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AT. — O teoremii abstractd de tip Korovkln’sl aplicagif. In lucrare se
3\?&U¥e‘::‘eme de tip Korovkin pentru spatiul C(X), unde X este un spatiu
metric compact (Teoremele 2 si 3). Se aphcﬁ ‘rezulta.tele qbtmqte pentru cazul

. cind X este o submultime compacti a unui spafiu prehilbertian 5i se dau delimi-
tiri ale diferentei || Ba(f) — fll unde B, este operatorul lui Bernstein-Lototsky-
-Schnabl.

The well known Korovkin’s theorem (see e.g. nn asserts that if (L),
is a sequence of positive linear pperators, acting from Cia, b] to C{a, b] and
such that (L,(e;))n»1 converges uniformly to ¢, for & =0, 1,2, where ¢(t) = #,
i € Ta, b], then the sequence (L,(f))s>1 converges uniformly to f, for every f =
e Cla, b]. .

’E‘his ]theorem was extended and generalized in many directions. One direc-
tion is to replace the above mentioned system of test functions by other sys-
tems of functions, which led to the theory of so called Korovkin subspaccs.
Another direction is to comnsider functions defined on more general compact
spaces than the interval [q, b], first of all on compact subscts of K™,

The aim of this paper is to give Korovkin type thcorems for the space
C(X), where X, is a compact metric space. As application, supposing that X
1s a compact convex subset of a Hilbert space, one obtains evaluations of the

order of ‘approximation by the Bernstein — Lototsky — Schnabl operator, similar
to those given in [4]. y

If (X, d) is a compact metric space, denote by C(X) = C(X, R) the space
of all real-valued continuous functions defined on X and by Lip (X) the sub-

space of C(X) formed of all real-valued Lipschitz functions defined on X.
Equiped, as usually,

with the uniform norm ||f|| =sup {|f(z)|:x € X}, [ <
€ C(X), the space C(X) is a Banach space. 4 pllf

Our first result is a density theorem :

_ THEOREM 1. The subspa ip (X) 1s dei ¥ X ' '$pe he
nifpar OREAL pace Lip (X) s dense in C(X), with respect o {h

Proof. The assertion of the t] S 1 r f > :—Weicr-
Strass thoorens it o 1corem will follow from the Stone—We

e shall show that Lip (X) is a subalgebra of C(X) containing
the constant functions and separating the) points ong. W )

If f,g «Lip (X) then
W -0 — (7-20) | < 17(x)] 180x) — g0 [ + 180 | - 1/(x) — f(¥) 1 <
S - Ko+ ligh - K)) - d(x, »),
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for all x,y € X, where K; and K, are I,
pectively. Therefore f- ¢ « Lip (X} and o 2 : )
it .follows that Lip (X) is a Su%aflggbr: OfS_I&Cee aﬁ,;[é b(fg) (1:5& ;{1) subspaceT of C(X)
‘Ahs tlhe tcons}fant functions are obviously in Lip (X) to finish the proof we
have m:(y oS cl>w tt‘1at the algebra Lip (X) separates the points of X. For
2,y X, x#ylet f: X+ R be defined by fz) =4d(z,y), z € X. Then
|f(z1) = f(z2) | = | d(zy, y) — Az, ¥) | < d{zy, 2,),
which shows that f is in Lip (X = — _
Theorem is proved. P (X), ) ' d(y,5) =0 and f(x) = d(%y) > 0.
A Markov operator L on C(X) is a positive linear o - CT: -
< perator L: C1XD)— C(X
?whtig:f;t L(eo) = ey, where ¢y(2) =1, x € X, ie. L preserves ‘S}e \)oe\nst(anz,
unc oo COLIS

pschitz constants for f and g, res-

2,2, € X,

In the following we shall need the following simple lemma : '

LEMMA } {f L. ts a Markov operator acting on C(X) then ||L| = 1.

' P.roof. Taking into account the positivity of L and applying L to the ine-
qualities — | fl| - ¢o < f < |If]l - &, we obtain — |||} e, < L(f) < |IfI| - e,
so that || L(f)Il <||f]l, for all.f & C(X). As ||L{eg) |l = l[col| =1 it follows

{i L% = 1. Lemma is proved.
If (L,)ss: 1s a sequence of Markov operators acting on C(X), let’
(%) = L,(d(., x); %), M
Bu(x) = Ly(@(., %) x),
for all x =« X and »n=1,2, .... N
Our first Korovkin type theorem is the following:
TIEOREM 2. Let (L,)us1 be a sequence of Markov operators acting on C(X).
If (a,(x))ns1 converges to zero, uniformly with respect to x = X, then (La(f))nn1
convcrges uniformly to f, for all f e C(X). :
Proof. Let f e Lip (X) and let K; > 0 be a Lipschitz constant for f, i.e.

|f(%) — () < K- dlx, 3),
for all x, y € X. This inequality can be rewritten in the form:
— K, - d(., x) <f(-) = flx).co < K- a{., %),

for all * « X. Applyving to these inequalities the operator L, and taking into
account the positivity of L, and the notations (1), one obtains:

'—I</ : a,,(x) < I‘n(f; x) —f(‘V) sI{/ ) au(x)

for all x € X, or equivalently, .

‘ Ln(f; X) —f(x) | < I{Il c‘n(x) l' (2)

for all x € X. Since, by the hypothesis of the theorem the sequence {,(*))ns1
tends to zero, uniformly for ¥ € X, the inequality (2) implies that (L,(f))s>:
tends uniformly to f. o ) ' )

By Theorem | the space Lip (X) is deusc in C(X) with rcs‘pect.to the uni-
form norm on C(X) and by Lemma L || L,[l=1 7= 1,2, ... so that by the

’
'

P
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Banach—Steinhaus theorem, the sequence (L,.(f Nz tends uniformly ‘to f for

- is proved. ;
all f € C(‘)(I‘{X}Z)\.d ’I:;heLE?e((}fjil bepa sequence of Markov ‘operators acting on C(x
If Bita) is defined by (1) and the sequence (Bu(x))ns1 londs lo zcro, uniform,,
fx{)&'mspect o x e X, then the sequence (Ly(f))as1 tends uniformly to f, for o)

{ = C(X). ‘ |
If f = Lip (X) then, furthemore

” Ln(f) _'fH < I{/ * \/ I Bn” ’ , (3)

for all n =12 ...
. Proof. We have L,(e,) = ¢, and

‘ 0 < L,,((t ‘f—‘ 80)2) = tZLn(fg) — 2t - L"(f) + €o

for all ¢ € R, implying
| LVE < L)
for all fe C(X ). Applying this mequality to the function f=d(., x), one obtains:
. (La(d(., %); x))z < L(d¥(., %); %), (4)

for all x € X. Taking into account the notations (1), it follows that the sequence
(24(%))n>1 converges to zero, uniformly for % < X, provided that the scquence
(Bu(%))s=1 converges to zero uniformly for x € X. The first asscrtion of the
theorem follows now from Theorem 2. .

The inequality (2), obtained in the proof of Theorem 2, implics

”Ln(f) —f” < 1{/ : il d"” ’
for all f~e Lip (X). By the inequality (4), || «,| < \/ [l B!, so that

Lol = f1I < Ky - BT

which ends the proof of the theorem. s

. Now, let H be a real pre-Hilbert space with inner product (., .». For
¢ = H fixed let the function ¢,: H— R be defined Ly a(x) = (x,t), x € H, aud
let e: H— R be defined by e(x) = (x,2) = || x||2-, v e H.
L) THI%OREM 4. Let X be a compact subset df the pre-Hilbert space H and lct
m;’;le le a sequence of Markov operators acting on C(X). If (L,(€))ns1 converges

jormly to e and the sequence (L,(e,; x))ns, converges to e(x), uniformly for

x € X, then fl - uni ‘
& fl.c%\fewh ;f’%uence (Lalf))nn1 converges uniformly to f, for all f € C(X).

e — 2l1® = clt) —2¢,(8) + e(x).

Considering x fixed and ¢ variable

lity and evaluating at the point £ — x, 211)121}21;1& I‘Icll;e operator L, to this equa-
Bal®) = Lo(1l . — 2I2; 2) = L, (e; %) = 2L,(e,; x) + e(x) =

= Ly(e; x) — ¢(x) — 2[L(e,; %) — e(x)]. (5‘)
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.Taking into account the hypotheses of the theorem it follows that'the sequence
Th %onverges to zero uniformly for s X, and Theorem 4 follows from
eorem

Remark. If / € Lip (X) then -

I LJJ)-/|| ~ Kfsl || an—2bn||, (6)

where an(x) = Ln(e; x) —e(x) and b,,(x) —Lnfex; x) —e(x), for and
tt= 1»2, .. e . . /
COROLLARY 1. (Korovkin’s theorem). i a sequence of Markov
operators acting €[a, b] such that ¢.,(«j) JL ev LHe2 2. e2 where el(x) = x and
e2(x) = *2 xs [rt-ft], ¢hen {L,,(f))n> converges uniformly to for all f*C [a, 6],
Proof. In Theorem 4 take H= R, [a b] and the inner
the usual multiplication in R, <x,y> = ¢ Then e(x) = eXx), e{x) =
=1-x = t§(a) and Lng X)= t-L n{ex;

The corrollary will follow from Theorem 4 if we show that L,,(ex;
uniformly for s [« 6], By hypothesis LHef) eu so that if e > 0 is given,

there exists »t <Al such that | LM, — | < zjM for all'n
X e [a, b], where M —max (| a

- | LXeii X)— x|< e, for all n” nand all x and t in [
for /= X,one obtains |L,(e,; X) —xi\<z, for all > and all x « 6],

which shows that the sequence (Ln{ex\ x))n>i converges to e(x), uniformly for
x e [a =} The corollary is proved.

If Ln Bn, where B,, denotes the Bernstein polynomial operator defined
by

B,(/;*) = ]Co(M) (I xe [0,1],/ e C[0,1], *
then
B.fo; x) = C(x) and B,,(*2; x) = e2(x) +

The delimitation (6) gives

IB.(/)-/11 « A

for all / e Tip [0, 1].

Applications. 1°. In the Hilbert space R” consider a compact convex set X
mnith nonvoid interior. For/ e CI(X) (the space of all real-valued continuously
differentiable functions on X) and u e R", denote by V/(w) the gradient vector
of f at the point u, i.e.

v(») = (| m.... E<*>)e |

lemma 2. 13 If e CHX) then f < Lip (Wnd K, = max || VI(m]].
Proof. Let X, § X, kK y. The mean value theorem implies the
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Of.a point # € X (which is an internal point of the segment joining x ang ) sucy
that ’

|l

(@) - (% — 3) = V), x —y).

Y

”
=1 9%

i) =f) =1
Applying now the Schwarz inequality, one obtains
flx) — fo) = V@ - 1% =yl < (max || V/{u) 1) Nz =y,

a sequence of Markov operalors acting on C(x)

>1 18 J operaror
coroLLary 2. If (Lo bsct of R with non-void interior, then

where X is a compact convex i

| L{fs ) = f(#)] < max NV - L —%1P; %), W)

1 f e CYX).
Jor nggof. %}S‘){Bemma 9, the inequality (7) is a conscquence of the inequality
(3) (see also (1) for the definition of B,). _ .
95 The Bernstein— Lototsky—Schnabl operator. If X is a compact space,
S is a subspace of C(X) such that ¢, € S.(reljn‘md that ¢o(x) =1, x € X), [
is a Markov operator on C(X) and x is a pomnt in X then a Radon probability

measure v, on X is called an L(S) — representing measure for x if
Lif; 2) = { f .

. x

for all f € S. .

Suppose from now on that X is a compact convex subsct of a pre-Hilbert
space H and let A(X) be the space of all real-valued continuous affine func-
tions defined on X. Let V=(V,),;, be a sequence of Markov opcrators on C(X)
and l’et M(V) ={vsu:m 2 1, x € X} be a set of Radon probability measures
on x\"such that v,, is an V,(4(X)) — representing mecasurc for x, for all
x € X and # =1,2, .... Suppose further that the family M(1) is such that
the functions E,; X— R defined by E. (%) = v.u(¢), x € X, are continuous for
all n=12,. vr. Let P = (P, )nis1 be a lower triangular stochastic matrix lLe.
an infinite matrix such that p,; > 0 for all 1, ji=1, '

L .
j;lpu,j = 1 and P'l,]' =3 0

Horallj > n. If p = (p,)
n=1,2 .., define

N .

nno = p,,(x) Vi + (1 - P»(x)) 0 V,,,

where ¢, denotes the Dj
:X".,}( be defineg E}lyl‘ac measure on X centered at ¢ € X. T.et also mnr:

n>1 15 & sequence of continuous functions ¢, : X— {0, 1],

' »
N W)I,P(xlj xz’ c oy xn) = Z]ﬁ’l.j . x),
for (x,, x,, ..., %,) € X», j=1
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The Bernstein—Lototski'_schnabl o . . .
t

p is defined by perator with respect to M(V), P and

B.(f; 2) = j fompd @ Y,
x'l

1<€5<5n

for 'all * € X.and all /= C(X). It follows that B, is a Markov operator on
C(X) and straightforward calculations (see [5]) show that

Buler: %) = 22 s 08) <595 + Lpas ®

(I = 2i(x)) <%, 9> = (%, 9) = ¢(x),
for all x,v € X and f

B.(c; ) = ,Zl P Lei(®) vasle) + (1 — pi(%)) - Vile; ©)] + (1 - }_‘{ ;sﬁ,,.) e(x), (9)
: : o
for all ¥ € X\ Here, the functions e, ¢ : X — R are defined as above by e,(*) =
= {x, V) and e(x) =<{x, 1), x € X, ' _
As a consequence of the general convergence theorems one obtains the
{ollowing result:
THEOREM 3. If

i 3 12, 6] + (nle) = Viles 1) + L phalVife; 1) = el =0, (10)

n—r 3 1
uniformly for x € X, then (B,(f))ss1 converges uniformly to f, for all f € C(X).
lf [ < Lip (X) then furthermore:

12

, o (11

};Pﬁ,i o Ej — Vj.(ﬂ) + ;?ii(Vi (e) —¢)

\

EBAS) =Sl < K

-

where E(x) = v, (c), x € X.
Proof. The convergence rtesult follows from Theorem 4. Indeed, by (9).

Bule: 1) — el0) = 25 Paln(8) vadd) = Viles )+ L phVile; 1) — el

and the condition (10) of the theorem implies that (B,(e; %))us1 converges to
e(x), uniformly for x € X. The equality (8) gives for y = %, B,(es; x) = (%, x>
= ¢(x), for all ¥ € X and # = 1,2, .... The hypotheses of Theorem 4 are all
fulfilled and, consequently, the sequence (Bu(f))np1 converges uniformly to f,

for all f e C(X).

4 ~— Mathematica 2/1989
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The equalities (5) {for Ly = Ba)y 8 and ) give :

p”(x) = B”(e; x) - 2Bn(6x; 3’) + e(x) =

S o) vesle) (1 — pi(8) < Viles DT+

i=1

+ (1 — ; p%.,,.) e(x) — 2e(x) + e(x) =
S a0 vasle) (1 = ) Vifes )] — 23 phsel) =

_ g ei) (B — Vile: ] + E PV e ) — ()],

It follows that the delixnigation (11) is a consequence of the delimitation

(3) from Theorem 3. ] '
conotiary 3. If vey=vi for j=12, ... and pa) =1, x € X, j =
=1,2, ... then the condition (10) from Theorem S reduces to

n—® j=

and the delimitation (11) takes the form .

”" 1/2
| Ba(f) — fll < Kf(:;;ﬁ,jHE —-ell) ' (13)

where E: X— R is defined by E(x) = v,(¢), .x € X. ..
Proof. The first assertion of the Corollary follows from the following deli-

mitation for the expression involved in the condition (10), for pj(x) =1 and
vei(€) = vie) = E(x):

<

z PralB(x) — Vife; )]+ }:‘{ PrilVile; %) — e(x)]

<TAME Vo +§p§.,-n Vile) — el <
SUEN+2ZNV AN+ lel) B2, < (1EN+3) 3 42,
. =1 = )

. The delimitati v .
E—F on (13) follows immediately from (11), taking o =1 and
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