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Bul. Stiin{. Univ. Baia Mare, Ser. B,
Matematici-Informatica, Vol. XIV(1998), Nr. 1, 51-58

Dedicated to Professor lulian Coroian on his 60* anniversary

On the derivative-interpolating spline functions
of cven degree

COSTICA MUSTATA

The aim of the present note is to show that the derivative-interpolating
spline functions, considered in some recent papers ([2],[6]) are in fact. primi-
tives, chosen in an appropriate way, of interpolating natural spline functions
().

This fact alJows to derive some properties of derivative-interpolating spline
functions of even order from the corresponding properties of interpolating
natural spline functions.

Let m,n € N, m < n, and [a,b] an interval contained in R. Let also

(1) Ap=a<z,<Ty<---<z,<b
be a fixed partition of the interval [a,}].

Definition 1 A function s : [a,d — R verifying the conditions

1° s € C™ 2q,b],

2° 5 € Pm-1 on (a,71) and (z,,0),

P 5 € Pon—y on (Ti,ZTin1), i =1,2,...,n — 1,
where Py stands for the set of polynomials of degree at most k (k € N), is
called an interpolating natural. spline function (associated lo the partition
A,).

Denoting by Sam-1(Ay) the set of all interpolating natural spline func-
tions, one sees that Sam-; (A,) is an n-dimensional subspace of the linear
space C?™2[q, b].

If 5 € Sam-1(An) then s is of the form

m-1 n
(2) s(@) =) Ba'+) b(w-z)",

k=1
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where

(3) bezi =0, j=0,1,...,m— 1
k-1
(see [3]).
IfY = (y1,¥2,--.,Yn) is a fixed vector in R" then there exists exactly one
function sy € Sym—1 (A,) verifying the equalities:

(4) sy(z)=w, i=12,.,n
see ([3]).
Let
(3)H [a,b] : = { f€C™ ' a,b]: f™ 1 is absolutely continuous and

f™e L, [a,b]}
and
(6) Hyy [a,b]:={f € H [a,}] : f(z:) =%, i=1,2,..,n}.

Then
(7) HT (2, ) N Som_y (An) = {sv}

and the functional J : H7 [a,b] — Ry given by

®) J0) = [ @) d, 1€ Hy lob
has the property 4
) min {J (f): f € Hy [a,8]} = J (sv)

i.e. the minimum of the Ly-norms of the derivatives of order m of the func-
tions in H3 [a,b] is attained at the interpolating natural spline function sy
( ” the minimal norm property’).

Also, for each f € HJy [a,b] the inequality

o -l < o

holds for any s € Sym_1 (An) ( " the best approzimation property’) (see (3]).
Now, we shall introduce the derivative-interpolating spline functions of
even order 2m, having properties similar to (9) and (10). (see [2]).
Let m,n € Nym < n+ 1, and A, the partition (1) of the interval [a, b].
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Definition 2 (f2/). A function S : [a,b] — R is called a natural spline
function of order 2m if it verifies the conditions:

1°S € C*™ ' a,b)],

2 S € Pp on (a,1,) and (z,,b),

q‘lﬂ Se sz on (Ii,I“,'), 1= 1,2,...,71 -1

The set of all interpolating natural spline functions of order 2in will be
denoted by Sym (As). It follows that Sym (An) is an (n + 1)-dimensional
subspace of C?™~! [, b]. (see [6]).

Y = (Yo, ¥1,---,¥n) is & fixed vector in R"*! then there exists only one
function Sy € Sam (A,) verifying the conditions

(11) Sy(@) = wa
S’7(z,~)

I
=
-
I
:—‘
_‘N
E]

where z,, i = 1,7 are the nodes of the partition A, given by (??).

The function Sy € Sam (A,) verifying the condition (?7?) is called the
derivative-interpolating spline of even order 2m associated to the vector Y
and to the partition A,.

Any function S € Sy (A,) admits the representation

(12) S) =Y Az + Y ar(z — =)},
i=0 k=1
(13) S e =0, j=0,1,.,m—-1
k=0
see ([2] or [6]).
Let
(14) H7*'[a,b] : = { f € C™[a,b], f™ is absolutely continuous
and f™*V) € L, [a,b]}
and
(15) H7E' : ={ge Hy*'[a,8]: g(a) = yaand

g (z)=w i=1,2,.,n}.
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Then (see [2])
(16) H3 ' o, 8]0 Sam (An) = {S7)

2¥
and the functional .J, : H;"?‘ ![a,b] = R, defined by

(a7) L@=[ @] e

attains its minimum at the function Sy :

(18) min {J. (¢) -9 € ;3" (.0} = Ja (S7)
Also, the inequality

) Joe0 - st < g - 500

holds for any S € Sy (Am) .

The relations (18) and (19) (called "the minimal norm property” and "the
best approximation property”, respectively) are proved in {2], following a way
similar to that used to prove the corresponding properties for interpolating
natural spline functions (see 6], Theorems 3 and 4).

We mention that the derivative-interpolating spline functions of order
2m have been successfully used for the numerical solution of boundary value
problems (Cauchy problems) for differential eguations with modified argu-
ment ([6]). Spline functions of degree 5 (particular cases of p-derivative-
interpolating spline functions for p = 2 and m = 2) were used in [8] to solve
a singularly perturbed bilocal problem.

In the next we shall show that the functions used in [8] are spline functions
obtained by integrating the interpolation natural cubic spline functions.

Lemma 3 Let s € Sy, (A,), @ € [a,b] fized and
(20) f(s):={fs(t)dt+C:C€R}.

Then every S € I (s) belongs to Sam (An) -
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Proof. By (2)

m-1

s(z)= Y Bz + z”:bk (z - zk)":"'—' ,
=0 k=1

with R
Sbr,=0, j=012.,m-1
k=1
Consequently
m-1 n
S() = [s(t)dt+Co= Co+ \;0 Bgin +§-;g(z-zk)j"‘ =
m ) n 2_" -
= ZAJ’+ZG:¢($—$:;)+'
=0 k=1
B m—1 B i1 n b, 2mn B;
where Ay = C1, C) = Go — ¥ o't — ¥ gk (a—z))", A = =,
. =0 =
i=1,2.,ma=%% k=12 .nad ¥ &z =0j=01,.,m-1

k=1
Taking into account (12) and (13) it follows S € Sym (As). O
Lemma 4 Let f € HY [a,b] and
- 'z
1) I(f):{/ j’(t)dt+c:ceR}.
Then g € I (f) if and only if g € Hy*t' [a,b].
Proof.  Obviously that I (f) C C™[a,b], and if g € I(f) then g™ =
f™=1 (absolutely continuous on [a, b]) and g™V = f(™) € L, [a,b], showing
that g € H3**! [a, b].
If g € Hy**! [a,b] then ¢’ € HY [a, b] so that
9@ = [ dOdt+g(

ie.gei(g). O
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Lemma 5 LetY = (y1,42,....%:) ER" andY = (40, Y) = (Yar Y1, Y2, -1 ¥n) €
R"*!. Then the operator

I : Hy [a,b] — H{',l“ [a, 8}

defined by
(22) L)@ = [ fOd+y, zelab

is bijective.
Proof. Obviously that
1L () (=)
La(f) (@)
showing that I, (f) € H;"; !a,b], for every f € HF [a,b].
If f1,f» € H3y' [0,b] and Lo (f1) = La(f2) then
[rwa=[ pea
a a
for all z € [a,b], implying f; (t) = f2(t) for all ¢ € [a,}], i.e.
I, is injective.
Let g € Hz‘%’ [a,b]. Then ¢ € H7y [a,b] and I, (f) = g, for f = ¢,
showing that I, is surjective, too. O ’

fx)=w i=12..,n
Ya

I

Lemma 6 I, (sy) =Sy
Proof. By Lemmas 1 and 2.

Lo (3v) € Sam () NHT* (84) = {S7}

so that
Ia (3y) = 37 a

Lemma 7 J, = Jo ;!
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Proof. Forge II,:‘V“ la,b] we have
[l @)t = [ )" @] =
[ (@@ ™) 4= (' @) = (1o 1)) ©

Theorem 8 a) If the functional J : Hfy [a,b] — R, attains its minimal
value at the spline function sy € H3Yy [a,b] N Syn_i (An) then the func-
tional J, : H;"‘;}‘ la,b] — R, attains its minimal value at Sy € H,Z'V“ la, ] N
Sam (An) 3
b) If f € H\ [a,b] and
e = s, < e = s,
for any s € Sy (A,) then

1 (1) = STV, < fJagmenr — st

Ja (9)

Jor any S € Som (A).

Proof.  a) For g € I7%}" [a,b] we have

"g«m)": _ " S¥"“’l|: _ ||(g')(""||: - "s§:")||z >0,

because ¢ € Hyy. Also [/ > || for any 1 € Hpy (see (22)).
Therefore .
min {J; (9) : g € HJ'} = L. (Sy).
b)
e -5, = - 47, = - 47,
frer- o,

for any s € Sym—; (Ay). Since, by Lemma 1,

IN

5(z) =[s(z)dt+0es,,,,(A,.)
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it follows 5™ = SE*11 and ftm) = (£, (£))""*" so that

[J#6m0 ) = st < [t (et - s

I'I

for any S € Sym (An). W
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