Sinus Association

A Galerkin Method for a Singularly Perturbed Bilocal Problem

Author(s): A.C. Muresan and C. Mustata

Source: Buletinul stiintific al Universitatii Baia Mare, Seria B, Fascicola matematica-
informaticd, Vol. 15, No. 1/2 (1999), pp. 89-102

Published by: Sinus Association

Stable URL: https://www.jstor.org/stable/44001741

Accessed: 31-03-2023 10:45 UTC

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide
range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

https://about.jstor.org/terms

Sinus Association is collaborating with JSTOR to digitize, preserve and extend access to
Buletinul stiintific al Universitatii Baia Mare, Seria B, Fascicola matematica-
informaticad

JSTOR

This content downloaded from 92.81.68.202 on Fri, 31 Mar 2023 10:45:11 UTC
All use subject to https://about.jstor.org/terms



Bul. Stiin{. Univ. Baia Mare, Ser. B,
Matematici-Informatica, Vol. XV(1999), Nr. 1-2, 89-102

Dedicated to Professor Ion PAVALOIU on his 60" anniversary

A Galerkin Method for a Singularly Perturbed
Bilocal Problem*

A .C.Muresan and C.Mustata

Abstract

A bilocal singularly perturbed problem is solved using Galerkin’s
method in a space in which the test functions are weighted primitives
of wavelets. This method provides a ”good” numerical solution of this
problem.

In the study of convection - diffusion problems, the following boundary
value singularly perturbed problem appears:

—eu’(z) + a(z)v'(z) = f(z), forz € (0,1)
(P) { “u(0) = u(1) = 0

where 0 < ¢ € 1, a(z) > @ > 0, z € [0,1] and functions a and f -are
sufficiently smooth.

The exact solution of problem (P) has a boundary layer in z = 1. Because
of its presence, certain numerical methods (finite element method, centered
finite difference method) lead to numerical solutions with oscillations in the
area of the boundary layer, abnormal from the physical point of view.

The piecewise polinomial test functions are replaced by wavelets, within
the finite element method, in the work of Glowinski, Lawton, Ravachol and
Tenenbaum [2]. Many examples provided show the great potential which

~ wavelets have in the numerical solving of differential equations. Unfortu-
nately, some disavantages may occur : the weak regularity of wavelets does

" not allow the use of small order wavelets; orthogonality of wavelets does not
play a significant role.

*Supportet by ANSTI Grant GR/4122 (1998)
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Disadvantages in the use of wavelets can be partially eliminated if prim-
itives of wavelets as test functions ([4]) are used.

In the present paper, Galerkin’s method is not applied, for problem (F)
(in the space H{[0,1]). First, the space H}[0, 1] turns ”conveniently” into the
space GH}[0,1], which is the image of H[0,1] by Gu := uog, u € Hy[0,1]
and g : [0,1]— > [0,1] with g(0) = 0, g(1) = 1 and 3IM > 0, such that
0 < ¢(y) < M,y € [0,1]. Problem (P) is transcribed in GH}[0,1] and
Galerkin’s method is applied in order to solve the new problem. Weighted
primitives of Haar’s system are used as test functions (weighted primitives
of Daubechies wavelets of the first order).

Accordingly, the problem in GH}[0, 1] will have a Galerkin solution with
attenuated oscillations in the area of the boundary layer. Getting back to
problem (P), it becomes out that a very good solution from the numerical
point of view, is obtained. The numerical example fairly confirms it.

We consider the standard spaces. Let

L?[0,1] := {v : [0,1]— > R / v is measurable, and ||v||Lz[0,1j < oo},

norm on L2[0, 1] being:

1 2, \%.
”””Lﬁ[o,ll ‘=~(/0 lv(z)] d-’l?) .
Let

H'[0,1] := {v € L?[0,1] / v® € L?[0,1] for k = 0,1},

with norm

fol, = ([ W) + [ @) an)

ol = ([ |v'(m>|2dx)%

H3[0,1] := {v € H'[0,1] / v(0) = v(1) = 0}

and seminorm

and subspace
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Seminorm |.|, is norm (equivalent to ||.||, ) on the space H{[0, 1].
Let g: [0,1]— > [0,1] a differe.itiable function on [0, 1] so that:

g(0) = 0,9(1) =1, '
IM > 0ai.0<g(y) <M, forVy € 0,1].

We note J(y) = ¢'(y) and we define GH}[0,1] to be the image of space
H;[0,1] by transformation Gu :=uog.

Lemma 1

Il = { [ 5755 W) av}

is norm on the space GH} and the foliowz‘ng inequalily takes place :
[0l oo, 1 = sup {[o(m)] : 0 Sy < 1} < |lvll gy for Vo € GHg.

Proof.
Because for Vo € GH}(0,1), 3u € HE(0,1) so that v(y) = u(g(y)) we

have
1
2

10300 = ( /01 ﬁ Iv'(y)lzdy)% = ( /0 1 J(y) IU'(g(y))I‘zdy> = ful,

50 ||-lar1 0,1y is norm on space GHj.
Let v € GH}(0,1) = v is absolutely continuous, and v(0) = 0, thus.

Yy v 1
v(y) = [ V' (t)dt = J(t V'(t) | dt, for Yy € [0, 1].
W = f; /0= [0 | o 0,1]
By use of Cauchy-Schwartz inequality, we obtain

vl < ([ J(t)dtf ( L @ Iv'(t)lzdt)% ooy - e

For the sake of simplicity. we consider a(z) =1 in'(P) and consequently
we have the following singularly perturbed problem :
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—eu’(z) + v (z) = f(x), for z € (0,1),
(P 1){ ! Z(E))Lu(g):o. o1

Making the change of variable z = g(y) we obtain:

(P2) { € (ﬁjd(y)), + v (y) = J(y)F(y), for z € (0,1),
v(0) =v(1) =0

where F(y) = f(g(y)), and v(y) = u(g(y))-

Problem (P1) has one solution,

(1 u € Hj(0,1),such that
) e Jd o (z)w'(z)dx + [} v (z)w(z)dz = [} f(z)w(z)dz, Yw € H(0,1).

and pfoblem (P2) will have one solution,

@ v € GH(0,1),such that
) { e fo 755V (W)W (y)dy + fo v (Y)w(y)dy = f5 F(y)JI(y)w(y), Yw € GHg(0,1)

(see [3]).

We will describe further the approximation scheme of the solution of
problem (2).

Let L > 0 fixed natural number, and I : 0=y <1 < ... <ynv =1 a
uniform division of interval [0, 1], where N = 2F and y; = 51.5,,0 <j<2l We
define set V'L as being the subspace of GH} , which contains those functions
w satisfying,

1 /
(3) (—j@w'(y)> = 0 where y; <y < y;41 foreach 0 < j < 2L — 1.

In VL we consider the system of functions:

— Jo J(s)xrk-1(s)ds _ Jo J(s)xLx(8)ds
Jo J($)xer-1(s)ds  Jo J(8)xrx(s)ds

(4) @Lk(y)

for 1 < k < 2X —1, where x 1 x is characteristic function of interval [;"5, 52—,}} .

Obviously @4 € VL for 1 <k <2F —1 and ®,4(0) = &L (1) =0.
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Because in addition,
Pri(y;) =6ry, 1<k<2b—-1,0<j<2"

L_ .
very function g € V% can be represented using base {® L,k}i:ll thus
2k—1

g(y) = Z g (w) @rx (v).

onsequently {®.x},1 <k < 2L —1 form a base in VL.
For v € GH}(0,1), we define the interpolant w} from V% as being the
nique element from V% which satisfies

wi(y;) = v(y;), 0 < j <28

emma 2 Let v be the solution of problem (P2) and be w} the unique VI —
iterpolant . Then,

Ilwz - vIILw[yj,yj+1] S hg,(&]) s 0 S ] S 2L — 1.

/ o u'(z)dz
ez

here h = 57, &; € (y;,y;41) and z; = g(y;) for 0 < j < 2F — 1.

Proof.
Consider a- certain interval [y;,y;41]), 0 < 7 < 2L — 1. Because w} — v
incels at the end of this interval, we obtain, integrating by parts :

Yi+1

Ui

3% [wy (8) — o (1)) [w} (t) - v(t))

o= [ {jzt—) w3 () - v'(t)]} s (6) — (0] dt
ecause wi (y;) —v(y;) = 0, wi (yj+1)—v(y;+1) = 0 and v,w} € GHg(0,1) =
u,uj € Hy(0,1) so that v(y) = u(g(y)), wi(y) = ui(9(y)) = v'(y) =
W) (9(v)), wi () = J()ui(9(y) = 55 wi(y) — v )] = I(y) [uz(9(y)) -« (9(v))]
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(](lt)wL( )) [wi(t) = v(t)] di+ /:“ [72;5”'“)] [w} () — v(t)]dt =

/‘y_y+1
7Y

7

“'w;, - 7”,” L>®[y;,y51]"

6 [ ‘ﬂl——@[ wi(t) — v(t)]dt <

Y,

/yj+1 V(L) — J(t.)dt
€

Yi

For Yy € [y;,¥j+1],0 < j < 2L — 1, we have :

wi(y)—r(y) = /:m [wi (t) —V'(t)]dt = _/:jﬂ \/_ [w} (t) = 2'(t)]dt <

1

Yi+ vi+1 1 » , 9 2
= ||lw} — U||Lm[y,,y,+,] < {/y t)dt} {/yj —ﬁt—) wy (t) — V' (t)] dt}

j

Using this and inequality (5), we obtain:

N " Uit vi+1 t) — J(t
||w,/ - I![ﬁolyj yH—l] S (/y v](t)dt) / ( . _)d i
3

Yi
where i = 51, € € (y;,¥5+1) and z; = g(y;) for 0 < j < 2L —1.
Let 1w, (g(y)) = w}(y) for Vy € [y;,y;j+1]; then, we have

/yj l o' (z)ds

g'(&)

u(z) — wr(z) = u(g(y)) — wr(9(y)) = v(y) — wi(y)

= [u(z) — wi(e)] = [v(y) — wi(Y)l < v = Willgopy, 5,0

_/W+1 o' (z)dzx
vi

— max Ju(@) - wi(@)] < 0= Wl gy, ) < 19 (E)

T€[T;.Tj+1
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and, therefore,

. q.e.d.

/y3+1 " (I)d:,/-

“U - u)L”LCD[a:J z_H_]] — (EJ) ui

With a view to obtain an evaluation of approximation error by Galerkin
method, we will compare Galerkin approximation to the approximation by
VL —interpolant of solution of problem (P2).

Theorem 3 Let v be the solution of problem (P2) , let w} be the Galerkin
approzimation of it, and w} its interpolant in space V. Then, the following
inequalities

“wf “L°°[0 <2 Wi = vl
holds.

Proof. We will use the fact that on every interval (y;,y;j41),0 < j < 28—1,
the functions from V% satisfy the differential equation

(%é;wf(y)), = 0.

Let My = [ {J(y) L (W)PLe) +wL (y)2rxy) — F(y)J(y)(I)ka(y)} dy, 1 <
k < 2% — 1. Because

/ol {_jflg}_)v'(y) x(¥) + V' (Y)PrLi(y) — F(y)J(y)q)L,k(f‘})} dy=0,1<k<2F—

it results that
© M= [ {5l 0) ~ Va0 + ) - S0
Similarly, we have

/1 {J(l )wL )Lk (y) + w¥ (¥)Pray) - F(y)J(y)Qka(y)} dy =0,

thus
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(7) My = /0 1 { J(ly) [w} (y) — wi ()] 1 (v) + [w} (v) — wf'(y)]qn.k(y)}dy-
We also have

'l e
) gy @) = v @19 ) =

_ ]——1—w*' _ J(Y)xrr(y) _ J(Y)xLr1(y) _
=}, i) (y”[ T (s)xin(s)ds o J(s)xL,m(s)ds} o

W) — V@Y T ) - v @)y

_ 5T
z_L k_ﬁl_ =
& J(s)ds [ I(s)ds
_ [w; (y) - U(y)]l% _ [’lUZ(y) — U(y)”?_k;f iy
B E‘EE %‘-"El- )
f%il J(s)ds f;’% J(s)ds

and using this in (6), we obtain

®) M= [ i) -V (0)@nsv)dy

2b—1
Considering w} = 3 ui®ry, and w} = Z uf®, k., from (8) we obtain :
k=1 k=1
2L—1 2L -1 1
> (i = uf )My = X (; — uf /0 [wi () = v @)12Ls(y)dy =
k=1
128-1

- [ 3 i) )Rty = [ i)t @i ) @l
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d similarly, using (7)
2L—1 4
9) D (ur — )My =

k=1

e find

2L
S o) | { 55700 6) — oF 9L0) + [070) = ) ralo) | -

-/ {%y)[wi’ (v) = wf W) + [wi @) ~ v Q)][wi ) - w] (yn}dy.
From (8) and (9) it results :
[ i) - wf @i ) - oy =
= [ i)~ wl @)y + [ i) - wf @) @) - wf @)l
o Jy)' * L o L L L L L \y)lar
but
[ i) ~ v Wz ) - wf ()ldy = & wi) - wf @), =0

= [ i) - vt @z ) - vy = [ Fslui () - wt Gl
= [Jwi - vt = [ i)~ wf @)y v) o/ @)y =

wi®) — v Wi @) - v, — [ i) - vl )i ) - o)y =

[ 1wt )-wt i)y < ([ Tt ) - wiwP)" ([ ) - o))
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- </01 J(y)jl_[wf'(y) ~ w?f(y)]z) i~ el <

1

1 1 , \ 1 )
(./o m[wf(y) - wi, ()] ) 1wy, — vell ooy =

= ”wf —wy, GH]} lwl, —vellp2p,y

o *
= ”wL —wy

GH] < Jlwg - ""L”L?(o,l]'
We have

lwy, - vL“[,?[o,l] < Jlwi - 'L’L”Lco[o,u

L # # * * # _
- “wL B v”LW[O,l] - ”wL e’ L°°[0,l]+”wL V| poopoy < “wL 0111+“wL
< Jlwg —- 'L’L”L'z[o,u + [lwg, - U“Loo[o,lj < 2|lwp - 'U“Loo[o,n -q-e.d.
We similarly define space V1, and within this space {®1- lk}zL 1 s

»ase, where

B J(8)XL-1k-1(8)ds f&' J(s)xL_l,k(s)ds.
Jo J(8)xL-1,k-1(5)ds fol J(8)xrL-1(8)ds

Qro1k(y) =

We have :
@, 1:(y) = Hé'_l’kq)LJk—-l(y) + HlL_l’k‘I)L,zk(y) + H2L_l'k‘1’L,2k+1(y),

where

;rirJ(s

I )ds -kiL—&r J(s)ds

f{é/—l,k, — —IT H]L 1,k —_ 1 HL 1k L
2L- 2L-T
T J(s)ds S5 J(s)ds
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Obviously V-1 c VE,
Let ‘IIL-I,k(y) = (I)L‘gk_l(y), k= 1, ...,2L—1 and

I/VL_l = span{\IlL_l,k/ k= 1, ...,211_1}.

Functions ¥;_; x(y) have as support the interval [ 2L2, -22—3} and obvionsly

supp¥y_1. N supp¥y_1, =P if k # L. Svstem {0, _ “}k 1 f01ms a base of
space WL~ and we also have Wi—1 C VL~
We will show that V-1 WLl = VLI, The fact that V£~ '+W" = Uk

is obvious; we will further prove that

‘/L-—l n ‘4,71,—] )

We have
1] , , k:l ,]y
LT J(s)ds [T J(s)ds
/ J (y) dy =
i P“J )dsf J(s)ds
L—l 2 pia
- 1 1 0
k - % = VU.
LT J(s)ds [T J(s)ds
2L - LT
Similarly,

/ J(y - lk+1(y)q)L lk(y)dy =0.

Consequently, subspaces VI~! and WI~1 are orthogonal related to the scalar
product,

(g = | 501 W)/ )
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which means that the sum is direct..

The procedure can continue, leading finally to decomposition of space
VI so that :

VE=VIPW PW P..Pwit.

This decomposition allows the consideration of another base in space V7,
namely :

{‘I’jk }k=1,2i -1
j=0,L-1

where ¥ (y) = q)j+l,2k—l(y)'
We also have

( fzc’_—_l J(8)Yjk(8)ds

- k=1 k-3
g ,1fye[—23—,72]
fk__zi J(8)Yjk(s)ds
27
‘I’jk(y) = f;kf J(8)Y;k(8)ds k—1
ﬁ. F;%J();()d,lfye[—ﬁz7%]
k_’_i 8)Yjk(s)ds
27
L 0, in rest

where 1;x(y) = V291 (2'y — k) and ¥ is Haar’s function

lif0<z<3
Yx) = -lifs<z<1 .
0 otherwise.

Numerical example.
We consider the following problem :

—eu’'(z)+d(z) = 1, forz € (0,1)
w(0) = wu(l) =0.
which have the solution u(z) = M +z—1.

1—exp(s)
We do the change of variable z = g(y) where g(y) =1 — (1 — y)**'.
In the Figures 1., 2., 3. the exact solution and the approximate solution
are presented for p=0,p=2,p=4 and N =4,¢ = 0.0001.
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