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COMMON SELECTIONS FOR THE METRIC PROJECTIONS
GOSTICA MUSTATA |
I. Let X' be a normed space and M a closed subspace of X. The

subspace M is called prowiminal (Chebyshev) if for every a e X, the set
of the elements of best approximation for z in M, given by

(1) Pula) ={ye M : |z — y| = dx, M),
where ’
(2) d(z, M) =inf |z —y[: yei,

is nonvoid (respectively a one-point set).

The quantity d(z, M) is called the distance from z to M.

If M is a proximinal subspace of A&, then the operator P, : X — 2u
is. called the metric projection on M , and the set

(3) ker Py ={xeX: 0 €Py()} ={zeX: ||z = d(z, M)},

is called the kernel of the metric projection P

DEFINITION 1. A function Pp:X — M is called a selection for the
metric projection P, if p(w) € Pylz), for all z e X.

The existence of continuous (and eventualy linear) selections and
characterizations of continuous or linear selections for Py, have been stu-
died in [2], for arbitrary normed spaces X,

The finding of continuous or linear metric selections in concrete nor-
med spaces is a problem specific to each considered case. Two such con-
crele cases were considered in [3] and [9]1, :

This paper will be concerned with the following natural problem :
it || |, and | ||, are two norms on a linear space X and M is a subspace
of X' which is proximinal with respect to each of these norms, find a
common selection for the metric brojections P}, and P35 i.e. an applica-
tion p: X — M such that P(x) € Py(x) n Pi(xz), for all e X.

The following characterization result of common linear selections
for two metric projections is an immediate consequence of Theorem 2.2
in [2].

THEOREM A. Let M be a subspace of the Uinear space X awhich is
proximinal with respect to each of the norms | ||, | s on X. Then the follo-
wing assertions are equivalent :

1° Py, and Py admit a common linear selection ;

2° The set ker P, n ker P35, contains a closed subspace N such that
X =M@ N (algebraic direct sum) ;
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3° The set ker Pl n ker P3, contains a closed subspace N such that
X — M + N (algebraic and topological direct sum).

In the following we shall iluustrate Theorem A in a concrete setting.

Tirst, we shall define a linear and continuous selection for the exten-
sion operator which preserves both the Lipschitz and uniform norms and
then, using a Phelps’ type result ([8], Theorem 3) we shall define a co-
mmon selection for the operators of metric projection in the Lipschilz
and in the uniform norms.

2. Let a, b, ¢, d e R be such that ¢ < a < b < dand let X = [¢, d]
Y = [a, b], x,€ [a, b] fixed and d(x,y) = |z — y|. '

A function f: ¥ — R is called Lipschitz (on Y) if there exists I > 0
such- that

(4) f(=) — f(y)| < K - d(=zy),

for all @, y € Y. The smallest constant K for which (4) holds is

(5) 1f 1l = sup {|f(@) — f@)|fd(z, 9): @, ye X, @ # y},
and is called the Lipschitz norm of the function f e Lip, ¥, where
(6) Lip,Y = {f; f: [a, D] — R, [ is Lipschitz on Y, f(x,) = 0},

is the Banach space of all real valued Lipschitz functions defined on ¥
and vanishing at the fixed point a, e Y.

The Banach space Lip, X is defined in a similar way (the fixed point
@, is the same as for Lip, Y)

Since Y is a compact subset of Il one can also define the uniform
norm on Lip, ¥ by

(7 Ifle = max {|f(y)|:y e},

for f € Lip, ¥. The uniform norm on Lip, A is defined similarly.
It holds :
TuroreEM 1. (a) For every f e Lip, Y there exists F' € Lip, X such that

(8) Fly =f and [ F|z = fllz;
(b) For every f € Lip, Y there cxists F e Lip, X such that
(9) Fly =fand|F s = ||fu-

Proof. The assertion (a) is a particular case of a theorem of Mc
Shane [4] (see also [1], [6]). ‘
Denoting by

(10) By(f) = {F eLipyX : Fly = f and | F |, = | f]zd,
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thie non-void set of all extensiens of the funetion Sy preserving the J;i'p—
schitz norm, let

T:Bi(f) - Bulf),
be the_t-runca-tirmr operator defined, for < B, (f), by T(F) = I, where
(11) Fl@)=fl. it  F@) > |fl.,
= P(x) if — Hjnuéﬁ'{m)sHJHW',
= — /it F(2) < —[1f fu
Obviously, T(F) = F e I3,(f) and D e = 1 Ny proving the asser-

tion (b) of the Theorem. i
Denote by

(12) By(f) = {F e Lip, X : Fly = f and | Flj, = [ £].},

the set of all extensions of the function f e Lip, ¥ which preserve the uni-
form norm of [ (this set is non-void by the assertion (b) of the above theo-

rent). _
Since the truncation I' of the extension 7 of a function fe Lip, Y.
irein- K (f) n £,(f), it follows that

(13) Eo () nB.f) + 0O,
for every f e Lip, ¥ and it holds the inclusion
(14) T(EL]) < B.(]),

(the example given at the end of this paper shows that the inclusion can
be striet),

A funetion ey : Lip, ¥ — Lip, X is called a selection associated to
the extension operator

Az, Ll'l){] Y — 2Lin ¥

it e, (f) € Bi(f), Tor every f e Lip,¥. A selection e, associated to the exten-
sion operator I, is defined in a similar way.
Now we shall consider the following problem : there exists a common
linear and continuous selection associated to the operators 7, and B,
The answer is given by the following theorem :

TrEoREM 2. The function e : Lip,Y — Lip,X, given by the equality

{.15) . 3(1) = (FJ =H jf'?.)j J € LipnY: )

po |
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where
Fi(w) =max {f(y) —fflc-|2 —¥]|: ye X},

(16) ,
Fy(w) = min {f(y) + |flle- (@ — y|: y € ¥},

18 @ common linear and continuous selection for the operators B and E,.
Proof. For f e Lip, Y, the tunctions given by (16) are extensions of
the funetion f, preserving the Lipschitz norm (see [1], [4], [8] for the
properties of the functions I, ¥, and of the set K,(f)).
For 2 e X we find

(17) df)x) = f(a) for e |e¢, a),
= Hx) for wefa, b] = Y,
= f(b) tor xe(h, d].

Obviously that fe(f)l, = |[fl. so that e(f) e E,(f). Furthermove,
le(f) la = lif . so that e(f) belongs to the set E,(f), too.

In [9] Theorem 4 and Corollary 5, it was proved that e is a linear
selection, continuous with respect to the topology generated by the Lip-
schitz norm.

We shall show that e is continuous with respect to the topology ge-
nerated by the uniform norm, foo. To this end, let = > 0 andlet 0 < § <e.
It f, geLip,Y are such that |[f — g, <3, then |[ef) — e(g)l, =
= [f — ¢ll. < 3 < &, proving the continvity of ¢ with respect to the uni-
form norm. Theorem is proved.

There is a close relation between the selections associated {o the
extensions operators K, and ¥, and those associated to the operators of
metric projection (in the Lipschitz norm and respeclively in the uniform
norm) on the annihilator of the set ¥ in Lip,X, i.e. on the subspace.

(18) Y= {@elip,X: Gly =0

L u . A . .
Let Pyt Ppd: Lipe X — 2Y denote the operators of metric projec-
tion on ¥+ (in the Lipsehitz respectively in the uniform norm) and let

d(F,Yt) =inf {|F — @G|, :GeX],

(19)
d (¥, Y1) = int {|F — @, : G ¥,

be the distances from an element I' € Lip, X to the subspace ¥+ with res-
peet to the Lipschitz and the uniform norm, respectively.

An element G; € ¥+ such that || F — G|, = d.(F, TL) is called an
L — nearest point to F'in ¥ * and en element G, € Y for which || F— G, |, =
= d(F, Y1) is called a w — nearest point to I in YL,
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Tirgoney 3. (a) The equalities
(2“) dL(VF: Yl} = ' I”Y ”f 5 'Ifr( F) 17l) = H fﬂi!’ ”u

hold, for every F e Lip, X;

(b) A function G, e YL is an L-nearest point to F in Y1 if and only
tf G, =F — H,, for a funclion I, e E,(I');

(¢) A function G, e YL is a u-neavest point to F in Y4 if and only
itf Go =F — H,, for a funciion H, e B,(F|y).

Proof. The first equality in (20) was proved in [5], FTheorem 2 and
Lemma 1. To prove the second one, observe that

1yl = | Fly — Gyl € JF — G,
for every ¢ € Y4 and, taking the infimum with respeet to 6 e ¥4, one ob-
tains the inequality
[l < dul ¥, X1).
On the other hand
WPy ¥4) <|F — (F — H) |y = | Hly = || Fly ),

for every H e B, (F|y), implying | F|y |, > d (I, Y.
The fact thal every L-nearest point G, to ' in Y+ has the form @ =
=F — H,, for an H, e B, (F|y) was proved in [ 6], Lemma 1.
The assertion (¢) can be proved in a similar way.
From Theorem 3 it follows that

(21) Pyi(F) =P — EyFly); Piak)—p — BEu(P ),

and, taking into account relations (13) and (14), we find

# L . ;
(22) Pri(F) g Py Y F) 5 F — T(By(Fy)),

for every P e Lip,X.
The following Corollary holds :
COROLLARY 1. (a) For every Felip, X there exisls a Junction

Gy e YL which is simultaneously an I-nearesi poini and a w-nearest poind
Jor B in YL

(b) If ¥ eLip, X is swch that | F|; le = | .Fly |lu, then

(23) d(F, Y1) = du(F, Y1)
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(¢) The function p : Lip, X — Y1 given by
(24) , I =T — e(F|y)

is @ common linear and continuous. selection of the melric projection operators
I _u | .
Pyt and Pyt o

(@) The subspace W = {e(I'|y): I'e Lip X} is lhe algebraic_andiopo-
logical complement. of YL in LipyX. _

Furthermore, the assertions () and (d) are equivalent.

Proof. The assertions (a) and (b) are immediale cousequences of
Theorem 3. It is obvious that the selection p, given by (24) is linear and
continnous (hoth in the Lipschitz and in the uniform norms). The fact
that W is the complement of ¥4 (with respect to the Lipschitz noim) was
proved in [9], Corollary 7, but it Tollows also from Theorem 2.2 in [2].
The same theorem implies the equivalence of the assertions (e) and (d).

Every function F' e Lip, A can be uniquely written in the form I =
— G + H, with G e YL and H e W, where the functions G and H can he

explicitly given by
Glzy =0 for x e [e, b],

= F(w) — Fla) for ¢ <@ <o,
= F(a) — F(byfor b < < d,

and
H@) = Fe) for xe{a, b],

= H(a) for ¢ < v < a;
= Fd) for b<<w <d,
Remarks. 1° The assertions (¢) and (d) from Corollary 1 are illustra-
tions to the Theorem 2.2 in [2] (assertions (1), (2) and (4)).
L L
2° The kernels of the applications P, ! and P;l are given by
L ; 5 o ' "
Ker Pyl ={F e Lip,X: |Fl,=|Fl [}, rvespectively ker Pt=
= {FelipX : |Fll. = |Flrl.}, and W is a closed subspace of Lip,X

: AR %
contained in ker Pj;i nker Py t.

3% Ag Y1 and T are closed subspaces of Lip, X, which is a Bahach
space with respect to both of Lipschitz and uniform norms, it follows that
their algebraic suin is also topological (a consequence of the open mapping
theorem)

Bzample. Let ¥ = [a, b] = [1, 3], X =[ — 2,5], #, = 2.
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The funection

fle) = — x4 2 fer. x e [1, 2],
=2z —4 for xe(2,3] )

is in Lip,Y and [|fl, = | fll..= 2
The functions (16) from Theorem 2 are

Fz) =20 —1, 2e[—2,11 and Fy(r)= —2¢+ 3,ve[—2,1]

= f(a), w1, 3] . — f(a), we(1,3)
= —"2x + 8, x (3, 5] =2x — 4, we!3,5]

Every function I' e E(f) ve:rifies the inequalities

implying that

We have T(F,)(x) = F,(x) = 2, ze|[— 2, 1/2]
=—2043, = (1/2,1)
= f{w), xe=[1, 3]
= 2 x e (3, ]
Let
H{r) = 2, ref[—2, 3/4]
= —do -+ 5 axe(3f4 1]
= F,(z), & e{l, 5]

Then [ |, =4 and | H ||, = 2 so that H ¢ T(E,(f)) but H < K.(f).
This example shows that the inclugion (11) can be strict.
Also
e {(r‘ € TJ]I]_J‘]!;— 2;5] i ![]\:{J = “_: .

If Felipg[— 2, 5] is such that Fly, = f then | Py, = | F|r], and,

consequently,
JL( F; YL) == du(zfr) YL) = 2’

showing that condition (23) from Corollary 1 is fulfilled.
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