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ON A PROBLEM OF EXTREMUM

Costicli Mustia

Let [a,b] be an interval‘ of the real axis and let D : a =
=Xy < X; < ¥3 <...< X; =b be a division of this real interval.
Let
V={y:k=0,1,...,0} c R and let M > 0 be__ such that
H > |Yie1 = Yicl/ (Fey = %) » kX = 0,1,...,n-1.

A function £ : [a,b] - R is called Lipschitz on [a,b] if
there exists a number K > 0 such that:

(1) [£(x) - £(¥)| s K[x =y| ,

for all x,y € [a,b]. We shall denote by K; the smallest of the
numbers K for which the relatiom (1) holds and we shall call it
the Lipschitz norm of the functionm f. Obviously that K¢ is given
by:

K¢ = sup{ |f(x) - e)|/1x -yl i x,ye[abl , x*y} .

nennta- by Lip{a,b] the set of all real-valued Lipschitz
'ﬁihctr:ioﬁé“u-la!-‘.‘i.neﬂ on [a,b] and let
(2) AD,V,M) = { £ e Lip [a,b] : £(¥) =Yy, , k =06,n , Kg sM1}.

The finction whose .gfaph is the polygonal line joining the
points (%,¥y), k = 0,1,...,n belongs to %D,V,M) so that

¢+ #D,V,M) < Lip [a,b] = C [a,b] ,



108

where, as usually, cC [a,b] denotes the Banach space of all

continuous real-valued. functions defined on [a,b], equiped with

the uniform norm:

(3) I£l = sup { |£(x)] : x ¢ (a;bI'} , £ e c (a,b]

As a subset of the Banach space Cla,b] the set #(D,V,M) has

the fol lowing Properties:

THEOREM 1. a) The set F(D,V,M) is 4 convex subset of ¢

(a,b);
b) The functions F; and F, given by
ki Fi (%) = max { £(x,) - M_.jx -¥%/| , k= 0,1,...,n} i
Fg(x) = min ¢ f(x,) + M|x - %| , k = 0,1,...,n g
for x € [a.b], are extremal points of F(D,V,M);
C) The set #(D,V,M) is compact with respect to the unifornm
topol-gy of the Space C [a,b].
Proof. a) Let £1. £ € FD,V,M), 1 [0,1] and £ = Af, +
+ (1 = .Jl)f2 - Then, obv.iously, £(x,) = Y k = 0,1,...,n and '
1£(x) - f(y)|

1A

AlE(x) - L) + (1 - 1)'if2(x) = Hy)| <
(J\Kfl + (1 - A)Kfz)-]x -yl s

1A

1A

(AM + (2 - A)m) lx - y| =Mejx -yl ,
for all x,y ¢ [a,b], impling Ke < M. 1t follows that f
3(D,V,H).

b) By a theorem of McShane (2], the fu-ncti;.ms F; and F,
defined by (4) are in ETD,V,H) and furthermore '
(5) Fi(x) < f(x) < Fo(x) , x e [a,b] ,
for all f ¢ F(D,V,M). T0o prove the secong inequality in (5),
Suppose, on the contrary, that there exists a function
f e #(D,V,M) on a point ¢ ¢ [a,b] such that f(c) > Fg(c). As

Fij(x,) = fx,) = Fg(x,) = Y + k = 0,1,...,n, it fnllows that
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there exists kg € {0,1,...,n} such that e ¢ (x‘b +Xy 41) - But then
(]

f(c) - t‘(xko) Fg(c) -~ F.(x,,_o)
>

=M
c = X, c = X
or e
fkaa+1) = Tle) Fg(x);o-g-lj = Fg(c)
< = - M,
Xpeo41 — € ‘ Xp+1 — €
according as ¢ belongs to the interval
¥rotl ¥ Apg Ve - Yo
XKy » + or

2 2M

( X+l +xb+ Yiogr1 = Yig ) xtoﬂ} ,
2 2M
respectively. In both of the Cases it follows K, > m,
contradicting the hypothesis f ¢ #D,V,H). The first‘,inequality
in (5), Fy(x) < £(x), for all X € [a,b], can be pProved similary.
To prove that Fg is an extreme point of the convex set
#(D,v,m) suppose that F, = Af, + (1 - 4)f, for two functions £,
f; € #AD,V,M) and a number 4 € (0,1). We have to show that f; =
f, = F,, but this follows immediately from the inequalities (5).
C) By the Arzela - Ascoli theorem (see e.g. [5]) it is
sufficiant_ to show that #AD,V,M) is a closed, uniformly bounded
and equicontinuous subset of C [a,b]. By the definition of
FD,V,M) it is obvious that if (f,) is a sequence in #D,V,H)
converging to f € ¢ [a,b] then f is in #D,v,m) too, and by (s5)
1£] < max (jF;|,i7,)}
showing' that #D,V,M) is a closed and unifermly bounded ‘subset
of C [a,b]. '
Now, fore>alet6=¢f(l!+1).'rhen

e
1£(x) - £(y)| SMx-y| <N R
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for all x,y € [a,b] with |x - y| < & and all £ in HD,V,N)

proving the eq‘uicontinuity of the set F(D,V,M) and, by the above
guated result of Arzela - Ascoli, also its compactness. B
Exemple. In the paper []] thére are ¢iven several solutions

to the following problem: let f [0,2] * R be a continuous

function derivable on (0,2) and such that [£'(x)| s 1, for all
x € (0,2) and £(0) = £(2) = 1. Show that 1 < zf(x)dx & W
The hypotesis of the problem show that f bglongs to a class
of the type #(D,V,M), namely for D = (0,2}, V= {1,1} and M = 1.
In this case the exremél functions F; and F, are not
derivable in the point x = 1, expléining why the inequalities in
the conclusion of the problem are strict.

Consider now for p € N the functional L, #(D,V,H) - R,

defined by:
b

(6) I(f) = | £(x)|P dx .
a

One asks to find the minimal and the maximal values of this
functional. The solution of this problem is given by:

Yeer * ¥y M

THEOREM 2. a) If the numbers a, = : 7 M1 = %)

are non-negative for all k = ®,1,...,n - 1 then

max Ip{f) = Ih(F,(x))P-ﬂx s and
a

min I,(f) = r(wltxn" dx ;
ja

Yierp * ¥ M '
b} If the numbers 8, = — —— + — (x4 - x)  are
2 2"

non - positive for all k = 0,1,...,n-1, then
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b
max I (f) = Ll"x(xilp dx ,  and
(8) ' | '
i :
min I (f) = J [Fg(x) [P dx ;
| €) If the numbers yk are non- —‘negat1ve for all k =
= o, 1,...,n then 3 .
b e Ry
max Ip(f.) -3 L(F.(xnp dx ,
(9) e e
mix.i ,IP(‘!:‘) = J:mu {zi'kx:‘.onl’ dx ;

d) If the numpers ¥y are non - positive for 511 ki=
= 0,1,...,n then
max I,(f) = riri(x)]P dx , and
cing! Ja ;

min I (f) g J:(max {|Fg(x)],0})P ax .

Proof. a) The numbers @, k=0,1,...,n - 1 are the relative-
minima of the function F; on the interval [a,bj.'If @, 2 0 for
k =0,1,...,n - 1, then

05 Fi(x) < £(x) < Fy(x) , x ¢ [a,b] ,
implying the inegualities

0 = (Fy(x))P < (£(x))P < (Fy(x))P , x € [a,b],
which by integration over [a,b) yield &).

b) ‘The numbes 8, a;e the relative maxima of the functiom

Fg on [a;b]. If B, 5 0 for all k = 0,1,...;n = 1, then F,(x) <

s_f(x) S Fg(x) =0, x e [a,b], implying: =
- Fifx) z. - f(x} 2. = Fg(x) 20, % ¢ [a bJ.
Rlslng to the power P and lntegratlng over [a,b] one ohtains b).

c) If the numbers Yy  k = 1,...,n are all non - negative
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" then the inequalities

max {F;(x),0} < |f(x)| < Fg(x) , x ¢ [a,b] ,
hold, which rised to the power p and integrated over [a,b] give
(9).
d) The proof is similar to that in the case ¢). B .

Remark 1. The set #(D,V,M) being compact every continuous

- functional defined on #(D,V,M) attains its extrema.

where xxk =

maximum of the function F, on the interval [y,

Remark 2. All the integrals appearing in the calculation of
the extrema of the functional IP (the formulae (7) =.(10) ) can
be =asily calculated,'takinq into account the fact that the
functions F, and Ps are segmentary linear functions and have very

simple expression. For instance, in the case a) :
n-1 xku n-1 x!
max I (f) =% j (Fg(x))P dx =T ( J ¥ (Fe(x))P ax +
k=0 . k=0
Xk - Xy

Xy, 1 R=1 px

+ J * %F}(x))P dx | =% j Hk[!{(x = X)) + v P e dx +
X, k=0 |x
My X

= Xie3 -
+k§c . [= M(x = x%01) + ¥4,]P ax ,
& -

Ay + Hyyy T
Zktl Tk

e is the point of relative

Xke1lr k =

= 0,1 vwuyiti =%z

In the case D = {0,2}, v = {1,1} and M = 1, p € N one

obtains the following result:

The inegualities

B, 2 I (f) < "p"

- hold for every f ¢ F(D,V,M), where
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2 1 2
J rpi(x)IP dx = (- x + 1)P ax + (x - 1)P gy
0 0 1

'UE
]

2/(p + 1) ,

I
]

My

1 2
rrr.(x)ipdx =I (x + 1)P ax +J (= x + 3)P ax
0 0 "l

2(2P* - 1) /(p + 1)

For p = 1 we find
2
1< f(x)dx < 3 ,
1]

for all f ¢ S%D,V;M), i.e a non - sharp version of the inequality
proved in [3]. 7
Considering the L, - norm of a function f ¢ #(D,V,M) one

gets
P

2Pt o

52y <t < 2 %+1

Pp+1
which for p -~ » yields the uniform bounds of the set #(D,V,M):

1 < |J£f] < 2 for every f ¢ F(D,V,HM).
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