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0. Introduction. In & receat paper (N1) we have considered s
mothed of transformation of a wodge inte another coe s¢ ms to pre-
mmﬂ:hm@-ﬂhmﬂnmamu@cm
#trustion i.l.ﬂ.n-l.rﬂlutﬂh the norm of the space and peraits
hm!nﬂ.-hlhl—hhdﬂlﬂn:rulp whose clogurs is not
n sabspace, by fully rezuler cones. Ths approximation is in ope-
nbﬂﬂmntmwumm-ithihhmnn;r;
net of nonlinear operators comverging unifermly en bounded sets
to the Lldentity operator. The whole conatruction in (F1) depends
lllﬂtiﬂl;uﬂmlnﬂ.ﬂ-n-nrﬁm:-lﬂmﬂ; ROnE
sublinear sparators, But the most of the results can be transpo-
sl for a more general case. We Bhall consider in this paper the
similar problem for locally convex gpaces and more peuoral ope-
rators. We shall aleo admit the sisultaneous transformatics of
the order and of the topology in the considered vector Hpade,
Althoogh, our attention is focused alme hers on franalforming
wedgos into regular, respectively Tully regilar cones. Tha
approxisablility of a wedge by regular cones in this peneral
context is limited by the fact that if & regular cope has pon-
enpty interior, them the space must be norsable. Hopoe the
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approxisation protles in (ML) has its metural plscs in normabls

opaces. The investigetions in the recent paper concern tha theory
of regular and fully regulsr cones which have becoms important in
poms spplicatiss orisctesd considsrations of EISENFELD and LaKSANI-
KANTHAM (L), (540 (I), the autbor (N3) sts.

We ose the terminology im (N2) which is in fgot that proposed
by NCARTHUR (MO) and differs from that in our psper (¥l) and in (1)
by the use of the temm "fully reguler” in place of “cosplotely
-rq'ﬂ.:“mnﬁﬂmmuﬂrnruﬂnruﬂmhm
logy and in functional moalysds.

A1l ths commlderad vootar spaces will be suppossd to be penl.
The subpet ¥ in the vector gpace T i aald to bo n gudse, 1T
W+ WEW pod if WS ¥  for svery noo-nagative rsal nupber .
A wedge ¥ in called gomg 1T WA(-T) = [0). A wedgs W imtroduces
s tronslation inveriant refloxive and transitive order relation
in T, Af we put oLy whonsver v=-u i in W, This crder relution in
antigymeetric If and oxly if ¥ 15 a cons.

mm;mmmmzwmmm'r
ordered by a wedge ¥ is called W gopvex if for every x; and X,
in I and every t in [0,1] it  holds the relaticn

IEHIHMJIE}"I:!'{:I}'# ﬂ-r'l'}-'l‘flé}
where ¢ stands for the ordsr relstion introdused by W.

An oparator from X to ¥ is called W gublinesy If it is W
:mﬂpﬂﬂﬂhhﬂm.mqmitﬁnlwru
called W gpepeplisess, If =i ia ¥ soblinsar.

y The operator @ from T to T is called ¥ gogotops, if Q{u) £Qlv)
whenever v, '

The subset A in ¥ is called ¥ fpll 4f (A+WDA(A-N) = 4. This
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wlatien Ls equivalsat with the condition that for svery s snd b
ing the st (3T 1 afsE V) 1 contalend in 4.

lat T tw sndowsd with a veotor spsce topdlogy. Thes T is called
¥ looally full If 1t coptuine « neighboushood of O conmlsting of
v fdl sets. If K in & cone and T is ¥ locally foll, then
it is oslled & popmp]l prsce.

1% is maid what the tmpolegical vector spece has the bowrsendeng
Pippasty with respect W the arder lodoced W LT every W order boun-
ded st in 1t is topologically boonded too. Obvicumly, svary ¥ lo-
sslly full topologicsl weoter spece bes the boundendess property
with respect to the ordar induced by W.

Iﬂl'hn-ﬂpmhi.mlluum-lqnnim
Estpler (sequentielly quagd ¥ bound yesulep) if every ¥ order boun-
Mtnmmmt-mlu"hm.m"ﬂuih
oallad quusl reculer (sequsptislly quasl reswler)if it is ¥ bound
regular, :

The wedge W, in ¥ iz ealled Dully qunsl ¥ resular (sequentislly

' 2ullr consl ¥ pesglap) 1f ewch ¥ increasing and topologically boun-

ded not (sequance) in ¥, fa Couchy. The wodge W is called fully
eensl reeler (ssquentially fully quasi resulaz) i it i= fully
guxal ¥ regular {ssguentially folly guasl W rapulas),

The tarms locally full, normal, with boundendssn property, quasi
(mequentially)reguler, fully quasilesequentislly) regular will be
nsed sgqually for wedgos and the topoleglcal vecter spaces ordered
by thes.

1. Ofierine Spansfomatiog br_geparliness overstors. Let W be

& nonenpty wedge of the weotor spece Y. The following sanortions
aummaries aod geparaliss some resmilta in (M) copcermios some mi-
gebroic aspects of orxder transfommations by superlinesr operators.
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1. PROPOSITION., If O is & W supgrlinens operator geting i I,
then 6L(W) is a wedre. If 6~H(W)E ¥, 3hen G~HEIN(-T"1(N) is the
saxing]l subspace ¥, of W with the property that (-T+6), C W, whepe
I denoteg the identity cperator of Y.

_Proof. That GTL(H) 18 a wedge ia stralghtforward.

Denvte by ¥, the subset in § of the alensnts haviog tha property
that ¥, =¥, <7+0(y) and y+G(-y) are in W. Then W, is a subapace of
T, Indeed, since G is positively homogenecus, from y in W, it follows

" that sy, =gy, —ey+0(sy) and gy+Gl-oy) are all in ¥ for every real .
Supposs that 7y and 3, are in W,. Then yyexp, —(3y+¥p), —(3ye7y) +
+ 00y}« Glyo), ¥4y ¢ O(-3,) # G{-y,) are in W. From the ¥ pupar-
linsarity of G it follows that '3{!1_"733 = Gl{y;) = Glyy) and
Gl=3;=75) = Bl-3) - G{-y,) are in ¥. Bumming these relations with
the approplate ones obtained above we comclude that -y +7,) +
¢ Gly+x,) and yiey, + G{-y;~¥,) are in W and therefore y,+7; 15
in W . Bﬂlﬁﬂiﬂllmlﬂlmﬂb}ihwflIlit
fellows that 1t 1s the maximal asubspace of W with the atove consi-
dared propertied.

We observe that W, is contaized im GL(W) A (=07 H(W)). Indaed,
¥€ W, has the properties that 7, -7y -7 + G{y) and y+ O(-y) are
in W, But then summing the appropricte terms we Gonsliods that G(3F)
and G{~y) are in ¥, that is, ¥ & 6200 A (=0"1m)).

Finally, if y and =y are in 5"1(4), then the condition E_ll.'.ili:

C W implies that ¥, =y €W snd heoce =y + G{y) and 3 + G-y} are
in 7. Tols meens that ¥ 6 1o &, and we comalude

a4, = 0" @) A a7 om. Q.E.D,

Eenngl. The lncliuosion ﬂ-']'{i} C ¥ was oused only to esbabdlish
1Hat I]_:I'['l.}n l:--'f‘:'l:.ﬂ_.l is soplalned is .Hu. The cenverce of this
ralation Fellews witbsut it. T= are snetinlly Interected in conel-
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dering superlinear operators G with Lhe above propely. They wars

uged in (N1} for "spprécination” of the wedge W by cones with
niog propertiss.

2. CORULLANY. In the copditions pf Proposition 1, AL ¥ is g

Zope op 4% -T + @ saepleg Do whole linenr subspgoe of # inwo &,
then &"'(¥) 12 a cona.

3. PROFOSTTION. Liet G be of the forw G = I - 8, where I i thg
ddensity opepater of ¥ ond 5 is a ¥ sublinesr opesstor with the
property_thgt 8(Y) € ¥, Thes 6™'(¥} < W. '

Frogf. e have y € (E=8)"1(¥) if and only &f y = E(y) & ¥. QuE.D.

. COROLLANY. Bupposs that G la a8 ip Froppaition 3. If v, -7
and -8(~y} & ¥ Amply that y » O, it follows That 0" (W) Le a come,
The wedge W in T in sald to bs genspating 1if # = ¥ = T.

5. PEOPOSITION. Lf W s g gececatios wedse, Af O Ap & ¥ super-
lipesr operator goting 1o ¥ snd bavipe the properties thet ¥ < G(Y)
and (I-G)(-¥) < W, thep the wedey 0™ (W) Ls geoersting oo,
 Prosf. The wedge 0TM(W) is genersting if for every w in ¥ thors
exists n o in G"L(W) so ms to have o-w € G L(W). Indesd, in this
I:Ll.'llnnuutunmthiﬁwtm:;il--zﬂm
w, and w, in ¥, Let u, and u, be elements in G™L(H) puch that
Uy =Ty € 6~ (w) and u,-w, € e L(w), Put u = Uy taye Than u, 3 =
nl.l-I'l-uﬂtﬁ-ﬂlﬂlanﬁliﬂlilaﬂ?lﬂhq-lchj-' Sut we
have

By - 8 = (o) = (-] «aw —w,; = 7,.

. that is, @ %(#) is generating.

It remalns to prove the existence for every w in W of a 4 in
& 1{m) with the property that v-w is in ¢" %), For w in ¥ there
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cxtsts u vy in 67H(H) such that w = G(y,) sud thers sxtsts a v, in
-.'1.;;;, soch that (I-G){-w) = O(v,). Put u = vy +¥,. Sipce O 1a ¥

cupgrlinear; we have
E{rlﬂra_'l = G(wy) - G(v,) €W,

. that s,
Glu) + 6{-w) € W,
Uslog again the ¥ suparlinsapity of G we got
G o) & W, Q.E.D,

&, COROLLARY, Let & bm g ¥ gublinesr opecntor which carries
Tin# I1£0=1-5 containg ¥ 1o its rages, fhen G bas the sro-
rarties in Provesition 5, gad 6°'(W) i3 ssnerakiss A W bag thig
PIDPEZEY-

The eledent & in W is sald %o be a W gpdap upiy in T, if for

=very y io T there scists a poaitive real s such that se - y 1s Lo W.

7. FROPOSITION. If o Lag W opder yolt io Y, fheg prepy o
Ly 57Me) w112 be g ¢7M(N) omder unis ia Y.

ml&. Lot y te arbitrary is Y. Bince o is & ¥ epder unit ia Y,
there exlets an 8>0 with the property that

B8 + G{-y) & W,
Egoaums ® = G{e;) and G is poaitively bomogensous, we havs
i{aey ) + Gl-y) € ¥,
ahiich tegether with the W nuperlissarity of G ilaply
asy = 3 & 6w, QuE.D,

Bpoazk. As we bave choermed in Introdustiom, the ldes af order
transforsation by nenlinesr operators origloated in (F1} wan dove-
loped for scms operators of epeclal feature . [ndsed thepre wars
EsRuldersd oporatora of 'I'-hn form 1 = %6 with & & Peal and posltive
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puster and 6 a ¥ sublimear operator, and was reacilped the inverstsg-
bllity of thia operator for amall t=s. This lest coofition Mas oo
Wﬁtﬂ-mhmmlnmmm
fellow.

€. PROPOSITION. If the supexllnear ovarator & is of tim fore
O=8;, =1-15 zixy 8 37 gublinser operator with She prgpsrty
Shat B{T)C W, gnd * g pemitive pesl, m.nnx;;m:a;;m
¥heRgVEE O €%, €%, The tranaforantfon &,@ lesyes Smvariant the
Subweges in ¥ for which 8 yagish. S

“-m—l.z-nnu's;;u}.m:-ﬁ,m}u.mm
12H(ﬂ-11llﬂnium1d.hr_1qihlbnn rolations
th-txi.ﬂ,:‘tl-l-r!tﬂaﬂmm:u!. then x - (%) =
= x €V and hence x & G, (W) for evary t. Q.E.D.

. COMITARY. If 8 gntigfies the sopditions io Propscifiion S
u-t_“mmmmm-v.. thag
he _saue ln tmas for 60M(W) for ey + mith he smoverty O <t

2 Binu LT3R L] a Bal gy ._ ' th g i il iy T LOEY -
We shall supposs ib what follsws that the real weotor rpaces orisved
by the wedge ¥ Ls endowed with s lseally somvex topolozy T. Denste
the ordersd topolagieal wector space with (Y,,7), The -omtimuity
and ooareivity copditions impessd in (F1) sbout the sublinsar cpe-
sator 8 assure im fact that the order transformsd by the Frodhols
resolventa of § ham 1%$5 topalopical prepertles eapresssd in the
origiaal topology of the spase T. Withoot thess regtzicticss m 8
it furna aut that ths topolorlcal propertiss of the Srangformed
apdar are sxpressed In a new topology or eventially in & oew
copvergends Strectors, IT sesms that 11 the cmalderesd {doss hes
thetr pmturel pleace alse in apaoes wiith coovergeots strudtures,



bur wa will eonglder hopa only topologleal veoilor spaces. For
cotalning tochnical facilities we shall’ isooss cppditions on thae
zolsinel topolecy and en the ¥ sublinear opopator 8 to obtain ths
teanaforasd topolosy 1o a slsple way.

1. FROPOSITION, Let ug aggume Shat (Y,¥,T) L3 go ordaped topo-
{a) & 3z 4 ¥ sublinanr opapator carrylog the sopce Y jgto 0
(b) B(O) e a pelrhbouchood basls of O ig ¥ congigtine of ologed
cipoled aod W fu],L ﬂ:lr‘l:m "
{e) 8(-x) = 8(x) for svary x ia Y.
Hhen

(1) &;*(w), whare 8, = T~ %2 and T Lo the ldegtity goerator
al ¥, 15 @ wodse coptained in W for svery non-necative reql oum-
Ier i .

(11) ths family of sets Bg(0) = {870} + U in B(0)} fomms o
zoichbourhood bagis of © in T which mgpepates a locally convex
Zoztop sppce fopolocy is Y.

Proof, To verlfy (1) wa obassve that 8; iz @ suparlinear for
svery T30, baoca B:I'{!i'l ia a wodzse accopdlng Proposition l.l.

i@ ara also in the condition of Fropositiom 1.3 with 48 in placa
of 3 in thls proposition, Hemcs SM(W) € @ for every +320,

Lt ua cheek (11), Comstder U in B(D). Lot v, and v, b ia
s7Mu). Thenm a3lvy) + (1-a)8(v,) € U for wvery 5 n [0,1], because
U ia comvex. Since & 1a ¥ sublinsar, we hove sS(vy) + (1-g)5(v,) =
= B{zy + (l=a)vy) €W for ovory o in [D,1]. Now, since U ia « ¥
fall set, the above two relations show that S{avy + (l-a)v,) & U,
That s, B L(U) Ls convex, ;

The sat g~L(u) 4= redial, Indaed, for every v in T there exists
3 positive g such thet gBlv) = Blav) &€ U, that is; &% ts"t'{'aj.
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The set Eul'{'l.i:! ie eireled. lodesd, for every e with “-. PWP*H:"
lel€1 we bave fron v & E°1(U), =3(v) € U since U is airclad. For
530 this Leplies S(sv) & U and bente &v € 5 (U). For o<0 we
bave from the copdition (e}, -v & £"Y(U) and sincs sv = lel{-v) e
€571(U) 1t follows also v & E"N(U),

Let U be arbitvary im B(0) and Tet V Lo B(0) with the praperty
¥4 ¥ CU. ¥e ghall ahow that :

EL(Y) + B A(V) C 5i0).

For ¥y and v, in B"'lﬁ’} " tave B(v;) & Bivy) = Blvysv.) q W [zom
the W sublinearity of B. From 1hls,; ithe fact that EETIWE} €71
pecopding the condition (a), end the faet that El{vl.:l . -E{'r:_,:l -
£ Y 4+ Vel by hypathesls, we have that S(vy+v,) 15 in U zince U

iz ¥ full. Hemce vy +v, is in H'I{E}. RaE. T

The vedttor opote T endowsd with the order relstlcen indooed by
the wedge 5;1-{:,: and the topology defised by Bg(0) for 8 matisfylng
the conditions in Propopition 1 will be doncted by (Y, E;if,'ﬂ.'l. ﬂ"l{’l}'.ll.

2. Remarks. (i) We obmarve that the cendition o) is ioposed for
E:"I(II] be ready circled if [ 1s circled. Obwlously it esan be cmitted
and supplied with pn extra :mtm-:ﬂ.m.' et it _1-1]1 be peed lotear
in Proposition §4.1.

(i1} If we conszider the projective topolopy oo ¥ defined by
B3 T=aT, then 1o genexal it fem't lovarlsaot with resoct o the
translations. The topology 8"(T) on T 1s in fact the coartes
leoally convex vector space tepology on T with respect to which &
is coptinucos pt O,

3. PROPOSITION. Let ¥ spd B be ds in Troposition 1. JL 855 7T
ponticopus a% O then the ondered topeleosicpl vectap moce
{7y Hil{ﬂ:h E"l{'.l'” hag the boundendess propeciy.
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M.lm.mﬁ:;[ﬂm-m—thrﬁrm
bounded. Bisess (T, ¥, T) is soppoped W locally fall i% follows thm<s
svery W awder bounded set is T boundsd. Basse 1t s also O (T)
bourdad, sipos the loet topalegy Iv cosresy an T. GBI

b CORGLATE. In the sondislons of Provesiiies 3. AL T As sem-
Lets snd srtrisesls with resest Ve She Sevelosy 67 (%), AL 55(F)
in a8 877 clossd wedss, thes She sewes (T, (W), 87(T)) 4
avrual. '

Pronf, By Proposition 3 the wedge E;'(¥) has the boundendess
property with respest to the topslogy 5 -(1). Simes this topelogy
is Hamedarstf, E; (W) must be is fect s cems, 1% safflces Dow &9 ose
Propoadtion 286 im (B0) o concluds the resclt, QB Ty

5, PROPOSTYION. If K g s Doguel cope in Y spd  the U publisen
eparstur § mtieCien e cendizions in Prevosities 1 mith zespeci
o ¥ in place of W, if & ia K mopotons op K, Shen the epdered losallr
comvex muee (Y, E00, €(7)) is poxmal.

Exsef. Lot (x,) be & set in 6] (K) shich converpes to O with swe-
pect to the £-M(2) topolegy. If (3,) iz & met in S 1(K) with the
property that %y, € E;-(K), them (y,) will converge to 0. Indesd,
mines 7ME) € K, It follows fhet x;, y; and xe-y, are all in K for
every 1. Since G bas its renge in K, we bave 8(x;~y;)€ K for every
1. Prom the K mecotonity of & we have

Blx,) - Bly,) €X.
Since (x;) tends to O in the BL(T) topology, it follows that (B{z,))

i tehds to 0 in the T topology. But X is o norsal come with respect

o thds topology, besce (B(y,)) tesds te O with respect T according

the above obiziesd relpticn mpod & well koeen naEmellty arltarion
oom &t (F), Prepomitise IT.1.3). But then (y,) tands tc O in tUw

o A

EL(T) “topology snd applying agais the sbove cited criterion we tom
clude that £ (K} is a noral cone with Tempect to the §M(T) tepalosy.
v, QED,

Eempzk, We beve obassrved ot Hemark 2 (11) that the projective
topology defined by B 1 Y¥->T on T in general i not invariant with
fenpest to the trenslations, bence we cannot say that E"1(T) is this
projective tapology. Now, if K is noreal with respect to the §i[T)
tepology then since 8 i cosvex with respect te X and is continueug
at 0, 1t will be comtinoous everywhars In T (see e.p. (B}). Thigp
neans that the projectiwe topology on Y defimed by B is coaener ma
g~1{1). It the prejective topology defined by 5 is translation inva-
riant in Y, then 1t 1s equivalent with £°1(1),

6. FROFOBITION. Ip fhe condisions of Propesivien 1 god t30,
the se% £(W) N (-5 (W) is the maxingl subspgce W, of W with the
PEEPSEEr 3bat -S(W,) < ¥. fieooe If ¥ 1 g cone or If B cazpies mp
shols sabspsce of ¥ in W, thep &;'(W) is g cone for every positive t.
1f W s contained in Ehe imake of &, Shen if ¥ in senemter, 8 (4)

. mill be semersier too.

Erogl. We spply the results in Propsitien 1.3 and in the Corel-
lary 1.6 for t8 in plsce of B. Q.1.1,

Mhmnmhmmﬂ;lﬂImuEﬁ}.
Confitions which asoure that thin wedge 1o rich entugh are sioilsr.
te that in the above preposition concerning the range of 5. In some’
specinl conditions on T and on B we bave thltl.hilludimnl{m
(ML) Corollary 1). From our poinst of wiew is important that for
decreasing © >0 the cons E;,‘{I} increapes (Fropopition 1,8}, For
this in some cases in what follews we shall postulate a good con-
portnant from this poiot of vwiew of the family of operators Ell for
t in a neighbourbood of O,
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3. Irpnefornation of wedsgs in quagl recular, megpsctively ig
fully quasi refular cones. ¥e bave considered in the preceding
Wwwnmﬂmﬂwlmﬁrlimlﬂmdwﬁ-
glonl vector space (T, W, T) into the ordered topologleal wector
space (B, ;u.f'(l}, g7M(1)) with B, = I - 8, whare 6 is a ¥ sublincar
operator smtiafying the conditions inm Proposlitiom 2.1. let e con=
slder in this paragraph the problea of floding soafflicent condltiona
on 8§ which assurs o E;I{I}I be quasl regular and respeetively guasi
fully regular in the topology 5°Y(2). A firet resalt in this direc-
tion is contalned in

L. PROPOSITION, Lat W god 8 _have the propertigs in Proposition
2.1. If oo 8(W) ia a quasi ¥ bound resuler subgope of ¥ wish =
respect o the topolocy T, thep 570(W) is m qumsl resular cope with
Eespeet %o the topolasy 6™ (f) for every vegltive t.

Froof. According to Lesms 1 im (N2) 1t suffices to prove thes
&;"E#} is sequentislly quasi reguler, that is, that every ssquence
{x‘,'l in B;.'lm whieh 1a E::'[Ij deppsesing 18 a Caushy ssguance with
rospect o :E_"I{I']l... Lat us assume the contrary @ Tha i;li:l'] decrea=
sing sequence (x,) in E'(W) is mot Cauchy with respect to £ (T).
Bince {x,) is E;1(N) decreasing e have for évery matural o and p
that xox, 46 dn 571H), which is squivalent with

(1) Ty Bl ) W
Bines hﬂ] is pot Gmuchy with respect to the topology E:'li.'!'_.'l, iy
follows that thare sxiets & T peighbpurhacd O of O in T =6 a= to
" have, pessing if Decessary to a subsequence of (xy), the relation
L S WL gl
that is,

(2 Blxrx_.) €0

for each maturnl n, Prom the relstiss (1) wih p = 1 we conolude

I = Xy - SBla ) €T,
wharedrom by smmation from o= 1 to m = @ we get

:1 = I.-I-]. - t{ﬂ{-:l"ﬁ.} * sam ¥ H{:I.-.[IH-].J:I .
It follows that the suma

m
o T e
ares W order bnmdldtgrh « But we have (2}, and this, via Crite-

rion 5 in (N2) contradicts the hypothesls that the dubcops coS(d)
in W i gquani W twond regular and proves the propoaltion. Q= E. D,

In arder to prow a slmilar resalt for the fully regular cans,

we have to impose further restrictlons sbout the topalogy 5™ L(T).
¥a have the

2. PROFOSITION. Lk ¥ gnd 6 b= ps ip Froposition 2.1. If the
toveloy §7'(T) is finep as T gmd Af the cone coS(W) As fully quasi
¥ pesuler with pegpect %o the fevolpcy ¥, Shes €3 (W) i3 fully quasl
regular cons with fespect to the topelosy § (1) for svery poalil-
¥e pusber t.

Exgf. We ase the method of comtradiction. Assune that (x ) is
B;(W) inoreasing and §7V(T) bounded mequsnce which is ot Cauchy
in the topolagy 8~L(1), (o can consider only sequences mocording
Lanma 1 in (N2)) That in, we have the relation

() g1 0 = WlRyR,) € 0
for overy o, and we can get a T pelghbourbood U of O such that,
passingif mecessary to a subsequemnce of (x ),

for each o, Bumaing (5) from mel to p=m we have
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{5 LN . ﬂac:i-:l'} * l-l-."‘ H:I“l'l.}] g V.

gince 671(1) ia finsr ns T and (x,) is 67T bounded, 1t is alss
T bounded. The relation (5) together with tha hypothesls that ¥ is
T loecally full Lmply thot the sums

() Z, Sxggxg)
are T bounded, which by (4) via Oriterion 5 ia (B2) eontredicts the

assumption that coS(¥W) ts fully guasi ¥ regular with respect to T.
5 Q. 1.0,

Tha iden of m;nufd.runuﬁuzmﬂnhmh
proving o sinilar result but with sore isplicite conditdons. We bave

5. PROPOSTTION, Lat W znd © be s in Proposition 2.1. If a1l
tha 87M(T) bounded gubsets in 8;'(W) ape W ordex bounded apd 1f the
cons coB(W) iz Lolly_quasi ¥ peculap with respsct %o the tovalocy
T, then 83°() is s fully quasi vesmlar cone with respect to tha
topolosy 5°(T) for every pasitive t.

Progf, The proof runs ms that of Proposition 2 with the Aiffe-

reace that the forsula (5) is interpreted as follows © sinee (x )
1s 571(%) bounded in E3(¥), 1%t 1s W erder bounded by assusption

and hopds T boosded bacsuss ¥ 1a W loeally fuoll. Kow this implloes
that tha sums (6) ars T boundsd. Q=B.Du

Other sufficient condltions for the quaal Wt}'. roopeGti-
vely fully quasi regularity of B;0(W) in the topology & '(T) can
“ba obtalmed whon ths sxistences of somse fubnstiensls with spacial
propetiss is postulated. Lat oa consider sope dafinitions (eee (E}).
The functionnl T (dsfined on T or W) is called ¥ pogitive if £(x)0
for every X in W, The ¥ positive fusstional £ is called wnifopmiy
¥ ponitive If for every n-j;hhngrhq.n! O of 0 there axists o poaltl-
¢ puxber 4 86 ag o hovo '.l'{::;l}d whagewer & WwsU. 1:1' from the

= lhg =

Gondition that x € WU for sone peighboorhood T of o mnd eyery o,
it follows that = o

SRR e,
then T s called giplotly ¥ Anereasiss. The functionsl f iy calleq
¥ popotong If fu) &g f(v) as soon an v-o £ W,
m!mmtaﬂmmrnwllnnudMHH
in supeplingar as sn operator with valoes in B endownd with the

%. PROPOSITION. Asgume ¥ snd S are s ia Provogislon 2.1. If
thers sxists 8 superlinear fepetional ¢ defined on W shich is bogn-
ded_eq She sets whleh gre boupded in the 8 (T) Soveloey snd 1g ¥
Uaifomuly positive with respset to the %opology T, fhen & '(W) fa
A fully quasl rerulsr cops with resesct to the Sopolpmy 5°U(T) for
overy poelsive %.

mmhlum}uq’{nﬁ-tnnm
property in the proposition, then thare exists a soqueucs (x ) in
B W) mun;_‘-:n inoreasing and bounded in the E~1(T) topolegy
snd which La mot Oaschy with respect %o thls topeloy. This mesns
thet there axists a nelghbourtood U of O in the topology T such
iht,n“ﬂmhlmnf{xl}.lthur

1™ T E g hm,
that 1s,
(7 Bz 4= &0,
for every m. Stace (x) is 8 (%) increasiag, we have
i Tl Ty - WG ) €W,

for every n.. We apply the functiomal f to the slement (2) snd esing
its superlinsarcity and ¥ positivity we got
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Elop =R = W50, -2 B 1l qoxy = t8(5 -2 ) 2 0,
Tufs relation togethar with (7) and the ¥ uoiform posltivity of ©

rlth respact 0 the topology T yield

% > WG i) 3 ¥,
rith 4 an sppropriata positive nusber which appears Iin the defisi-
tlon of the W uniforn positivity of £ . Let us oee now the mathod
in the prooaf of Theores 1.10 in (KE) %o deduce that

n- m=1
Plxyd = I(x; g hm,l—rnjl'} flx) + EI e, == ) 2
2 f(x;) + (m=1)ta.
Hence f{x ) tends to infinity with a contradisting the assumption
that (%) is bounded in the tepelogy 5™M(T) and thet £ is bounded

on mets which are bounded with raspect to this topology. This comp-
letes the proof. 3.E. I

5. FPROFOSITION. Lot W and B be as in Prooositicn 2.1. If there
axlats s W memmm T defined on W, i f in
boanded on W g POl :

on B{#), than ﬂ"m mwm
topglosy §1(T) for every positive t.

Erogf. Assuse that 830(W) Ls not ssguestially quasi regular with
rupm-t to the topology E"'H‘]. That im, there axists the seguence
(%) which is 5;1{1} istremaalog and E;]':'Ij ordsr boundsd in B;I'{l]
which Le oot Oauchy. Pamslng If pecessary to o subsoquence of {;n]l,.
we can auppose that there exists a neighbouchood T of O in the
topology T, auch that (7) is fulfilled for every n. We have alse
(8) and summing ¥his pelation from n=l to n=m, it follows that

I:HI - Il - t{sl:ta,‘lll * sum ¥ Eﬁ:.ﬂ'-l-:.]} E“'
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Apply £ to the element in this selstion and uss the ¥ poaitivity
and guparlinearity of ite to conclude

Ty y=% ) 2Bz -x)) + ...+ Blx, q-x ).

The sondition iI.'E'.'.I and the fact that I s strictly ¥ lncreasing imply

that the laft hand side io the sbeve inequality temds to infinity
with m. This contradicts the assumption that (x,) in H-;J'IEIIJ order
bounded and thet f s bounded on V() crder boundsd sets. We use
Lomma 1 in (N2) to conclude the valldity of the propeiticn. G.E.D.

Bgmark, The conditions in this proposition are rether restric-
tive. Indeed, if the space Y 1s Housdorff, then W sust be & cone
in opder to admit & positively homogensous functiomal f with the
proprictes ansumed.

“. Copgequaposs and commepts. Let X and ¥ be two topologlecsl

vertor speces and demote by CCX,T) ths vector speoe of continuous
eperators Irom I to Y. If T 15 endowsd with a locally convexr topo-
logy T and 3T M is a family of subseta in I directsd with respact
to the set theoretic inclusleon, then 1t can be introduced s locelly
convex 'hpﬁ].nn':r in this space by consldering as oelghbourhoed
basin of en element ¥ the sote

Ueru,v) = §o & o0x,1) ¢ (o)) <7V,

where M runs over M. and ¥ runs over a pelghbourhosd basis of O
in ¥ (see e.g. (Soh) III1.3). This topology s called the topelesr
of unifory convergence on the mewbers of M, It is obvicusly trans-
lation inveriast and sonverts the additive group of C(X,T) into
a contlinucus Erodp.

Ue are lnterested in slttins appropriate conditlions om o sub-
get of G(X,Y) in order to assures that for every pembar F of this
fanily the product tF converges to the zero operntor whonever the
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real nisbsr t converges to 0. It is immediste that the Decessary
and gufficent comdtion for this is to F(E) be boundsd for every
member ¥ of M. Prom this 1t follows slso that the meximal subset
B(X,I) iz G(X,Y) having this property im a vector subspags. It tarms
aot that the condition on elepests of H{(Y,Y) is emotly the mme
which mseares to H(T,Y) bs a tepelogicsl vectar spacs in the topo-
logy induced from J (ses (Sch) ITI.3.1).

Lat us popposs now thet M is the faelly of the bounded setnm

-with pespect to the tupelegy of I.
From our point of view is of & special importance the fallowing

roault 1z "

1. PROFOSITTON. I£ 1 1s & borpologicsl evace and 4T T ine ¥
Lecally full opfered vector epgos with a Jecplly somvex bopelgey:
then g ¥ gublipere oremster S frem T %o Y Eith the prepsrty that
u:ﬂ.uﬂmzunwmnw"
Af 1% is coptipugus a3 0.

Proof, We bave to prove in fact thet in the conditibas of the
pmdﬁmuiﬂliwwﬂl;l-&!hm:td
if and oaly 1f 1¥ maps bounded subsets in bounded cmes.

Lot B ba continnous smd let E be o boundsd set in Y. Assums
that B{B) is B0t boundsd. Then there exists & medghbourhood V of
nu!mlmmlajhlmmﬁ:.}iﬂrnmn.
ﬂmihpﬂdﬂ!ﬂ:mnhﬂﬂ{n'lxnli?!ﬂmn

m-‘%w-mnnuﬂa;ﬁﬂ-mml.ﬁdhﬂjﬂhh

pnd the pbtaired relation cogtradicts the contimnity of the opeze—

' tor B at 0.
Bupposs now thet E(E) is bounded for every bounded set B in I
and prove that [ is contlooous ot O, Leét ¥ be an arbdirary convex

undl elrcled peighboarhesd of 0 in Y. It absorbs S(B) for every
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bounded zet B in X. Fence E'zi."'f'.l abscrba every boundad mr.h X,
The set 6 L(V) is convex becauss T i ¥ locally full and 8 s ¥
sublinear. It ies slso oircled sinece B(x) = B(-x) for erery ¥,(Ses

the proof of Proposition 2.1.) Thus B"}_'{l'} 1s n peighbbourbood of
0 in X, This shows mmﬂunwﬁmuﬂn._ RaRaDs

Romgrk. If we suppose that T is Haondordr, then W Hiat be »
pormal cone. Then lo the proposition sbove we can consldap in placa
of continalty nfi’utﬂlh:nﬂ._nuihnnﬂlﬂlmll. Indeed,
in thile cass from the comtinmity at © of B it follows its continu-
1%y throughout (see (B0) Dorollary #.2.3 or (B) Corollacy 2.4 b)).

hthpmhzmlinhnnmiwthﬂtmu;stn
a I = 6 af cpopators with I the idemtity operator, B -1l sublinsar
Gperator soting in the ¥ locally full ordared topological vectar
Spase I,mtmmﬂdﬁlpﬂuﬁnmhuﬂm!nrmpu-
sltion 1 we can gosert that Af T ig mand i 6 i contl=
nuous then B, tends to the 1demtity map I of T with respect to the
topelogy of the umifors comvergence om T bounded seta in T, Hance

mmnmummmsmhmmmumm

that the cons U can be “spproxieated” from the inside by Cunas E;'I'l,’lj
which are regular respectively I‘d:l.l.: ragular in the topology ﬂ"{TL
In thip penaral setting the tern epproximated 1s justified only by
the faet that EJL{N) for t30 are couster images of W by a met of
operators cooverging in the sbove cepse to the identity cperator.
This formulation is rather rough sioee : (a) the topoloples are
Gifferent and {b) the spproximation is not by imeges of ¥ by a net
of operators copvarging to I, but by counter Isages of & such net,
In (N1) we have inposed rpecial contralots on £ to assume that
the conslidefed topologlies colneide pnd in opder to B¢ have for each

t sufficently near to 0 coptiooous inverse and to E;l' converpe. to I
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whag © taads to 0. Pollowing the cited paper we consider the oplered
topologloal vector space (T,W,T) with T a locally convex topology
and ahall ;l-u;r that the cperator & actlog In ¥ 1s W corract I it
patiafiss the following comditions j
fa) 5 is a continuous ¥ sublinesr oparater with the property
that 3(T) C T
{b) thers exiats a positive E such that Ht =1 - t8 18
surjective and one to one Tor every t in [0, E)

{e) the loverse EL;‘-l of 8. is for every t in [0, £} continuoua ;

(d} ths family E;l.. t in [o, Eij depends contlnoously om t A

wg considar the set of comtinucus operaters actiong ian ¥
andowed with the topology af unifers soovergencs on
baunded sete.

For T a oorued space thare were given vardous exsmples of W
corract operators in (W1). ltﬁn ise reasoninga similar with that
in tha proofs of Loomam 1 and 2 pf the cited paper in spder to
deliver sufficent conditiona for coprectnesas, To this eid we hove
to use 1o place of Hanich's contraction principle s peosralisation
af itn similar td thoss. ing (M),

de sholl say that the ¥ sublinsar cperator 8 acting in Y is
gogroive Lf the filter tasis {87(U) ¢+ U €B(0)] with B(O) a neigh-
bourbood bosds of O im ¥ is finer as the aeighbourbood filter of O.

An inpertant consequence of the construction im (H1) was that
gvery wedge @ In a morked space ¥ wlth the peeperty that its clomare
T 1u pot a subspace of Y can be epproximated by gquesl repular and
" juasi fully pesular sibconss S‘t:l{u} of o, shore a:l i a ast af
comtinuous cperotors Tondlps wniforsly on oorm bounded sefe to the
identlty opepator when % tends to . Berps B, = 1 = 15 with Bg @
correet operaton with soce gpecial property socethins simllar cith
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ofne 4f the copdltions ecoprised in ths propesitions of the pata-moph T,

de obeerve thetl the ¥ locally fulleesa of the ordered topologlcal
vactor spoce ¥ was poatulated I_,n ke parairepht 2 mpd 3 in order to
defice ths topology 50(1) and hos in this context a technlecal cha-
racter. If It Ls supposed that 5 ia W correct and coerclve then the
topologies T and ﬂﬁ:‘{*? tolpcide. In fact we can aveld to introduce
formally the tepolocy E']'{l'} and hence we can obtaln results similar
to those in the parazraph § directly, bo an 11lustyetion we shall
censider the following abslogous of Propositionm 5.1 3

2. PROFOSITION, Lgt T b pred tovolos : P
mith Ehe pomitive wodsg W. If 5 15 & W correct coercive operator
actige o ¥ pith eoS(W) a quagi ¥ bound regular subcone of ¥, thens
B7(%) 18 g quasl regular cone for every positive t.

Proof. We follow the ides of the proof of Proposition 3.1 sdnit-
ting that £ (W) is ot a sequentially quasi regular cone and suppo-
sing (z.) %o be an G;7(W) decressing sequence in this cons which is
not Oguchy. Bloce B Lo coeriive we can suppope, pasaing if necessary
%o a suboeguence, that there exists a neighbourhood U of D ia T
80 as to have

tn*-:hl!ﬂ!'ll'ﬂl
that is,
1) Blx -x_,) EU
for every n. On the other hand, from the condition that (x ) ie
871(¥) decreasing we have

X o= T o= B -t) + o+ Blx-x o)) €V,
It follows that the sums

£ atxony,)
are ¥ order boundsd by t "xy. This together with (1) and the
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riterlen 5 In (W2) contradict the hypothesis that ooS(d) im a
jupsi & bound regular cons. ' Q2.0
4o shall show that a copstruction like that o (Hl) shlch per-
.1ta the appreximation of an arbltrary wedze with W aot a subspaca
by guasl regular cones charasterisss the normable gpaces. Kare pre-
sigaly, the existence of W correct oparatora which pormlit the con-
struction comprised in Froposition 2 ls limited. ¥We have the

3. FROPOSITION. Let Y be a topplomjcs) vector space ordarad by
ioe wedse W, WAY. I int ¥ 4 ¢, then thepe gxisto 3 W gorrecy
cogroive opsgdtop S oo T alth co S(W) a quagi ¥ bgund pesalar sub-
cona AL gnd ooly AL the tovoloxy of T ls nermable.

* e uge ip the proof the followlng

8. LBMA. Evepy sequentislly quasi pecslar opfered Sgrolozlsal
vactor gogos T hag the boundendess proverty.

Prodt, Assume the contrary i thare exlsts an exder bounded st
& in T whish 1& net topologleally bounded. We can suppos: 0 £ N T a.
Let ff be & oeighbourhood of 0 in T which does not sbearb M. Than
for every b there exists x, in-M sash Tt :lfz"l:r Conplder the
sequante ¥, = _‘t:l s nEN, This -ununnl is increasing amd

bnﬂlﬂ.brl. Bince T is seguentially quasl regular, {J.Jnu‘l:h
s Caichy seqence, which is imposnible mince y,; =¥y = & 0 X,
Ls outside U Tor every m. Q.E.D.

Proof of Proposition 3. If thers sxlats an operator 8 with The
stated propartiss, than H;lt'l,'l will be a guasl regular Cons aCooT-
dlng Propositlon 2. The cops B I{I'J han ponsmpty intarior aincs 5
is sorrest, It has the boundendoss property by Lempa 4, But then
aooording Fmﬂtlnn 2:4.7 'lm (BQ), ﬂll topology of T 1g noroabls.

Fonversely, if T L= araable, then o ¥ sublinonr cperator with
o ﬂrﬂplrfha io the proposition can be construdted in the wiy was
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done inm im-J Pmﬂ.lt-i“ 51- :I-E-L

We ocboerve tlnt in Leocs & and Froposition 3 smau lmpllicitsly
proved sleo the

5+ FHOFOSTTION. The tepplogical vestor gpace T afalts a sequgn-
shally_quasl gesalec Sope with nonespty intesicr iF apd ouly If it
A8 popmatla.

Even in the presence of rentrictions on the featurs of conea
which are approxicable by quasi :q"-lJ..l.r coniag Lo topolorical wectos
spaces, the Froposition 2 gives a mothod of bow an spprscination
of ®his kind cmn ba dapo. If tha space ¥ ls Boraslaglcal then we
Gan amsert Io plus that the spproxication cam be done by cones of
Tapm E;"[l.'.'l. where 8. 15 a n#t cooverging wmiferaly to I om bounded
sots when t tends to 0. If 5 in correst then the et 8  of opers-
tors hes ltaal? the Lamt Proparty.
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EYRORGLY PRONIMINAL SET6 IN ARSPRACT ECROES
by
let X be a Hausdorff locally comvex space with the topolap
ponerated by a Camily “’q}nal of senl-nores op X and let o be
& non-vold gubest of X, Hy the pikric nrojegtion on N with res-
pact to Ghe Camily (Pidyay "o understand the applicaticn
P, t X~=2" dofined by

i PHI{::] = {neu 1 pulx = @) = d {x,K) = #f— plz = m'}, 'q-r-:-'.__,\h‘,

(see [6] ). If X 45 & normed space then B, is the usunl motri-
projecticn on M. In this cese dfx,4) = inf{fix - n'f : ='e f

It (1, %) is amebric spoce and M is a non-void subsst of

Lhe metria projectisn P:“ : —=zM is delfinsd sloilarly by

(2} Pyfx) s{meti v §lxym) = tnr §0x,a) ],

m%

In the definitions glven below X  denotes a lopally vonvex
or & metrie Bptigs, K 1m g subseE of X and !":1. ia the gerrog-
ponding setrie projection, given by (1) ar {2} pespscEtidly.

If Tor every xe XN, oard PAXIE 2, 2 geamd P (xi< N
or enrd F*_.-[:r:l _ -I"I.,,u Ehon the metrie projection [, lm ealle.
EpEell¥ multdvelued, Tinitely Judtivalugd o gopgiabhly neltival

raspoctlvely (see [447 ).

[y Gug

in epulled Praximin.] & Xk d o 1 w




