r  g  I  and n =  1,2, . . . .  The hypotheses of Theorem 4 are all 
fulfilled and, consequently, the sequence {Bn(f))m>i converges uniformly to / ,  
for all /  e  C(X).

4  — M athematics 2/1989
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. *,e\ if nr T -  B )  (8) and (9) g iv e :The equalities (5) (for Ln — £>»)> \ )

_  ¿ A M * )  +  ( ' -  p'w )  • V,te ; 1)1 +
y-i

+  ( i - E / !. j ) ' W - 2e(’j:) +  ‘w  =
n

=  ¿ & - [ p y ( * )  +  (1 -  Pyt*)) V& ‘ - T ' P * ' i e (x ) =
y=i

' »
=  ¿^ .y p y W  [£,■(*) -  Pyl«; *)] +  *) -  «(*)]•

I t follows that the delimitation (11) is a consequence of the delimitation 
(3) from Theorem 3. .

COROLLARY 3. I f  vx,j =  v* for j  — 1 , 2 , . . .  and P/M 1, x e  
— 1,2, . . .  ¿/i.w the condition (10) from Theorem 5 reduces to

;  =

lim i 2 p \ i  =n~*-oo y=l
(12)

a«i the delimitation (11) takes the form.

I|b , ( / ) - / i i < jJ e & h e -, Vy=i

\l/2
<11J • (13)

where E : X-+ R is defined by E(x) =  vr(c), .x e  X. » .
Proof. The first assertion of the Corollary follows from the following deli­

mitation for the expression involved in the condition (10), for pAx) =  1 and 
v*M =  v,(*) = E(x): V 7 7

E K y [£ (* ) -  Vj(e; *)] +  ¿ ^ [ ^ ( a ; *) -  e{x)]

* H E ~  VAe) l l + E  P li || Vj(e) - . | |  <
y=i ,

* (II E\\ + 2\\V,(e) | | +  I l f l D S ^ ^ K H E i H -  3 ) f ^ p l j .  .
y=i

E' =T£  (W) follows im m ediately  fro m  (U ) , t a k ia g  „  =  l  a a d
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