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Extension of bounded starshaped
semi-Lipschitz functions on quasi-metric
linear spaces

Costicid Mustita

1 Introduction

Let X be a nonvoid set. A function d : X x X — [0,00) satisfying the
conditions:

() d(oy) =0esz=y,

() dloy) <d(z2) +d(y),
for all z,y,z € X is called a quasi-metric on X and the pair (X,d) is called
quasi-metric space. The essential difference with respect to a metric on X
is that a quasi-metric does not satisfy the symmetry condition d(z,y) =
d(y,z).

If X is a linear space and d a quasi-metric on X then the pair (X,d) is
called a quasi-metric linear space. ‘

Let @ € X be the null element of the linear space X. A subset ¥ of X is
called starshaped (with respect to 0) if it satisfies the condition:

(1) YyeY Vael0,1]:ayeV.

If Y is a starshaped subset of the linear space X then a function f:Y—=R
is called a starshaped function provided:

(@) YweY Vae(0,1]: f(ay) <af(y).

Obviously that the condition (1) implies ¢ € ¥ and the condition (2)
implies f (¢) < 0. In what follows we shall consider only starshaped functions
on Y which vanish at 0, i.e. f(0) = 0.

If (X,d) is a quasi-metric linear space and ¥ C X is a starshaped set,
the quasi-metric d is called starshaped on Y if

285



(3) Ve,yeY, Vael0,1]: d(az,oy) < ad (z,7).

Let (X,d) be a quasi-metric space and ¥ C X, Y # 0. A function
[ 1Y — Ris called semi-Lipschitz if it satisfies the condition

() 3Ky 20 f(2)- Fy) < Ky d(ay),
forall z,y € Y.

A number Ky > 0 for which (4) holds is called a semi-Lipschitz constant
for f (on V).

One sees that

(5) nf||y=sup{if—(x{i‘7;’|gmzm,yexd(z,ypo}

is the smallest semi-Lipschitz constant for the function [ on the set Y (see
(6] and [4, Th.1]).

Let
(6) SLipY :={f:Y =R, [is semi-Lipschitz}

the set of all real-valued semi-Lipschitz functions defined on the quasi-metric
space (V,d), Y C X.

If (X,d) is a quasi-metric linear space and ¥ is a subset, of X containing
 then the set

(7) SLipoY :={f|f € SLipY and f(8) =0}

' is a semilinear space and the functional I-lly : SLipe¥ < R defined by

® ||f||y:sup{“—($){r}af:r—§’”ﬂ:x.yexd(z,y)%o}

is a quasi-norm on SLippX (see 4] and [6]).

A semilinear space satisfies axioms similar to those defining a linear space,
excepting the existence of the opposite element (the inverse with respect to
+) and that the multiplication is defined only for positive scalars. (see [6]).

2 Extensions

The following problem is treated in [4]:

286



Let (X,d) bea quasi—nietric space, ¥ C X and f € SLip Y. One asks to
find a function F' € SLipX such that

(9) Fly = f and “F"x = "f"y

One shows ([4, Th.2]) that for every f € SLipY there exists F € SLipX
satisfying (9). This result is similar to a result of Mc Shane from 1934 (see
[2]) asserting that every real valued Lipschitz function defined on a subset
of a metric space X admits an extension to the whole space with the same
Lipschitz constant.

In the present paper we study the extension problem for bounded star-
shaped semi-Lipschitz functions defined on sharshaped subsets of quasi-metric
linear spaces: x

For a quasi-metric linear space (X, d) with the quasi-metric d starshaped,
a starshaped subset ¥ of X and a hounded semi-Lipschitz starshaped func-
tion f € SLipY find a bounded starshaped function F' € SLipy X such
that

(10) Fly = £, 1Fllx = 7lly and |Fll,, = 1]l

where ||||_, denotes the sup-norm.

Observe that if ¥ is a subspace of X and f € SLipyY is starshaped then
it is possible that f be unbounded on Y.

More exactly we have:

Lemma 1 Let (X,d) be a quasi-metrie linear space, Y a subspace of X and
[ € SLipyY be starshaped. If there exists zy € Y such that f(z0) > 0 then
[ is unbounded on Y.

Proof. For every z € Y, z # 0, the function h : (O,oo) — R defined by
h(t) = f (tz) /t is non-increasing. Indeed, if 0 < t; < ty then - :

ht) = f(:]m:) _ (i (ko)) < bt () . f(:;m)

=h(ty).
t t: 4 (t2)

In particular, for ¢ > 1 and 2y € ¥ with f (z5) > 0 we have
0< /(z0) < L(iﬁ"_)

so that
[ (ko) > tf ()

for every ¢ > 1, which shows that f is unbounded on V. m
The following theorem answers positively the question on the extension
of bounded starshaped semi-Lipschitz functions.
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Theorem 2 Let (X,d) be a quasi-metric linear space and Y a starshaped
subset of X. Suppose that the quasi-metric d is starshaped on Y,

Let f € SLipgY be bounded and starshaped. In order to erist a bounded
starshaped function F' € SLipyX such that

Fly =f, Flc=Ifly  end |F, = |f]
it is necessary and sufficient that f (y) <0 forallyey.
Proof. Sufficiency suppose that f (y) £0 for all y € Y. The function
(11) H(z) = inf [f () + |/, d(z,9)], zex
is starshaped on X and satisfies the conditions
Hly =f and |H]|y= | /],

(see [4,Th.2] and [5, Th.8).
Indeed, let z € Yand z € X .For any y € Y we have

FW+ 1l d(2,9) =1 ) + 1/l d (@) - (f (z) - fw)=
2 [ (@) +flly dz,9) = I£]ly d(z,y) =
=F @) = /lly (@(z9) —d(z,y).

The inequality d (z,y) — d (=, ¥) < d(z,z) implies
S @)+l d(z,9) 2 £(2) = Iflly - d(z,2)

showing that for every z € X the set @)+ 11y dzy):ye Y'} is bounded
from above by f(z) — |If||, d (,2), and the infimum (L1) is finite.

We show now that H (y) = f (y) for all y e Y. '

Let y € Y. Then

HE) <F @) +fllyd(y,9) = f ().

For any v € Y we have
T@ = 1@ <y -d(y,v)

s0 that

S @) +flly -d(y,v) > 1 (y)
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Vand
H(y) =inf {f () + I flly d(w,v) :vEY} 2 f(y).
It follows H (y) = f (y).

We prove that | Hlly = /]y
Since H|y = f, the definitions of |H||, and |||, yield [H]y = |[f] -
Let x;,2; € X and € > 0. Choosing y € Y such that

H(z1) 2 f(y) + ]

Y d (.’.'21, y) —£
we obtain

H (z2) — H (z1) < [ () + If ly @ (22, 9) = (f () + I/ ]ly - d(21,9) —€)
= [|flly [d(z2,4) — d (z1,9)] +¢
SN flly - d (@2, 21) +e
Since € > 0 is arbitrary it follows

H (z2) = H (z1) < | flly + d (22, 1)

for any z,,2, € X and | Hl\, <|[f]ly - Then [[H|l, = ||/,
We shall show that H is also starshaped on X. To thisendlet z € X, 2z €

Y and a € [0,1]. We have
H(az) = [ (a2) + | []ly d (az,az) <
saf(2)+alflyd(zz2) =
=alf () + /]y d(z2)].

Taking the infimum with respect to z € Y we get

H(az) < af (1)

for all z € X and all o € [0, 1], showing that the function H defined by (11)
is a starshaped extension of f.
Consider the function

. . H(z) f H(z)<0
(12) f(z):{g()ﬂH§I;>0.
Since Fly = Hly = f, |H|lx = ||f]ly and |H]|x = [|F]|x, it follows that

|17l = || flly - Therefore I is an extension of f with the same semi-Lipschitz
constant.
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Let z € X. If H (z) < 0 then
H(az) < aH (z) £ 0
for any « € [0, 1] so that
F(az) = H (az) < aH (z) = aF (z).
If H(z) >0 then F(z) =0. Let @ € (0,1). If (az) > Othen
Flar) =0=aF(z).
If H (ax) < 0 then F (az) = H (az) and
F(az) = H (az) < 0=aF (z).

It follows that the function F' defined by (12) is an extension of f which
is starshaped and has the same semi-Lipschitz constant as f.
Since

sup {|F(z)|:z € X} 2 sup {|F' ()| :y € Y} = | fl..

it follows [|F| o > || £l -
Let z € X. For any y € Y we have

T <f@+Ify -d(z,y)
which implies
inf £ (y) < inf [F () + | flly d (=, 9)] = H (2).
Il H (z) < 0 then
inf () < H (@) = F(z).
Since / (y) < 0 for all y € ¥ we have |||l = —inf / (V) so that
e £ F(2) <= |1 fllg = —F ().
If 7 (z) > 0 then
Nl =20=F(z).

Using the fact that F(z) < 0, for all z € X. and the above inequalities
we obtain

1l = SURL ) =[] oo

It follows that || F||, = [If]|...
Necessity. Suppose there exists y € Y such that f(y) > 0. By Lemma 1
[ has no bounded starshaped extensions to X. m
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