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O SOME UNIVERSAL EUBDIPFERENTIABILITY FROPERTIES
OF OHDERED VECTOR EPA0ES

A.B, Hizath

Intrefeetion god definitions. Besides mny studies of comves

cperatord with valuss in order cooplete wector lotilcen [ aaw
Tor exsmpls (V), (L), (IL), (AE), (XML}, (23}, (K}, (B3} and
(P} 3, 30WE (2), (%2), FEL'IMAX {F), nod recently BORWEIN (B1),
(F2) and the anthor l.'.iﬂ.. {B2) tave consldered problens oo
subdifferentinbility of convex operstors with values in mops
genaral ordared vector spaces. The main mesolt in (H2), which
sonstitutes the complete charsctsrization of ordered wector
fspeces adaitting strictly nenotone fusetionals im prder te
SVRrY comvex operator with wloes in thes havwe pleasunt
subdifferentiobility propertiss, gives the idea to consides
other less sestrictive conditlions on subdifTerentiability from
this peint of vlew. More preoisely this spprosch i the
Tollowing : &0 conalder ordersd vector spaces with some
umiversality property forsalated in Serme of sobdiffereotlis-
bility and tham to charcterize thesse spaced in other terma of
the theory of ordered vector spaces, a8 well oe to estebdlish
interrelations of varlous subdiffersptiability 1ike pooperties,
Cur peper Sonstitutes an attenpt in this direction. & progras
of thig kind in very gemeral ord since the subdiffersotinbdlity
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theory is met very specific for the type of problems the opdered
vactor space theory deal with, it is not likely %o et tharmote—
sipation in esth sase in context of classical terma. This
happened and is surprisingly sispls in the result citsd atove of
(B2}, Bowaver, sooe intepesting rolptions can be reached. Bwsh
far instaoce we shall show that the Spaces with the sobgradlent
property tonaidered by BOBNEIR in (B3} are gqudte the spaces with
the sxact Hahn-Ramaeh apprexisstion property having sn eseential
sole in the fundamental result of FEL'IMAN (F). The oashirery
parzittlog the proof of thls sguivalsnoe dosa mot ba uo affiaiemt
in the cass of V-subdifferentiability considered by THRIBALLT (T
and alsp for other weskenar gubdiffarentiablility 1ike motlons
whick will be alse considsred in fhe paper.

ifter introdocing eope basic potlons we shall dsal with
varipus aspeots of the sbove outlined problesstic in differsnt
paragraphs. Bepca moticns which sre specific for a single
parapraph ﬂﬂrﬂlhwﬂﬁim

Ths subset ¥ of ths resl westar spacs T 1s called s wmiep i
11mth-punrtiu|m-,r|liqh:+iirmﬂ.ut!
teR, ,ondif s then tue B. A wedgs I is dalled SORS
§f 1t sptigfies in plas the comditiom (i11) T N{-x) = {0}
4 cops § induses io T @ seflaxive, tmnsitive and setimymsst-
i ondsr relation if we put 0 €v whemevar v-u eI . Tuls
relation is translation imverisnt snd immrisnt with respect to
:uﬂgum#ﬂmlmui,.mr,ﬂmm-
selstion in T bas all the sbove propertles, then the set
lnifll?ﬂ] will be a cone inducing the criginsl erder
ralating in T .

ﬂwhudﬁﬂﬂnn#“!w
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¥ eodowed with an arder relation Ioduced by & cope. The ocono
inducing the erdsr relation in T 18 called the pogitive cope
ef the ordersd vectpr gpage Y » We shall refer in our tersinc-
logy conoarping ocrdersd vector spaces ilnterchangably to the

. ardered vector spece or ta Lte positive cone.

A sibsst B ip the opdersd vegtor space Y L5 ocalled orden
founded AT it is m subset of on grier lotervel, that is; &
subaet of u set defined s [u,¥] =iz €T o= <¥] with
scoe o oapd v ia T o

in ordsred veotor space T or egually its posltive come K
is ealled jpohisedipn whem the relation b  ta ( or equivalemtdy
thaa ) forpevery t>0 and some a in E impliss b 50 .

Let N bs a dubsat of the ordered vector space T . The set

wi M=ty # e+ o 1 0 €N, T,ER, oneRlji

is called the wedze sncsndered by ¥ .

Lot us sopposs thet T 18 an ordered wvector fpode endowed
with a vector space topology. Then T will be called sm grdered
Eormgl veotor spacs I 1t ﬁmu“nui;hhnuhnﬂ tasls of the
origin sonslating of full sets, i.s., sets ¥ with the property
that n, Y€ ¥ imply [,v] = 7 «

The gope ( or mlgebrsic foterior ) of the subset M In She
vector gpace I im by definition the set of podnts = dim W
sush that for evesy b in X there sxists a %, 0 such
thet B+ the ¥ whenevar 0& t <% .

Por I wod T resl wsotar spaces we shall denote by L{Z,T}
tha et of linear opersters frem X to T. :
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Let ¥ be an ordered vestor spacs, I itz positive ocoe.
Ao adjoln to Y and E an abstrect mexinal element, infioity,
denoted by o= , and chall denote the new objecta by ™ and I
respectively, Infinity satisfiss the relations :

toms g oo 1f t0 § Oiem =0 3 0 %o = &=

anf wEess foreash o in T em ~E=T .

The gparator ¥ from the vector spase I %o T is msaid
to be gopvex if

Fitu + (1=tlv) £ ©F(n} + (1=tIF(v)

whepsver u and v ldedn I aoi ¢ iada [0,1] .

#e shall say that F : X=»T" is sublipesr if 1t is comvex
and pogitively hopoksngous, iete, I Fitx) = @z} for sach
£ inX ond éach £t dn R . i publinegr oparmator can be also
oharpetarised by positive bemogeoelty and gubpdditivity that is,
with the condition to bave Plo + v) £ P{u) + P(v) forall u -~
and ¥ im X .

1f & coover ap@Eator O is only dafined oo a comvex st N
of I then it can be sxtended nsing the slenant o= o A COEVEX
operstor F 1 I—=Y" defined by puttlng Plx) = 2(z) if =
i din M pod F{x) =+ 4f x ¢ ¥ . Hence oome can conglder
uﬂ:npmm-mimdn I with values im T .

The dopaln of an operator F : I-+T"  is ly dafimition
the parimsl st of plenents x in I  with the property Thet
Fiz) £ T . It is sasy 1o cheok thet the dpmaln of & oOOvex
pperator is @ conver set, whils the domain of a sublinear one

is a wedge, !

- P -

L._dockliper regclt : sxtendiog of ¢ GORVEX ¢PSgatop %o 4
mmmutﬂunmmhu“ﬂnn
congtroctive result often osed pext fin the proofs. The ides of
the construstion of a sublinesr cperator which agres with a
given somver oparator on a ambget is the following ¢ to imbed
the space oo whish the copwax cperator is deficed ioto a linear
manifold of codinsnsion cpe of another westor space and then.
to extend 1t to the whols space o as to obiain a sublinear
gparator, More precisely, we shell prove the assertion ¢

1°. Lat us ccpsider the copwex opszator F i I-—+T° gnd
it we define the ovesgior F @ R X—Y" by pultine

; ﬂ'{t‘l‘l] if % =0
Pt,x) = Li] if t=0 smd x= 0
- if twl aad xd0,
oF f <0 .

fheg P Ls sublingar and dom P= wd ({1} x don ¥ ) .

q The cperater F is obricusly positively hobogensous. We
bave to show omly that it is subsdditive. Let (r,u} asmd (a,v}
be arbitrery slements in B X X . Bupposs fipst that >0
and 870 . Then we bave

PU(z,0) + (m,7)).= Plosa,uev) = (ea)F({rea)  (oer) ).
Using the convexity of F ons hom

Filren) " Nuer)) = PiCzea) Hrr e + ss” i) <
& :{mj"‘l{f]‘u + l{]_.'*l}.lf(l-l'.] Ch
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= (rea) b8 ) + aF(e7iv)) & (ren)"N(B(2,0) + Ps,¥))e
Tha obtained relation implias
Pllz,u} + (8, 7))L Pir,u) + Pla,v)

Bupposs pow that L0 . If p=0, o =0 then we bave
nothizg to prove. In the rest of cassa the right band side af
tha above relation will coptain == pg susmand and heoos 1t is
patiafied.

Let o8 puppose that X g dom F , l.e., Fix) €T . Tanm
Fll,z) = F(x) and bapoe (1,2) € Son P . Since F 1s poaltiwly
homogensous, t(l,x)} € dom P for each + 3 0. This shows that
wi { (1} don F ) <dom P,

Janvessely, let (t,x) € don P . If t0 then (1,3} ia
in dom P AT and only if S =0, x =0 , IX (%2 ¢ dn P
for mme T3>0, then (1,1t x) = P(L,x) = Wt i),
wherefros 1% follows that t ix £ dcm ¥ apd therafors
til,t ) e wa ( f1}xden® 3, b

2", Bogark, Observe that the cooditien that F and P
tako valuea in TI* and met in ¥ 1s hare sssentlal. Bven
then dom F = I we caonnot imbad F  into & sublinasr oparator
¥ owith don Fa E®=Y if for mome x in I +tha set
$190t722) ¢ £ 01 1o not order bounded in T. But canvex
operators with the property that all such Bets are oxdlar
boundad are very particular. They oust satisfy a sort of
generalised Lipschits copditicn with respest o the order
ralation. Even In this come o finite artension impliss soos
technisal difffocultiss. b

¥

{7k,
e g L

Adults gffipe giporents. Let F be an cperator frem the vestor
w!tﬁmvﬂmw I°. The sxpression
1{.J+h.uﬁlhmiﬂﬂ.huthnnﬂu

SLline wiporagt of ¢ LIf

Ar+bgMx), Yxex,

The limssw operator 4 ﬂthh;hﬁmwmhmn
uh:“—rmm ¥
Iff Py I-—aT* is a soblinear operator, then the operator

i inm In{.l:..'_l!! ig called & supporiior operator for P (oss
(F)) 1t

ix gXx) , Yxzarx,
1".nr;lmﬂubgr+r is gublinesr,
Shen A €L(LT) 1a g boupdize goermtop for P AL apd oply if

i is s swrportige operstor for P, Inlg preperty charpcterisay
3he Archipedisn ordegred vestor spaces,

Lot & be & bounding cperator for P Lusa, lat
ix+ b gPx) , b&YT, Yxex,

Guppose that x is Fired apd that > 0, Put in the above
relation tx io place of x. Than it follows

ix + t4y £ PCx)

Tor each t2>0 . Sioce T ia Archimedian, the obtained oalation
dtows that Ar & P(x). Binée x was arbitrary it follows that



4 iLs a cupportiog dparator for F s
To varlfy tha imﬂpmirtmnmﬁwnthl

¥* {p pat Archimedisn. Then thers exista soos & in E , tha
sosltive cope of " , and moma b in T such That ta ab
{ or squivalently, & »th )} for sach %30, bat b 0.
Let us dafime the gublinesr cperator P« R=aY" by pubting
Fit) = t{a=b)} for T30 and P(t)=-ta If t £ 0. Lat
the lingar cpapstor A4 1 Bl b dafined by At = Ta - W
ahow that

Flt) p AT =

tfor smgh Tt 1n E.Itzsnﬂiqtmmmmqun
Cap & o 0. U8 bawe fopr >0

P(tjbt{auhjhﬂ—ﬂ}tl-ltlt-l

ginsé =th p-a for sach >0 by hypethesls.
1¥ % <0 ; then sbvioualy

Pl m —ta 3ta pta —a= it =a
In conclosien, A4 is a bounding operator Tow P . Assums
that it le a supporting opapator Tas, i.8., that

ity pat, Yrenm.
Then we Bave for t =1
a-b=P(l)mall) =

sherefies b &0, relation which sontradlots the assusption
om thé sloment b . This cospletss tha proof.

2°. Bemark:; TVarlous sufficisnt conditicns for St existence

of mupporting operators im the case of coptlonoos sublinear
operatora P 1 O(8)—=0(T) , where O{8) mod O(T) are the
epaces of real and contlnuous Fundtlons defliped oo the coEpast
topeloglonl spaces B apd T PhspectIvely, abd the poimtwise
ovdaziog 1n O(T) o were given bty Tu, B. LIAKE (st b.g., (LI1)
and (LI2)). mimtmshuﬁhu B, AMIE and

. LINOENSTAAUSS (4L) he obsabbad (LI2) that for séms cospact
spacen B ud i~ thare sxist coptinuous sublinea operators
from O(8) 6 d{ﬂ without #upporting operators. Bimes C(T)
with the pointwise nrdering Is Archlaedian, 1t fellows from the
assertion 1° thet these sublinear operators sdoit mo affine
sinorants.

The ordered vector spate I wlll be paid to bave the
bounding prooarty if esch convex operator with values in ¥
bas affins mingrents. Intuitively the bounding property scons
to be very mlld. But the example cited at 2 shows that the
space G{T) of coptinuous real veloed functions daficed oo
thy compast topelogleal space T 1o which the ardering 1o the
usoal oné, Aoes not hove this property Tor an appropriate T .
The standard positive ccne im O(T) is ¢loped, bence
irchipedisn, it is cornel snd bas oon eppty ioteries, that ia,
1t is mot very pathological.

5°, The prisred vector spage I° bhas the bounding propeciy
4f apd only if esch cublingar eperetor with ¥alues in Bhig
Spaks hpg affipe sivorsolg.

We have to eheck the if part enly. Uoosider an arbltrary
vector mpace I and ap érbitrary convex opermtor F @ X—=17

j ; i | .

O

|': : ; 'h
= AT i
L
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Dafine F 1 B X X=X gtartisz with F in the oode 1%t wad
done ot I. 1% Then P 1is sublinear and hepce it has an

affins li-'n-ﬂ:l.'lnh .'" !{.-'i} + b . That Ls,
':n.:'}"r'b-i Plt,x) , Wit,x)w EXI.

Define 4 1 X=»Y by putting Ax = B{0,x) . Then 4 1s in
L{X,Y} and we bave by the above relation

Ax + B{1,0) + b = B(1,z} + b &F(l,x) = Flx),
that 1s,
iealPer, WxzeI
with & = B(L0) +.b o >

fhe ordsred vectar spase Y will ke ssid to have the
m«wummmmﬂrﬂﬁm“u
T* bas supporting cperators. For epdersd vector spaces wlthout
mm.mnuummummum;tf.

preperty i apd only Lf A% has the boundlsk PIOPSTEY-

- ¢ Ascording 3° the bounding jroperty impliss the xistence
tnrﬂnhm@mﬂuﬂlﬂ_ﬂmfﬂm
tht-lllmlulurﬁlhﬂ.ﬂﬂn,ﬁmllnm
gparator is comvex too). Bioce T is ivchimedign, thie
isplies by 1% that T° has the supporting property. Conversaly,
the supperting proparty impliss the tounding property accor-
ding tos mmmertion 3°. b

11, Subdiffecsptisbility sod exact Hahp-Pspaoh spproximation
Property. Let ¥ ba sn operator from the wector mpece I ‘o
the ordefed veetor spene I° . Iet x @& don F ., The set

Ar(x,) = [ S LULT) 1 bz € Mxex) - Fix)), Nz e1]

nmmmw Fat 5,« If x Edem ¥
pne conslders 'ﬁl{iﬁ] = § . The slépents of WP(x,) are
called gubspmdiests of ¥ g§ X, The opermtor F 1o called
subfliffepentiable g% X, i BP(x)) # § . The ordered vestes
spate T" is said to be a space with the guteradient paupsres
{soe (B2)), if for each vector space I , esch coovex operator
freom I to T is subdifferentisble at wwvary polot of the
cors of 1te dommim. .

The ordared vector space T* has the exact Hplp-ppnsch
prppuxination procaxty (ses a.g. (F)) if for each veotor space
I, for sach sublioear oparator F : I—T1" and Tor each polnt
3, & vors fom P there exists A €WP(0) such that Ax, = FlxJ.
One of ths principal resslts of this paper can be forsulated
pew a8 follows @

1® THNOREM. Jhe ordered vestor sppes T°  has the subsia-
fient property &f spd ovly i€ 1t bas the exagl Haho-Banach
sPProxization YIOPArtY-

§ Let T possesz the subgradient property . Lot X be
an arbtitrary vestor spase and led P 3 I=-=3* b p publinear
eperator, Bopposs I..llilﬂdlll‘. :l;nliﬂ-lhllilnl.n
algehrais complesestary mpace I of spix] iz I =nd
defing F 1 2—=T" by putiing

= -
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Fiz) » F{ !HI-IDJ'-

Then 0 € core dom ¥ and since F 1ie comvex, 1t is pihidifie-
sentiable at O ; Supposs that B € FF(0) snd define A€
£ LIL,T) by patting

H:Eﬂlﬂtin]

where ¥ 15 an arbitrary element i I written in the Torm
x =354 tx, with &% t&R . Lot og chack that 4 la in

BF(0) . If t =0, then wo have x &% gnd
ix = Bx € B(x) - P(0) = Plaex,) - Flz,) € B(x) .
If >0, then
Ar = B3 + (5,0 = B8 10) + Plxg)) g S(R{T )P0z ))=
= t'LPE:t'laﬂ,} - Fix )} + Blx, b= Flzswx ) = Plx) -
Bupposs fipally that %<0 . g have then

ix = Dz # Etxﬂ}irh}-ﬂﬂl-ﬁﬂh.:l = Plosx ) -

=Bz} + Blx,) = F{HIHJII - tla-ﬁli‘(:‘,j = Flmx ) =
- Bl{l=t)x,) € Plasx=(1=t)x,) = Plsesx,) = Plx) .

1t was shown that Ax € P(x) for every = in I and hence
4 €3F(0) . Blose Ax = Flx,) end since I snd F were
arbitrarily chosen it followe that I" bas the sxact Beho-
faonoh approximation proparty.

Suppose now that T has the exact Hako-Bansch approximation
property, lat I te oo arbitmry vestor space and consider the
comvex gperater ¥ @ ¥—=T' aod x, € core dom B. Lot o8

copatrudt the publinsar oparator Fop BM L—=¥" atarting
with 7 &a it was done at I. 1%. Since (l,x )& cope dom F
(see T. 1%), it follows that there exista B & @ F(0,0) with
#1,x,) = P{l,x. ) = F(x,) o Defins 4 & L{Z.T) by patting

i¥ = B{0,z) . W& bavs fopr an arbitrery x in X

Ax = BO,x) = B{l,zex ) - B{l,x )& Pllyzex ) = P1,3,0 =

That Lo, & & 9 ﬂ:n} « This shews that ¥= has tha sobpradient
proparty and cozpletss the proaf of the Theoran. 3
IV, Subdifferentisbiltty apd felly subdiffeceatiabllity.

Lat ¥ be at eperator from the wveotor space I fo the orydared
vector space I° ., The dirsotioonl mierpit of ¥ 2t x, in
I in tha direstise hEe X L1s by definition the infinom

WR(xh) = fof {7 (Rix e0) = Fa )} ¢ 1 >0]

if this lofigun axists.

Wa shall say that 7 3 T—eY" is fully subdifferegiiable
a4t x, im core don B if ¢ (1) ";':I'{:nt.} im dafinsd on X §
(44) BRCx,) 4 ¢ and (46 VH(x3h) = mux ab o 4 €73 Fix,))
(mee (H2) amd (N33}, F is said to be fully subdifferentiabile
if it ig fully sublifferentlabls at epch poin® of core dom F .
The epace T° w©ill be salled a fully subdifferentiabllitr
gpace if each scavex eperator with values in ¥' is Tully
gubdiffarentiable.

The space T" 13 said o gdait g ptriotly ooscicas fupatiossl
Lf thers exist £ ¢ FT—+3 with the property that f{u) & £z}



whaoever W, vyE€ I, u,gv anod n;l';r+

The spage T 1s sald to have the monotons gequepce property
vose {(E1)}, Lf each order bounded decresasing sequencs ia 4t
Lag af Eefinum,

In (¥2) and (N3] we bava given s characterization of ordersd
vecior spaces pdoitiing strictly monotone Furcticpala with tha
fully subdiffesectiability property. We l-t-l.'::l for the sake of
completeness this resilt alse bare i

17, [HBOREM. An yrdsved veotor gpgce whlch sdeits s ptrietls
gonpione functiongl in g fally subdiffepentigbility spaos if
aod ooly 1f A% has the mopotons sequepcs promapty.

Tha proof of the theorea uses a result of FEL'TMAN (F)

(sag also (W1} acd {B3}) and ncharsoterisation of ordored veokor

epaces with the property that the sonvexr cperstors with valoss
in thes posseas directional minorants.

2%, Bemark. Obperve that a Tully sabdiffepsptlability spade
bas the siubgrodient proparty but the converme io oot teaa.
Irdesd, in Theorea ITI, 1 it was shown that spaces with the
Gibiradient property ars quits the aspecos with the eract Nabm-
Banach spproxization property. In (F) and (B2) thers wers con-
siructed examples of opdered vector spaces with oot Ilmally
closad positive conss which have th, axact Balis-Bangoh
Approximation property. We remind that a set in a veetor space
L2 said Uueglly closed Lf Lte iotersection with all straight
liges deternine olosed subsete im the osusl topolegy of tha
liges (hy ideatificgtion of then with R). Prom ITT. 19 it

- 1O -

follows then thav the cited ordered vestor spaces have the
subgradient proporty. On the other hand, 1t is ‘onedlate to
ste that an ortered veotor space with not lisesally closed po-
pltive Sone ocanoot bave the moootope saguences nn]w.t:tr. P
dingly the cited expsplas congtltute opdored vector spaces
with the subgradient property which lack the folly subdiffe
remtlability property. £

V. B- apnd V-subdiffeceptiability god the supporting properir.

Let F be an operstar from tThe vestor spage 1 to the ordaped
vestor gpace T . Denokte by B = swt In T containing sero.

The S-gubdifferential of ¥ 4t x, 18 dafined as
WP ) = fo € LILTY) ¢ kx € Flxex J=Flx J+5-K, Wz eX]

if x,edon ¥ amnd D Flx ) =9 otherwise (aee (I)). The
cparatar F is sald to be S-gubdiffepeptiable at x,, if

3 Mx)dF . E €L and if B is the order interval
[-€£,2] , defined by = € aod £ , then the Gesubdifferential
ig called E-pubdifferential {see (EUZ) or (TH}} and is decoted
by 'al. The glements of B.T{In:ll:?"{ln.}.]iﬂ!allﬂ
S-ggbepadienty ( E -subpzadisots . _

1°. I v Lia icobimedian, thep for every sublinesr oos-
Zator with valuss ip T @sck E-gubepadiont is s supportiog
opgrmtor. This property dharscterises Archioedian ordered
FRETOR FPRCRE.

¥ Suppose that ¥ § T—=¥" ip sublinesr and let A be in
¥EP(x ) . Thea for each x In I



Axe€ Plavx) - Flx ) + [-€,8] -KE <Pz} + [-£,E] -K,
wlarefroa
iz -Flx) € [-E,E] - L.

Tole relation laplies that

Az - Pz} = F,

Fix x aod paot t':".': with T %0 4in plasop of x 4im thia
relatipns Them 1% follows- thot

Ax - Plx) £ tE.

2iopes T 20 was afbltrucily chonsen acd singe E L5 Archinediasn

ona fan

i EMxY, ™Mz 4f,;
that Is, L € @ Po).
To prave the secobd spsaptlion we obesebes that I &(.) + b
is an affing sdmopent of F then b g0 =pd gince

A € F{x) - b-E=Px) + [~E,E}-E, YrsX,

#ith £ e =b , 1t follows that A is in '8F F(0) . Bugpose
mow Lhat u-::-n E =sibzrpdisnt af P ig o sapporting cparator
of F o Than £t follows, adcording the above obasrvation, that
srth bounding opopator of P Lle & sopporting opsrotar tos,
woerelzoa Lt follows oy IX. 1% that ¥ must ba an Archimedisn
ordzrad ventor @oace. b

fipnsaforth wa sholl suppose that ¥* 45 sn erdered Haoosdorff

topologicnl veator ppace.
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2%, If the poeitive cons I iz ¥ iw cloged. Shep if
b i sp B-pubsrefisst of the sdblivecr cpepgtor F & X—=1
mith & g topelesically bounded set, Gaen 4 =B F(0) .

4 9e huve by definition for mome x iz dos F
Ax @ Flaex,) - Flx,) + B=-% P(x)+V-K, WxeI.

Fix x@dop P gond put &x with + >0 i{p place of x in
this relation, Then

h.r;?t::}lq-'l']'i—l i

Letting now t —wow and teking i0to sccomat that K is slosed
and B s tepologleally bounded we conelude

JI-"HI.: ¥ HIEII b

39, Bemexk. It follows that the subliosar cparatsr F
coaaldered by LINKE {ses Il. #°) doea not have mny S-subgradient
with & & topolpogically bounded pet. Eince P acts between
Baoack gpaces 5 can be sonsidered to be A peighbourhood of 0.

The ordered vector space IT ‘Las whe TV-gubsradisnt
pegpapsy ( respectively, the V- sobrpgdlant propsrty for

Bliblinspr gparatorg ) if for arbltrary veotor space I aod
arbitrary convex cparstors F ¢ I—eY" [ each sablinesr

sparator F ¢ I=«T" ) oo bolds B F(x )} f @ ( D Flx ) £ 0 J
wherever x @ des P ( x @dom P ), for each seigbbourkood
¥ of 0 1o I«

4°, Ibe ordered normed sppee ¥° Das the V-gubsrediest



pwwww.
ppgpator with values Lg T° Ais Wegubdiffersntialls g% sash
point of 1te domaip. for W wﬂm
of 0 48 I.

€ Lot P ¢ I—=T" ko sublinesr and let x & doaF be
given. Supposs that ¥ is ao arbltrary oeighbourhood of 0 im
T i Gonslider 5>0 m]-tht 8 oV . Bince F 1s VTepob-

giTrapsdtiablé at -L.r*.nhn-nu A iz L{Z,T} such

That
Wxel.

J.::!{m‘l:tuj-?{."l:q}-'l-t,

Lot = be arblteary and fized in dca P . Pat & bx in placs

of £ in the abave relation. Then

J:f-!{nq‘}-ﬂ.t,) f-'-l-I:Pf,n:n}l-H:’J*T-l.
From tiis relation it follows that 4 &9 Plx) . o

prdered topological vector space T hmﬁhﬂﬂih—
Zaoach wPreElBation PIEPSEEY i for mn srbltzary vector space
I end s arbitrary soblinssr cperstor F ¢ I—=T° for amy
t_td.ult and for arbitrery aelghbourtood ¥ of 0 in X
thare sxizts A iz BP(0) with the property that

Mx)-Ax &V.
The oparstar O ;: T—+=T" i sald to bs in (X, T) (ses
{T), 2:1. } if for epch z in dom G and sach pelghbourhood

= 111 =

¥ of © im Y thare sxiste an affine minorant; may A2 + b
[ &€ LIT,T), bET })of O pooh that

Gx) —Ax =B €T w

We mplaldl say thet T les Tthe ﬁ—pﬂpﬂn if for eeth Testor

speca I  pach convex operator F ; X —T" s in JSAX T)
1%, The Aeho-Bansch approxinaticn prepercty implice the

A= provestr-

q Lot I be an arbitrary vector spote ond let F 1 I==1%"
be an arblitrary coovex operator. Consider the sublioear operater
Py B JT-¥" sSopstsucted galng T as It oas dope 16 . 1'}.
Lot z € dom T .« Thanm I:'I..:n.'l & dop F , Lot
aeighboachor af 0 is Y . Bupposs that T° has the Nabn-
Banoth spproximatlon propertys Theo thers exlsis B In
9 F(D,0) such that

¥V be an oarblteary

" Pllyx,) - B(l,x ) €V .
Put Ax = B(0O,x). Than 4 is iz L(L,T) ard one bas
ax = B0,z = B(1,x) - B{1,0) < P(1,x) - B(1,0)
wharalrom
ax + B(1,0) & B(l,x) = F{x) .
On the other bamd, fres () it follows

M) - ax,
- B(1,0) = Pz} =Blx) & V.

- B(1,0) = F(1,x,) - B(O,x,) =




If we put oos B{L0) = by, then &{.) * b will be an
affine micopant of the opefetor F for which ww have

Plx)-ix -b eV,

This shows That T has the fyvproperty. B
. Ji T pas the Bahn-Bapsc govroxisation prevarty
Shez 1% bas the V-guleradiect property i0g.

This assertion can be proved dirsstly but it follows alss
frop 1° uslng Proposition 5.3 in (T) .

3%, If the vositive cone K gf T iz alosed apd momwal
sl il T pas She A -propertr, thig 1t les the NHahm-Bypgoh
AFPIOXiEARION Provazty too.

4 Let I bte ap arbitrary vector space and let P ¢ I-—+T°
ae oo srbitrary sublinesr cperator. Suppose that x, £ 0 and
T, € @a P . Let ¥ Dbe an mrbitrary full neighbourbood of O
in Y. de shall show that if T' bas the [\ -property, then
thare arlets an gperater A Le B F{0) sosh that Flz,) - ix &
V. Foom the [-proparty of T it follows that thare
oxists an. A4 im L{X,¥) and s b & T mosh that

ix + b £P(x) , Yz 62X

Flrd -dx, -bET.

¥z observe filrst that b g ¢ . Porther, sinces I iz irchinedipn,
it folloss that & is in WP(0) sooopding assertion IT. 17,

e bave than

Plx,) - Ax, € K .

P(x,) - ix, € (V+ D) NE .

HPEI‘]-uﬂ-Iihll with v E VY o Thon gimoe b £ 0
wea bove Q&£ v+ bLT . How ¥ belng foll, this relatiom
implies w 4+ b &V . That im; we coneliode

P(xy) - Ax, € ¥
and the proof is completic . P‘

The assertion 1° togesbar with the assertion =" tmply
the following- respolt ¢

a®. Lst the positive cope in the prdsced topplogical

rector gogee T be closed gnd popoal, Fhes T Dag 3he
A -ppgrerty if and oply if 3t hap the Hahn-Dapacl aoprexiestion
FIOPErtya
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BUE UNE FOBMULE 0E QUADELTTEE

.nd.tn Bipeanu

§1. BEn [1] ooioMm ot OLECE ont prouvd 1e

EANERE, I exdiste oo nembes #w (0,1} ¢ ot um meal ) b is
proprlité gos lo formule de goadosture ;
}] ilﬂ:} dx = AL(0) + AL(®) + 2, 1(1) + B(T)

sat mxmcte poar £ = 1, & ; 2V, ¥ , o'est-k-dire
fL B(1) = B(xF) = B{x?) =« B{x") n 0 ,
ol §, g, * mont deg oowhre popitifs domnds, difféeesots entcu esux.

Onns la nots prfsecte oo doooe me § 3 we dlmcpetration de
o Thbordme, sous une forms ALCTErects de celle donofe par Soo
aut surs ot pox B8 3 ot 4 on profesnts deax des glrdralisations
qu'en pédt domner o sos-citd Thiordme.

i 2. ﬁ.ﬁ;ﬂi blen entendy suppooer
L&) DepLger .
Lea pelations (1) s'dorivent

:5-’ jl.,-ll!}.‘...ﬁl-]-
(a) ;..-Fq.;‘--l%;
{5 T, L R, 2

1+
tﬁ} : J||l'+ -F'._i. '-L
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