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 Bul. §tiin{. Univ. Baia Mare, Ser. B,
 Matematica-Informatica, Vol. XV(Í999), Nr. 1-2, 89-102

 Dedicated to Professor Ion PÄVÄI/JIU on his 60th anniversary

 A Galerkin Method for a Singularly Perturbed
 Bilocal Problem*

 A.C.Muresan and C.Mustata

 Abstract

 A bilocal singularly perturbed problem is solved using Galerkin's
 method in a space in which the test functions are weighted primitives
 of wavelets. This method provides a "good" numerical solution of this
 problem.

 In the study of convection - diffusion problems, the following boundary
 value singularly perturbed problem appears:

 (p, j -eu"(x) + a(x)u'(x) = f(x), for x G (0, 1)
 ' u( 0) = u(l) = 0

 where 0 < e < 1, a(x) > a > 0 , x G [0,1] and functions a and / are
 sufficiently smooth.

 The exact solution of problem ( P ) has a boundary layer in x = 1. Because
 of its presence, certain numerical methods (finite element method, centered
 finite difference method) lead to numerical solutions with oscillations in the
 area of the boundary layer, abnormal from the physical point of view.

 The piecewise polinomial test functions are replaced by wavelets, within
 the finite element "method, in the work of Głowiński, Lawton, Ravachol and
 Tenenbaum [2]. Many examples provided show the great potential which
 wavelets have in the numerical solving of differential equations. Unfortu-
 nately, some disavantages may occur : the weak regularity of wavelets does
 not allow the use of small order wavelets; orthogonality of wavelets does not
 play a significant role.

 'Supportet by ANSTI Grant GR/4122 (1998)
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 Disadvantages in the use of wavelets can be partially eliminated if prim-
 itives of wavelets as test functions ([4]) are used.

 In the present paper, Galerkin's method is not applied, for problem (P)
 (in the space H¿[ 0, 1]). First, the space /7(ļ [0. 1] turns "conveniently" into the
 space GiZ¿[0, 1], which is the image of H¿[ 0, 1] by Gu := uog, u G //¿[0, 1]
 and g : [0,1]- > [0,1] with p(0) = 0, g(l) = 1 and 3 M > 0, such that
 0 < 9'(y) < M, y 6 [0,1]. Problem (P) is transcribed in GH¿[0, 1] and
 Galerkin's method is applied in order to solve the new problem. Weighted
 primitives of Haar's system are used as test functions (weighted primitives
 of Daubechies wavelets of the first order).

 Accordingly, the problem in GH¿ [0, 1] will have a Galerkin solution with
 attenuated oscillations in the area of the boundary layer. Getting back to
 problem (P), it becomes out that a very good solution from the numerical
 point of view, is obtained. The numerical example fairly confirms it.

 We consider the standard spaces. Let

 L2[ 0, 1] := {w : [0, 1]- > R / v is measurable, and |M|L2[0,i| < °o},

 norm on L2[ 0, 1] being:

 j i

 IMLa[o,i] j Hx)'2dxy ':
 Let

 Hl[ 0, 1] := {v € L2[ 0, 1] / v(k) e L2[ 0, 1] for k = 0, 1},

 with norm

 IMI 1:=Z(J0 Hx)'2dx + J0 'xř{x)'* dxf ,

 and seminorm ļ

 Mi := (j£ Vte)!2«*®)2
 and subspace

 Hļ [0, 1] := {f € H1 [0, 1] / ?'(0) = ^(1) = 0}.
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 Seminorm ļ.ļj is norm (equivalent to ļļ.ļļļ ) on the space 7/ý [0, 1],
 Let g : [0, 1]- > [0, 1] a différé, itiable function on [0, 1] so that:

 <7(0) = 0,^(1) = 1,
 3 M > 0 a.î. 0 < g' (y) < M, for Vy 6 [0, 1].

 We note J(y) = g* (y) and we define GH¿ [0, 1] to be the image of space
 Hq [0, 1] by transformation G u := u o g.

 Lemma 1

 is norm on the space G Hq and, the. following inequality takes place :

 ll1'IL-|o,n = SUP {Nî/)| : 0 < y < 1} < ||?'||c;„, for Ve e GUĻ

 Proof.

 Because for V?.; € G7/¿(0, 1), 3 u € //¿(0,1) so that v(y) = u(g(y)) we
 have

 IMIgh¿(0,i) = (j0 K(ï/)|2%^ = (jí J (y) 'u' (g(y))f dyj 2 = ļuļ,

 so IMIgh¿(o,i) norm on space GHq.
 Let v € GHq(Q, 1) =*► v is absolutely continuous, and t'(0) =0, thus,

 v ^ = £ v'^dt = £ fi® ( /7(0*' ^) for Vy e ^0, ^
 By use of Cauchy-Schwartz inequality, we obtain

 M»)l < {£ J m) ' (jf I"' wr dlj ! = ||,ļ|(;„, . q.e.d.
 For the sake of simplicity, we consider a(x) = 1 in (P) and consequently

 we have the following singularly perturbed problem :
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 (pu í ~£U"(X) + u'(x) = /(*)> for x 6 (°> !)>
 ' «(0) = «(1) = 0.

 Making the change of variable x = g(y ) we obtain:

 (P2) V ) Í ~£ ( + t/(^ = J(y)F(y)> for a; € (0,1), V ) ' î;(0) = v(l) = 0
 where F (y) = f(g(y)), and v(y) =u(g(y)).
 Problem (PI) has one solution,

 , . f u E Hq(Q, 1), such that
 i £ Jo u' (x)w' (x)dx + Jq u' (x)w(x)dx = f(x)w(x)dx, Vw E H¿(0, 1).

 and problem ( P2 ) will have one solution,

 j v E GHq{ 0, 1), such that
 1 £fo + Jo rf(y)w(y)dy = f¿ F(y)J(y)w(y), '/w E GHļ( 0, 1).

 (see [3]).
 We will describe further the approximation scheme of the solution of

 problem (2).
 Let L > 0 fixed natural number, and īlL : 0 = yo < 2/i < ••• < Un = 1 a

 uniform division of interval [0, 1], where N = 2h and y¿ = ^z,0 < j < 2L . We
 define set VL as being the subspace of GH¿ , which contains those functions
 w satisfying,

 (3) ^ ~j^w> (y}^J = 0 where yj<y< vj+ i for each 0 ^ j - 2L ~ 1-
 In VL we consider the system of functions:

 (4) $ L,k M = J" J(s)XL,k-i(s)ds _ Jo J(s)xL,k(s)ds
 L,k = Jo J(s)XL,k-i(s)ds _ Jo J(s)XL,k(s)ds

 for 1 < A; < 2l - 1 , where 'L,k is diaracteristic function of interval ^ .
 Obviously E VL for 1 < k < 2L - 1 and $z,,k(ū) = ^lA1) =
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 Because in addition,

 QlAVj) = l<k<2L-l,0<j<2L

 very function g 6 VL can be represented using base { ^ L.k } jj. 7 ' thus

 2l-'

 M = Yl 9(yk)$L,k ( y ) ■
 k=l

 onsequently {$L,fc} , 1 < k < 2L - 1 form a base in VL.
 For v G GHq (0, 1), we define the interpolant, w*L from VL as being the

 nique element from VL which satisfies

 wl(yj) = v(yj), 0 <j< 2l.

 emma 2 Let v be the solution of problem (P2) and be w*L the unique V L -
 derpolant . Then,

 rXj+i

 I 'wl - «II L°°'vj<yj+l' ^ %'(&) 'jx rXj+i u"{x)dx , 0 < j < 2L - 1.

 here h = e (yj,yj+ 1) and x¿ = g(yj) for 0 < j < 2L - 1.

 Proof.

 Consider a certain interval j], 0 < j < 2L - 1. Because w*L - v
 aneéis at the end of this interval, we obtain, integrating by parts :

 „ jfř) ~ v'^)Ýdt = fy ' - ^(01 K,'(ř) - ""'(0] dt =

 : -y [<(í) - t/(í)] K (t) - t,(t)] |g+1 -£"+1 j «(i) - t/(ť)]| K(/) - V(t)} dt -

 ecause wHy^-v^) = 0, w*L(yj+1)-v(yH1) = 0 and v, w*L E GHļ( 0, 1) =»
 u,u*L € H¿( 0,1) so that v(y) = u(g(y )), w*L(y) = u*L(g(y)) => v'(y) =
 {yW(g(y)),w*¿(y) = J(y)u*¿(g(y )) =» jfc [w*¿ (y) - t/(y)] = J(y) [ul(g(y)) - u'{g{y))'

This content downloaded from 92.81.68.202 on Fri, 31 Mar 2023 10:45:11 UTC
All use subject to https://about.jstor.org/terms



 94

 = ~C ' (jfiõ"'"'')) KC)-®!')] dt+¡"'*' Tf«)"'''' ~ "^dt =

 (» KW - "(Ol * < |£*' *i!LĄ1 ii«-;. - -II,
 For Vy 6 [¿/j, yJ+i] , 0 < j < 2L - 1, we have :

 w*L(y)->iy) = jT,+1 K'(ć) - t/(ř)]dt = J"J+1 K'(0 - v'ÍOW* <

 => IK - "IL-iw,„jt,i < |jT"" ./(í)rfť| |£'" -i K(í) - í/(í)]2á(|

 Using this and inequality (5), we obtain:

 ik;. - < (£"' Jm) I £" - vfò) |£<ł' ww*
 where /» = ¿, & 6 (%,yJ+i) and ^ = g(yj) for 0 < j < 2L - 1.

 Let //'Ł(ff(y)) = wl(y) for v2/ e [yj,yj+ 1]; then, we have

 u(x) - wL(x) = u(g(y )) - wL(g(y)) = r(y) - wļ(t/)

 => |«(x) - «/L(a;)| = I v(y) - w*L(y)' < ||v - w*L''Laa[y. yj+x]

 ==> max |u(.t) - wL(x)' < ||v - «£ļļi<x>| j < V(&) / «?(*)<&
 ír€[íT ; .Xj-ļ_i J I •'Vi
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 and, therefore,

 II« - wL''LOa[Xj X.+ļ] < hg'(Çj) r+1 u"(x)dx . q.e.d.
 I Jyj

 With a view to obtain an evaluation of approximation error by Galerkin
 method, we will compare Galerkin approximation to the approximation by
 VL - interpolant of solution of problem (P2).

 Theorem 3 Let v be the solution of problem ( P2 ) , let w * be the Galerkin
 approximation of it, and w*L its interpolant in space VL. Then, the following
 inequalities

 wf L - V < - 2 Iļltfr " L I'll " room [0,1] 11 , ' L L°°(0,lj - " L " room [0,1] 11 , '

 holds.

 Proof. We will use the fact that on every interval (yj,Dj+ 1), 0 < j < 2L - 1,
 the functions from VL satisfy the differential equation

 (ihw"Mï - 0

 Ł«' M » = /«' { Tm<(vWL,ÁV) + - F(V)J(V)^LÁV)}ÍV, 1 <
 k < 2l - 1. Because

 L + v'(y)®L<k(y) ~ F(y)J(y)$L,k(y) | dv = o, i < * < 2L-
 it results that

 (6) Mk = J0 j j¡^jiwt(y) - v'(y)WL,k(y ) +.K'(y) - ^(y)]$L,*(y)1dy.
 Similarly, we have

 jf (vWlAv) + v>î(v)*L*(v) - F(y)Ąy)t>u(yĄdy = o.
 thus
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 (7) Mt = £ {j^K'W - < (»)]«!, t(y) + K(y) - «>ffa)]4>, „<(<,)} A/.
 We also have

 Jo -jj-f K' M - 'j' M]«1';,,* (y)rfy =

 - Í Jo J{y) - "'fo)1 f/^'wL L/o J{s)XL,k{s)ds - J0 /n'XL^{fu J(s)xL,k+i(s)dsj 1 * = Jo J{y) L/o J{s)XL,k{s)ds J0 J(s)xL,k+i(s)dsj

 fĘi 'wt (y) - v'{y)]dy jÝ [w*¿(y) - tf{y)]dy
 _ 2l

 jtx J(s)ds ¡J? J(s)ds
 2L 2l

 [w*L{y) - v(y)} |Çi [w*L{y) - v(y)]'Y 2^
 _

 /S J(s)ds /F J(s)ds
 2l 2^

 and using this in (6), we obtain

 (8) Mk= í 'w*¿(y) -v'{y)]$Ltk(y)dy.
 Jo

 2l-1 2l-1

 Considering w*L = ]T uļ$L,k, ' and w* = JZ Uk^L,k, from (8) we obtain :
 k= i ' fc=i

 ^2 (ul - u*)Mk = K ~uk) f «(?/) - */(!/)] $L,*(î/)dî/ =
 fc=i fc=i

 = /0 / H («fc-wf)[iûL(y)-î/(î/)]$L,fc(y)dy = /0 / [wl(y)-w?(y)][wl'(y)-t/(y)]dy /0 A, 1 /0
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 id similarly, using (7)

 (9) EK-«ř)AÍ* =
 fc= 1

 e find

 ¿ (ul~ut) fQ I (y)]$/L,fc(y) + K'(y) - ^(y)]$L,*(y)ļ ^ =

 = JQ I j^j' [u>l(v) - wt (y)]2 + [<(y) - d(y)][u>l(y) - wl{y)]^dy.
 From (8) and (9) it results :

 JO f 'wl (y) ~ wt (2/)] Iwl (y) - v'(y)'dy = JO

 = Jo j^yK'(y) - wf(y)fdy + Jo [• w*¿(y ) - wf (; y)][w*L{y ) - wf{y)]dy
 but

 f0 [ wl(y ) - wt(y)][wL(y) - wt (y)idy = ' wl(y) - wî (y) ļ„ = o.

 =* ļ0 K(y) - wî (y)]«(y) - v'{y)'üy = ¡ j^y K' (y) - wf(y)]2dy

 =► Il w*L - wf ||1H¿ = jí [w*L(y) - wf(y)][w*¿(y) - v'y)'dy =

 K(y) - wî(y)][™i(y) -*>(y)]|* - f0 [ w*¿(y ) - wt (y)]lwl(y) - v{y)]dy =

 ļ 'wt (y)-™L(y)i[™l(y)-v(y)]dy < (jf [wf (y) - w*¿(y)]2^J ^ [v'dy) - v(y)]2dyj
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 = (^ļ J(y)j^jjlwt(y) - O)]2) IK - <
 1 / vi

 ^ (f0 J(y)dyY yj0 / j^lwL(y)-wí(y)?J IK-^IIlwi =

 = 'wî - <||GH1 IK - ^11^(0,1]

 ==► 'wt - W*l''ghi < IK - •
 We have

 II WL ~ Vl''l2{0,1] - II WL ~~ II L°° [0,1]

 =* IK - vILoo[o,i] ^ I H - ^IL(0)1)+ik - ^ Ih* - <''gh^< - ^

 < IK - vl''L2[0A] + IK - f||Loo[0fiļ ^ 2 IK - ^IL-io.i] • i-e-d ■

 We similarly define space V¿_ i, and within this space {3>L-i,k}fc=1 1 is
 Dase, where

 $ L~hk (v) = Jo J(s)XL-i,k-i(s)ds _ /py J(s)xL-i,k{s)ds
 L~hk = Jo J(s)XL-i,k-i(s)ds _ fo1 J(s)xL-i,k(s)ds

 We have :

 where

 J# J(s)ds /J¿ ■>(»)<"
 tjL- 1,Â:

 "0

 J(s)ds ¡*¡T* J(s)ds
 2^ ^

This content downloaded from 92.81.68.202 on Fri, 31 Mar 2023 10:45:11 UTC
All use subject to https://about.jstor.org/terms



 99

 Obviously VL~l C VL.
 Let tyL-i*(y) = $L,2k-i(y), k = l, ..., 2L_1 and

 = span{$>L_hk/ k = ', 27-1 }.

 Functions ^ L-',k{y) have as support the interval ^pr,fr >and obviously
 suppí'x,-!^ fi supp^ř L-iti = $ if A; I. System forms a base of
 space WL~l and we also have WL~l C VŁ_1.

 We will show that VL~l 0 WL~l = VL. The fact that VL~' +WL~A =■ I"'
 is obvious; we will further prove that

 Vl'~x _L w'-{.

 We have

 /o' = 0 ~hł -
 A***

 _

 ** JWdsfS J(s)dS

 = - T -

 1Ī7 J(s)ds if. Ť1 J(s)ds
 2^-1 2l " 1

 Similarly,

 Consequently, subspaces VL~ 1 and WL~ 1 are orthogonal related to the scalar
 product,

 (f,9)GHļ •= I j^jf'{yW{y)dy.
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 which means that the sum is direct..

 The procedure can continue, leading finally to decomposition of space
 VL, so that :

 VL = V1©^1©^2©...©^-1.
 This decomposition allows the consideration of another base in space VL,

 namely :

 fôjk}k=l,2*-l
 j-0,L-l

 where Vjk(y) = $j+h2k-i (y)-
 We also have

 fk-i J(s)tpjk(s)ds r j -i
 - iL k-'

 f/Jļ J(s)ipjk(s)da

 ^'jk{y) - s jv j(s)xpjk(s)ds rfc_| k~
 3^ ' y ^ 23 »

 /fc2^ J(3)ìf>jk(s)ds
 13

 0, ' m resi V '

 where ipjk(y ) = 'PĪ^{^y - k) and is Haar's function

 1 if 0 < X < I
 ip(x) - < - 1 if ' < X < 1 .

 0 otherwise.
 '

 Numerical example.
 We consider the following problem :

 -eu"(x) 4- u' (x) = 1, for a: e (0, 1)
 u(0) = u( 1) = 0.

 which have the solution u(x) V > = expf ' 6 ^ + x - 1. V > l-exp(-)

 We do the change of variable x = g(y) where g(y) = 1 - (1 - y)p+1.
 In the Figures 1., 2., 3. the exact solution and the approximate solution

 are presented for p = 0 ,p = 2 ,p = 4 and N = -4, E = 0.0001.
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 Figure 1:

 Figure 2:
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 Figure 3:
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