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Extensions of convex semi-Lipschitz

functions on quasi-metric linear spaces
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ABSTRACT. In this paper one shows that a convex semi-Lipschitz func-
tions defined on a convex subset of a quasi-metric linear space X admits
an extension to the whole space X, preserving both the convexity and
the semi-Lipschitz constant. A similar result is proved for starshaped
functions.

1 Introduction

Let X be a set. A function d : X x X — [0,00) is called a
quasi-metric if

(i) d(z,y) = d(y,a:) =0z =y,

(i) d(z,y) < d(z,2) +d(zy),
for all z.y.z € X. If d is a quasi-metric on X then the pair (X, d)
is called a quasi-metric space. If X is further a linear space and d
is a quasi-metric on X then the pair (X, d) is called a quasi-metric
linear space.

The function d™* : X x X — [0, 00) defined by equality

(1) d'(z,y) =d(y,z), =zy€X,

is called the congugate of the quasi-metric d [1].
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Definition 1.1 Let (X,d) be a quasi-metric linear space and Y
a convez subset of X (i.e. (V) up,ug €Y, (V) @€ [0,1], oui +
(1—a)ug € Y). The quasi-meiric d is called convex on Y if il
satisfies the inequalily

(2)

d(awy + (1— @) @3, ey + (1 — @) y2) < ad(ay,) + (1 - @) d(z2,y2)

for all x1,%2,y1,y2 €Y ond all a € [0,1].

Definition 1.2 [4]. Let (X,d) be a quasi-metric linear space. A
function f : X — R is called semi-Lipschitz if there exists K > 0

such that
(3) f(@)—fly) <K-d(z,y),
for all z,y € X.

A number K > 0 for which (3) holds is called a semi-Lipschitz

constant for f.
For Y C X let

@ Wl s { LOLLOY oy ey ) > o}

The || f|ly is the smallest semi-Lipschitz constant of the func-
tion f on Y [3, Th.1].
For Y C X let

(5) S LipY = {f:Y = R: | flly < o0}

be the set of all real-valued semi-Lipschitz functions defined on
the quasi-metric space (Y, d).

Definition 1.3 A function F € S Lip X is called an extension of
a function f € S LipY if

(i) Fly =1,

(@) I1Fllx = IFlly -

For f € S LipY one denotes by
6) Ey(f)={F €SLipX : Fly = f and |[Fllx = lIflv}
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the set of all extensions of the function f.
By Theorem 2 in [4] it follows that

(7) : By (f) #0, (¥) f € S LipY.

The following problem arises naturally: which other proper-
ties of the function f (beside the semi-Lipschitz constant) are pre-
served by at least one of its extensions?

The aim of this paper is to show that two such properties are
convexity and starshapedness.

First we prove:

Theorem 1.1 Let (X,d) be a quasi-metric linear space and YV a
conver subset of X. Suppose that the quasi-metric d is convez on
Y, in the sense of Definition 1.

a) If f € S LipY is convez on'Y then there ezists a convez

FeEy(f).
b) If f € S LipY is concave (i.e. - f is convez) on Y then

there ezists a concave

G € Ey(f).

Proof. a) Let f € S LipY be convex on the convex set Y. Con-
sider the function F': X — R defined by

(8) F(z) = f {f () +/lly - d(z,9)}, € X.

Then F is well defined and F' € Ey (f) (Theorem 2 in [4]).
Indeed, let 2z € Yand z € X.For any y € Y we have

F@ +Nfllyd(z,y) = f () +flly d(z,9) — (f (z) - £ ()
2 f(2) +Iflly d(z,y) = |Iflly d(zy)
=f (z) i ”f”Y (d (Zay) - d(:ﬁ,y)) :

The inequality d(z,y) — d(z,y) < d(z,2) = d~!(z,2) implies
F@) +1flly d(z,y) 2 f(2) = 1 flly - d7 (2, 2)
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showing that for every = € X the set
{f@+Iflyd(z,y):y€Y} is bounded from above by
f(z) = | flly d7* (z,2) ,and the infimum (8) is finite.

We show now that F (y) = f (y) for all y €Y.

Let y € Y. Then

Fy) <F @) +1fllyd(y,y) =f ().

For any v € Y we have

F )= f @) <Iflly - d(y,v)

so that
F)+ | flly - d(y,v) = f(y)

and
F(y) = inf {f (v) +|Ifly d(y,v) ;v €Y} > f(y).
It follows F (y) = f (y).

We prove that | Flly = f]ly
Since F|y = f, the definitions of || F'||,- and || f|y yield ||F|ly >

Iflly -
Let 21,29 € X and € > 0. Choosing y € Y such that

F(z1) 2 f () + |flly d(z1,9) —¢

we obtain

F (zg) — F (z1)

f @)+ 1 flly d(z2,9) — (f @) + | flly - d(z1,y) —€)
I flly [d(z2,y) — d(z1,9)] +&

[ flly - d(z2,21) +e.

IA A

Since € > 0 is arbitrary it follows
F (z3) — F (z1) < | Flly - d (w2, 21)

for any z1,z € X and || F|ly < ||flly - Then |F|lx = [|flly-
Since Y is convex and the quasi-metric d is convex (in the sense
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of Definition 1) we have

F oz + (1 — @) 22)
oy +(1—a)ys) +
A lly - d oz + (1 - &) 2,01 + (1 — @) o)
af () + (1 —a) f (y2) +
+ £ lly [ad (z1,91) + (1 — @) d (22, y2)]
= alf (y1) + [Iflly d (@1, 11)] +
+ (1 =a) [f (y2) + (1 — &) d (za,5)],

for all 7,23 € X, y1,13 € Y and « € [0, 1.
Taking the infimum with respect to y1,y, € ¥ we obtain

IA

IA

(9) F(azi + (1 - a)z2) < aF (z1) + (1 — @) F (z3)
for all 1,22 € X and all & € [0, 1], showing that the function F
in Ey (f), defined by (8), is convex.

b) If f € S LipY is concave on Y, let G : X — R be defined
by

(10) G(z) =sup{f(y) = /lly-d(v,2)}, z€ X
YEY

Then G is well defined and G € By (f) [4, Theorem 2].
For any 21,22 € X, y1,y2 € Y and a € [0, 1] we have

G (az) + (1 — a) z)
2 flayi+(1—a)y) -

= Iflly d (s + (1 = a) yz, a1 + (1 - @) 23)
2 af(y)+(1-a)f(y) -

= flly [e- d(yr,21) + (1 — @) d (32, 2)]
= a[f (1) = Iflly d(y1,1)] +

+ (1 =a) [ (y2) = [I£lly d (y2, 22)]

Taking the supremum with respect to y;,y2 € Y we get
(11)  Glam + (1 -a)22) 2 oG (z1) + (1 — ) G (z2)
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for all z1, 29 € X and « € [0, 1], showing that the function G from
Ey (f), defined by (10), is concave. m

Definition 1.4 Let X be o real linear space and 0 € Z C X where
0 denotes the null element of X. The set Z is called starshaped if

(12) Mo, a€[0,1], (V)z€ Z, az € Z.

Obviously that any convex subset of X which contains 6 is
starshaped, and the converse is not true in general.

A function f : Z — Rywhere Z is a starshaped subset of a
linear space X, is called starshaped if

(12a) flaz) <af(z).

forall 2 € Z and « € [0,1]. A convex function f : Y — R,defined
on a convex subset ¥ of X containing ¢, and such that f(0) <0
is starshaped but there are starshaped functions on ¥ which are
not convex,

Definition 1.5 Let (X,d) be a quasi-metric linear space. The
quasi-metric d is called starshaped on X if the inequality

(13) d(az,ay) < ad(z,y)
holds for all z,y € X and « € [0,1].

Remark 1.1 If (X,d) is a quasi-metric linear space with convez
quasi-metric, then d is starshaped because the inequality

dlaz+(1-0a)8), ay+ (1 - )0 < ad(z,y) + (1 — a)d (6,6)

yields
d(az,ay) < ad(z,y)

for all z,y € X and o € [0,1].
Now we shall prove the extension result for starshaped semi-
Lipschitz functions.

Theorem 1.2 Let (X,d) be a quasi-metric linear space with star-
shaped quasi-metric'd and let Z be a starshaped subset of X.

Then every starshaped function @ € S LipZ admits at least one
starshaped extension ® € Ez (@).
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Proof. Let ¢ € SLipZ be starshaped on the starshaped set
Z C X. The function

(14) @ (2) = inf {o(2) +llpllzd(,2)}, z € X,

belongs to Ez (¢) (Th 2 in [4]).
We shall show that @ is also starshaped on X. To this end let
z € X,z€ Z and a € [0,1]. We have

© (az) = ¢ (a2) + |l ; d (az, az)
< ap(2) +allell, d(z,2)
=alp(2) +llely - d(z,2)].

Taking the infimum with respect to z € Z we get
P (az) < ad(z)

forall z € X and all & € [0, 1], showing that the function ® defined
by (14) is a starshaped extension of . m
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