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Y' is

operstor from s finite dimensionsl waector spsce to

P-subdifferentiasble.

Proef. The first part of the sssertion follows directly from

Propesition 7 since svery convex set in # finite dimensional spsce

has nonempty -intrinsic core.

If P is finite dimensional snd F 1is & cons, then Y ordered
by P hes the chsin completeness preperty since P 1is regular,
Since P dominstes P by hypethesis, it holds (PdF) . Thus

P< F) is

every P-convex operaster (which is slsoc P-convex since

F-subdifferentiable by the theorem of Fel®dman ((F)) . hence 1t

P-subdifferentiable by the first part of sur proef,.
Q. E. D.
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SUBDIFFERENTIABILITY OF CONVEX OPERATORS
RANGING IN LATTICIALLY ORDERED BANACH SPACES 5

by A. B, Németh

The Present note depends on and completes our recent Paper ((N3)).

In ((N2)) 1t was given » simple cheracterization in classical
terms of ordered vector spaces which, when considered as range
speces for conwvex operstors, asssure well behaving subdifferentiale
of them, It was shown that this nice aubdifferlntilbility property,
called there fully subdifferentiability property (sbbrevisted, FSP)
for ordered vectror spaces which admit » strictly isotone functional
is eguivalent with the monotone sequence property (sbbrevisted,
MSP) of the space,

A wesker condition, the so called subgradient property ((8))
(sbbrevisted SGP) of an ordered Vector space requires only the
existence of nonempty subdifferentials for convex operators ranging
in the respective space, In ((N1)) 1t was given the charecterizs-
tion of these spaces by a Hehn-Baneach like property, Butlif_thil
last Property is regarded as a oubdiff;rantisbility property teo,
then such a characterizstion 1; in fact intrinsie. It sppears
hence the quearien to characterize the spaces with the SGP in

i

"This note is in final form and no version of it is, or will be,
submitted for publicetion elsewhere,



e
terms comparable to those of the spaces with the FSP given in the
peper ((N2)).

In ((M3)) necesssry conditiens for SGP wer considered in
ordered vector speces, respectively in ordered mormsl Banach speces.
These conditions in terms of monotone sequences are for Benach
spaces ordered by closed normsl cones seemingly very close to the
MSP which sssures FSP. However, the chesracterizetion of the spaces
in which these two conditions esre -q_uj.VIl.nt presents uneapected
difficulties. Our note aims to show this equivelence for lattici-
ally erdered Banech spaces. If such s space has a closed normal
positive cone and if it sdmits @ strictly isotone functionsl,

then the FSP snd the SGP are squivalent.

We shall uwse throughout this mote the terms erdered vector
space, convex eperator, nermal cens, subgradient, subdifferemcial,
directionsl minerant in the sense of ((N1)), ((N2)) and ((N3)).

Let Y° denote en erdered vector space completed with &
maximal l-ln-nt. infinity, for which we define the operstiens ss
in ((N1)). Let us remember that Y° is ssid to have the subgra-
disnt property (SGP) if fer sach vector spece X and Svery cenvex
eperator F : X—=Y° it holds F(x,) # § whenever X, is in
the intrinsic core of dem F , The space Y' is said te have the
full subdifferentisbility preperty (FSP) if it has the SGP and

for each Xy in the imtrinsic core of dom F ones hes the relstion:
VF{x'.:h)--n: iAh F A&gF(k.)‘g - £

wheras VF‘I’:l‘I) standes fer the directional minorent of F at Xy

in the direction h ,

The erdered vector space is said to admit a strictly isotone

functional if there exists f : Y—>R with the property that

M
USY ,ujw “p“b f(u) <f(v) . The spece Y*' 1ig said to have

the menotone sequence (net) property (MSP and MNP respectively)

if every lower bounded decressing sequence (net) hes an infimus,
For spaces which admit strictly isotone funcl::l.-n-l_n-. MSP and MNP
are equivalent (see Propesitien II. 4, 9 in ((scH)) ).

The lllil result in ((N2)) shows that in speces having strictly
isotone. functienals FSP and MSP @re equivelent. This result can be
regarded a cheracterizastion in simple classical termes of the spaces
with the FsP. Counter-exemples conetructad by Fel®'dman ((F)) and
Borwein ((B)) shew that MSP is nat necessary in order to & spece
heve the wesker SGP,

Lot f(vo)i(v,)} be & pair of sequences in Y* with the
property that Va e Yol < "'nq-l\'(-. v, for eny a,n € N , The spece
Y® was said in ((N3)) te have Property (b) if for every couple

of sequences as sbove ene has
n “ . ’ L]
L] ul:l '

where [v,u] denotes the order interval defined by v end u ,

One of the primcipsl results in ((N3)) 1e the sssertion ;:

I1f Y is e Benach space eorderad by 8 closed normal cone, then

property (b) is necesssry _in order toe Y* have the SGP.

Tl!:ctng into account this sssertion and the above cited result
in ((N2Z)) it becomes clesr that ths characterization of the
spaces in which property (b) implies the MSP (and in eeni'_tq;um:o.
they are equivalent, since m-iiplill‘ohvlull\' property (b)),
would be of » real interest. The single result st this moment in

this direction is the fellowing
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PROPOSITION. Fer vecter lattices which admit srrictly isotaone
a1l e L — e STictly lBotene

functionels the p‘r_c_p_c_ﬂg; (b) and the MSP -r‘n‘ equivalent,

Breef. It is clear that the MSP implies the property (b) for

srbitrery erdered vecter spaces.
Let Y* be a vecter lasttice edmitting @ strictly isotone

functionsl end having the property (b). Consider the decreasing
lower bounded sequence (un] an Y* , Lt M, be s maximal

tetally erdered subset of
M= fyex: ygu, .Vneu'j’ £

Then "a cen be considered @ totally erdered net, directad

upward by the erder relation of the spaca. Thus M, becomes an

incressing net which we shall denets by (vy) = Since Y°*
i€l

sdmits 8 strictly isotone functional, every net of this kind
sdeits & cofinal increasing subsequence. Let (v'} denote such

& subseguence for {vil « According te preperty (b) of
1€]1

¥Y* we have then

RS Y N I T e (ST

m,n N
Suppese that v € Q . Then vy S v for each 4 €1 since (v.}

1s cofinal with (v,) + Obviously, v<wu_ , V aneN, and
1e€1 i '

hence v< M , Since ('1) is » saximel totslly ;’_/:ru-r-n set

1el
in M, we must have v € {v’} « Let w Dbe snether element
ig .

of M, Then v' :=a vV uw is &gain an element of M with the

property that V4SS vEY , YiETI . But then v' e [v1} i 3
=

since this set is meximal by hypothesis. This shows that we must

“9

heve v = v' «a vV w 2w . The obtained relation shows that
v = inf E“n :n€ NT . Hence Y has the MSP ,
0. E. 0. ¥

THEOREM. Let Y be a Benach Space ordered by a closed normal
==_ —_—fnac ———lo T fNormal

cone and admitting a strictly isotone functionsl, If Y* is @
lattice then it has the FSP 4if and only if it has the SGP,
S———=CC en it Nas the — Ty 11 At has the

Proof. According to the result in ((N3)) cited ambove, the
SGP of Y* implies property (b) of ¥° ., By our abeve Proposition,
it follows that Y' has .the MSP too, which according to Theores
1 in ((N2)) implies that Y°* hes the FSP. Since the Fsp conteins
in its formulation SGP, the proof is complete.
Q. E. D,
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