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ORDEEED FREECHET SPACES WITH UNIVERSAL
SUBDIFFERENT IABILITY PROPERTIES

by 4. B, Németh

In this note it is shown that if a separable Fréchet space
ordered by an arbitrary clossd normal cone possesses the
subgradient property, them it possesses also the fully
subdifferentiability property. If every closed lattice ordsred
subspace of a Fréchet space with continuous lattice operations
possesses the subgradient property then it possesses also the
Tully subdifferentiability property.

The vector valued convex analyszis is primarily concerned
with the study of subdifferentials for convex operators taking
values in ordered vector spaces. When the ranga Bpaces are
order complete vector latt;cns results of this kind go back to
Valadier ((V)) , Raffin ((R)) , DLevin ((L)) and Rubinov
((Ru)) . But order completeness is a rather restrictive
requirement. In the first results due to Zowe (((Z1)) and -
((z2))) where it was avoided, some structure conditions were
imposed on the domain space, This line was continued and extended
by Borwein in ((Bl)). With respect to the existence of sub-
gradients Fel'dman ((F)) proved that nice subdifferentiability

prepertlies can be obtaipned relaxing considerably the conditions
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It A n's condition ie alc T P
il & Cullluviol 15 alb0 nscessary for
Che &DOVe clied : T . ( (=)
propert) ((F2)) .

P oy

Subdifferentials except

If no special

their nop-—emptity

y Chen the ccopditions on the range Sspace can

‘ther relaxed. But the examples of ordered vectof spaces

3 e e T = 2 b s Y, T - 1 o i '
dving LLis Weak subdiiflerentliability property, but not the

(see ((F))

LIOORE&r Oone consldsred above, are rather pat

'(T.' 3 Y P v T T (R - 1 3 3 -
&nd LLB2) ) ). LOBTre exlst dnporcant classes of odered ALL-\A}:Y

convexr spacete lor which the two preperties

result of this kind was obtained for Banech lattices in COB4) ).
Io the present note other results are obtained fop Serdrable
Fréchet spaces ordered by closed normal cones znd zlsc for

spaces for which all closed lattice ordered subspaces

ise56 epecial structural properties,

Let Y be a vector gpace over th: rez=ls and let K be &
cone 1n I , l.¢., & nopempty set having the properties
(1) K+ ECK 3 (i1) tEc X for each non=negative real
number € ; and (iii) EN(-E) = 0 . If we put uwgvw

whenever v-u is in K , then i & partisal orderimg in ¥

induced by K . Then T is called an or 4 _Vector space with
ne positive cone K

The order interval [u,v] in the ordered vector space h
16 by definition the set e 1 .o < Wi o The spuce ¥ &
2 (b), AL for of sesquences (v
and (hi‘ with Yoy o CI W, - for ar m, o K,
one has
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The ordered vector space I is said to admit an isotone
(zeal) functional if there exists £ :t I R with f(u) < £(v)
whenever ug v and u.é'r..

If Y is an ordered vector space endowed with a locally
convex topology, then T (and its positive come) K ) is
callsd pormal (or locally full) if there is & base of
neighbourhoods V of O with '

V=(V-ENCE-7),

The ordered locally convex space Y (and its positive cone
K ) is regular 1if each decreasing sequence in K is econvergent.
An ordered vector space Y is said lattice ordered or a

vector lattice if every pair of its elements x, ¥y possesses

& gupremum (or equivalently, an infimum) denoted by x Vv y
(and respectively, by . x Ay ). The operations (x,y)F>x Vv 3

and (x,y) V> x/\Jy ace called lattice operations.

The vector lattice Y  is order complete if every upper

bounded (lower bounded) csef possesses & supremum (an infimum)

iz X & '
We shall denote by Y®° the ordered vector space complated

with an abstract element < (infinity) for which, as usual,

we define the operations :
SO 4 O = OO 09 =20, y+o> = o for sach y.
We shall suppose thet y g e= for every y in I .

The operator F defipned on the vector space X with values

in Y* is called convex if for any Uyp &5 inm I and every

t in [0,1]| the following relation holds
Bty + (1-6)uy) < tF(ny) + (1-6)(w,) .
- [ =4
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The domaip of F 1s the subset of the eslements =x 4in X
bhaving the property that F(x) is in Y . We denote this set
by dom F . By the convexity of I it follcws that dom F is
a convex set.

If x is in core dom F , then we say that F admits a
directional minorant at x ip the direction h y i

VIxsh) = inf  t~L(P(x+th) - F(x))
t >0

exists. The space Y' 1is said to have the directional minora-—
bility property if every comnvex operater F with values in Y"
has directional uinérantl.at every point in core dom F and
in every direction.

If Y° 4is an ordered locally convex space, themn if the

limit
F'(x;h) =  lim  t"L(P(xeth) - P(x))
tNO
exists, whera x c core dom F y then it is called the directio

derivative of F at x in the direction h , If the positive

cone of YI° 18 closed, then from the convexity of F i.
follows that a directional derivative is also a directional
minorant. I

The ordered locally convex space Y* 1is sald to have the
directional differentiability property if for every convex

operator F and every x in core dom F thers exist
directional derivatives in every direction.

The linear operator 4 1 X->Y is called a subgradien
of Pt X>Y at x in dom P if

Ah < FP(x+h) - P(x) ,VheX.

- 89 =

The set of subgradients of F at x 1is called the_subdiffe-
rential of P at x and is denoted by 4 M(x) .

The ordered veector space Y* is said to have the subgradient
property if for every convex operator P and every x in
core dom F it holds O F(x) £ 9 .

The ordéred vector space TY* 1is said to have the fully
subdifforentiability property if 1tlhas the subgradient
property and the directional minorability property and if it
holds the relat on

() V¥xib) = tnf {4h: 4 €d3FDE, Va

for every convex operator I and every x in core dom F .

| The ordered locally convex space Y* possesses the fully
subdifferentiability property if it has tﬁe subgradient property
and the directional differentiability ome and if (1) takes
place for the difactionai derivative F'(xj;h) instead of the
directional minorant v?(x;h) y for every convex operator P

and every x in core dom F ,

Im (M), (W), (7)), ((F), (W), ((BL)) , ((B2))

.various conditions were given to assure various types of sub-

differentiability of comvex operators. Bince ((¥)) it seemed
that the principal role in the existence of subgradients belcngs
to the range space Y* , This becomes z certitude by proving

in ((N2)) that the necessary and sufficient condition for an
ordered wvector space (respectively, for an ordered locally
convex space) which admits san isotone functional to have the
fully subdifferentiability property is that every decreasing
lower bounded sequence has an infimum (respectively, to be

regular).

|
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The fully subdifferentiability property seema to be a
rather strong one. Im ((F)) and ((B2)) were considered ==l ~48 lap.oleations (12=r(1l)=»(iii) follow oy tas
ordered vector spaces with the subgr;ldient property and without PRI
the fully subdifferentiability property, But these spaces are “11/=>(1v) . Aseuze that (iv) doss not hold. Then Y
ruther particular (for instance, they are not Archimedian ordered SOREIRA SEPapace Aaorplilc e -tlis' Banso s M s
vector spaces), The problem of a complete characterization of convergent real sequences, since ¢ and S, “are isomorphic,
spaces of this kind is stild open. AV 1S consider o ondered by the cope of saquences with non-
In the recent note ((N4)) it was shown that for lattics negavive teras, Tnls come 1s closed and normal. We iave shows
ordered Bapach spaces with closed normal positive cones whieh B TRy, thasi oo a0en; B0t e g e TN
e isuto:_ue Sunottinals. subgr“:.cﬁ_.ent property and fully Proposition. 3 in the same PAT™Er 15 nscessary in ordsr to svarg
sul,-difrerentiabilit:-y bropetty dilhathe. 3 convex operator from B to ¢  Save subgradients in svary
Starting with the paper ((N3)) -which wes the o S point in. R. Thus we conclude that (iii) doss not acld for Y
rence for ((N4)) too, we shall conclude results for Fréchet \1v)=>(1) . Prom Dheorem 1 in ((M)) every clossd norzal
spaces. The basic tool in obtaining them is the characterization coné 1n I is pagular. Since Y is separable, by Tasonsa 2.-
of toe Fréchot spaces in which every closed normal cone is N R, AP Mdalta s s e iy lindi 4
regular due to McArthur ((M)) , and some related questions in P B AN SRe K B, AL W RINSL G, REAE 207 54
Banach lattice Gheory due to Mayer-Nisberg ((MN)) amd Schaefer ~C80d 'subspace of I o Ihed by Dueorem 3 dn’ ({H3))
((Sch)) which were joined in ((H5)). Sacl Subgpace ordered by a cloged norial eons £035esses Uz
i 10differenviability ™ cITY, Since ita mosi 3
THEOREM 1, Mwﬁ T the following L3 regular and it admits an isotons functionas
‘conditions are aquivalent 1 . : : e
(i) Every closed subspace of Y ordeped by_a closed normal SO 2. Imp T be 4 2ndchat soace, Thep s das TR
£022 _posSsaesses the fully subdjfferentiability prgperty.
(11) Every closed subspace of Y ordersd by a closed normal ¢ AY-cl08eR LaRTice ondaned o
conse possesses the subgradient property. D el
(111) Every convex operator defined on & with values in LAt
an arbitrary closed subspacs of Y ordersd by a closed pnormal (117 Evegy_closed datvic RS AT
£0nNe possesses subgradients in 8¥3ry _core point of itg domain. - goamaeio ol o A8 pocses 1hsraciant
(iv) The space Y does not contain Ay _subgpacs lsomornhic M =22 iEed Seson B OMAED velyes d
t kB Banach space of the real 28quancssd convergins PRI NSRS oA BARAES J '
e St vots opgrations possesses subgradier Y




- 92 .

core point of its domain,
(iv) The spacs Y does not contain any subspace isomorphiec
(as a topological vector space) to Gy

EFroof. The implicagions (i)<»(ii)=(4ii) are trivial,

(i11) -2 (iv) . Let us assume that (iv) does not hold. Then
Y contains a subspace isomorphic to ¢ . Now, as in the proaf
of Theorem 1, we see via ((N3)) that if we consider ¢ to
be ordered by the cone of non-negative sequences, thﬂh thers
sxist convex operators from B to ¢ without subgradients in
some point in R . Taking into account that © with this
canonical ordering is a lattice with continuous lattice ope-
rations (this follows from Theorems 8.1 and 8.2 of ((Wa))
Since the positive cone is normal), we arrive to the conclusion
that (iii) canoot hold,

(iv)=>(i). If Y does not contain any suhsp#oe isomorphie
with c_  , then by ((N3)) every closed lattice ordsrei
subspace in if with continuous lattice operations is order
complete. Hence it possesses the fully subdifferentiability
property by & classical result in ((V)) and ({1)) (see
also ((®1)) ).

2emark. The obtained results are characterizations of =
structural property of Préchet spaces by subdifferentiability
properties of their ordered subspaces, The equivalent properties
listed in the above theorems cam be completed with other ones
as the so called exact Bahn-Banach approximation property
(CF)) waich is equivalent with the subgradient property, or

with some lattice theorstic conditions in the Bpirit of ((mN)) .,
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SUR’ L’ APFROXTMATION DES RACINES DES BQUATIONS
DANS UN ECPACE KETRIQUE

par
3, Isn Péavidledn °

Dans cette nete neus étudions 1'évaluation des arreurs qui
surgissent pendant la réselutien numérique des équatiens en espaces
métriques A 1'aide de certaines méthodss d'itératisn a plusisurs
pas .

Considerens un espace nétrique (x,f ) complet et 1'équation

suivante :
(1) x = 8x)
o f: X—> X est un ppérateur quelconque.

Désignons par IE+1 =XXIXx...xXI , c'est-d-dire le produit

captésien de 1'ensemble X avec lui ménme k+ 1 fois.

Pour la résolution de l'équation (1) neus considérons 1'appli-

Ld e+ P P
cation G: X**1 I dont nous supposons que sa restriction i la

diagonale de l'aspace xk&+l colncide avec 1'opérateur r ,
c'est-3-dire :
(2) G(x,Xy00e0X) = 2(x) ,

pour chaque xelIl
o . d b
Considérons la suite (19)2_ fournie par le procédé d'itéra-

tlon suivant i



