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In the paper /3/, Ky Far gava the Iollow1ns theoren:

Let K be g noneqpty compact convex set in g normed llnear
space X. For any continuous map T or E into X, there ezisty a
point u & K guch that ’ ' )

o -2l = atr(w,g). . o e
In the case of Filber: fpace, similar theorems were proved
by Singh and Watson /7/ end Lin and Yen /4/ for cloged convex -
sats and nonexpansive haps, respectively eontinuous laset-con-
tractive maps ‘subject %o some - sunplementary cUBdlthDS.

It ie ioteresting to observe that in the cage of’ Hiltert
srace with K closed convex set the conclus*on in Fan.theorer
Deans exzctely u = -I(u), where PK is the metric nroaectlcn.J
Consequently, the theorems of this tyve prOVc tha existencs of
Tived points for the map P L, If such & fived point 15 alcﬂ a
Fizec point for tne map £, we ﬂbtain a fired point theahen’*n“”_
the giver map, - o
Iz the paper /%/ ona gives tive CDnd;tlo“s, the feurth ot
ther belns just Fix f = Pix Pyoz. The aiz 0% thie rote ig tq

‘study the relations between the clagses’ of zops satisfying
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these conditions. i1 of then are sufficient conditvions for
Fix I = Fix Ppod., Such problems were studied alse by Reich /T/
apd W#illiamson /&/.

We fir-st 2rove two awxiliary lemmas.

Let ¥ s @ nor:zed space, & ¢ ¥ a nonvold conve:

x 0

in A, Denote I;(ao) = iaD + t(a—ao) : tro, 3 & A} and

a(x,A} = inf fzatfl : ae !a.-s for any x in X,

Lampna L. For each x inm X, lim 4 5 Ala, + (x-2a, ), A) =

tat r .
1 .
= 1ni T (ao + t\¢—ao), AY = dlx=, &A(ao)).
" Proof. Because ol the convexity of A, the map rl(.,_’L) I—

—>» R, 1s convex. It follows that cia : 72 — R+, l; ()} =

= da, + t(:c-—e.o), A)‘ ig a convex map, L_ence Lf P BN {o} — R,

1]

% d(a.o + ﬁ(xuao), A) is zn increasing wap {(we have

\P (%)

g (1)

Tenmz holds.

1

l (G(t) - y(e))}. That is why the Lirst equality ia tbe

I% iz cbvious that

\

Lalag + tlamag), &) = & at(z-a,), 4-a ) = al=-a,, L (-a))),

hence

int & dla, + tlx-ay), A = :m:f Alx-a,, tla-a, )) =
Lo . is0

inf a(x, a, + tla-a,)) = iof int § z-a —-‘b(a——a W o=
tem . 1»0 aeh

it

alx, IA(uD)Jﬂ
Renarl. The monotoeny of |!b implies cl(:c,Iﬁ(aD)) =

i d(ao + t(z-o:-:o), L)

= ot 5

oelay

Let X be a prehilbertizn space, A€ I 2 »oaveld cooplete

canves gob, a, In A, x in X 2and P : X —» 4L the proxtinity nap.

[+
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The rext lemma gives a chezracterization of the fact that a
is the point of best approximaticn in A for X, uging the-well-
Enown one:

Px = a, LEZ Be <..'\:—ao, a-4,% £ 0 for each g in 4.

Lemns 2, In z prebilbertian space X, for a nonveid comnlets

convex set A S X and a, ip 4, x in ¥ the following assertions

are sguivalent: =

o
1 Px—ao

2° fx-a,l = alx,I,(a,))
3% Wxeagl £ alx,I,(a ).

=

Preot.

o 0 . . .
17 == 2%, Tet a, = Px. Denote a = A—-a and ¥ = Trda Then using
Lemma 1 and the ‘Pemark alter, oma has ‘

d(x,IA(aB)zz inf :’E-E— aay + tx-ay), 02 =

valad

_ 1 1 .2
= nf Tcﬁd(tyo' s.)_ inf d(xo, -L_Ao) _=_

coetgd

= inf alm, A, )2 = inf ot | x -ve? =

t2d tel ach,
= inf ing- c.tzuauz-‘zme' Xeay+ xSy =
S txL aeA, < o’ A 0“'}

= inf int (2 [af® - 2tR 2
vl (%= lfal 2 edxo,a>!~flxoif)

But Re 41:0,a> = Re (‘x—-ao, ata -a.5 £ 0 and the function 4o
be minizized for t 21 is increasing on the interval [Ee {Xy90D o)
which includes [0, w ), hence the infimum is attained im % = 1.

It Lollows

d(::,lk(ao))e

; P ) )
:T?f Pxg~all® = alx,, ADEE = d{= , 4)° =
= { mma,)©

and a(x.1,(a 0) = [x—af .
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2° =i 3° being obviows, we have to prove
39 =5 1% Bat lx-a f < ax, I, (ay)) € alx, A) < [ x=a,l ,
because A € I,(a ) and the lemma is proved.

Let X be a preh_l.lbertian space, Ao X a nonvoj.d complete

Convex set.and £ 1 A ——9]{ )
FThe following condi.tions appear: in /4/, whare are named also

the authors to which they belong:

{1) For eath a in A, there is a number A (real or complex,
_depending on whether the vectof .@}.\.ce ¥ is zeal or complex) such
that (A<l and a + (1-1)2(a) € 4. , | ‘

(2) Por each a € & with n # T(a), there exists b in I,(a)

. such that [ b-£(2)l < i a-f(a)[ . .
(3) For each a € A, T(a) € cl I;(a),' ieg. T is wealkly inward.
(4} For each a in the boundaTy J 4 of 4 with a = Pef{a), & is
a flzed poimt of £, ' ‘ s ’ -
(5) For each a irn 94,
Remark. Fix £ = Fix Pof iff (4) holds.

[f(a)—a'il ¢ | a—a' 'l for some a' in A.

If Pix £ = Fixz Pef (ll) is obv-.mus.
We have always Fix f ¢ Tix Pef. Let a e Fix Pn,., hence a

= P(£(a));'a € DA; (4) implies a g Fix L and Fix Pef = Fix f,

Ve mentlon that 1?1}_; I ="Fix Pef is exactely the condition

given by Browm in /2/ for f to be retractible on A with respect
10 P (see alac /6/); fized point theorems For 'such maps are ob-
tained in /1/. : . o C
TEROREN. The conditions sbove are related by the ’iollowing
implications : . .
1) = (3) = (1) & (5), where in (1) A& R
(Jél’)l
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(3 = (i\) & (5), whers 10 (1') 3 ¢ o,
(2) |

Proc;f.
il; ‘=» (3). Let g e Aand a' = Qa4 (1-A)r(a) €4y A€ (1,1)
t follows f(a? = I——- (a' JT\a.) a+ 1—- (a.‘-—a) € I,(a)g elx (a)
ii) =?§f+). Let a ¢ QA, a =" Fef{a). Using the implication -
= 2° in Lemmg 2, one has ﬂf(a)—a ll = d(f(a) I (a)). But

f{a) £ el I 4 (a), hence ﬂf(a) -aff =9 andf(a) =a

(5) = (a), Let ae 4, a# £a).” Applying (’%); 61:;9‘obtains

point a! in 4 such that lr(a)-a'l & §a-a'l . Then 0,2 T

- [ 2(a)-a? - la-tta)astaari ~ facar-an? 2 g f(n ;-:l

+ ERe<'a-f(a), f(a)—a').. For this a one has B
aae(a—f(aJ, a'-fca» < - ﬁa-rca)na

& #Pvf(&). N o
(&) —'-"-—-) (2). Iiet ac .A, a ;é :E{a). Fur ae :Lut A and 1: e.(.l‘) 1)
[ ]
sui':f.’iciently suall, I}f a & t(t(a}«a) < " a.nd. ﬂ b—f(a)ﬁ
= (-0 1 a~f(s.)ﬁ .c ﬂa-—i’(a)ﬂ . RO
For a e E)JL, 191, ng Buppnae II b—t(a)l{ > ﬂ a—f(a)ﬂ ,for each p

inIA(a,) fhen [fa-f(a)f ¢ LON Iy()) ang applm =520

- ln
Lema 2 it fnlj.mvs .‘E'-I(a) =8, contradictlng (#). It follows
_ that (2) s true in this case 't:uo. o

<2) = (4). Zet.a & 24,4 # f{a) Ccn.dition (2) :me]_ies
L d(:f(a), A(a)) < ﬂa—i’(a)[[ using now -the mpliéétion 1 .-*>
in Lemma 2, Pet(a) £ a-and (43 is provad.. ‘ '

L A11 the implit:a.‘tinns ‘which do not- cuntai:: con;iition (lJ a.l:r.'a |

'l:
rGe in ‘t:he ccmplex case ‘too, It .Temaing to Prove cgly that In

“



tils case (1') = (u),
Let a e 94, a # £(a), 37 {1'), shere 15 L « G, ALl sueh
that ' = da + (1-)f(a) & 4.
Foen la=fCadl » M a-2(a)l = T da-aziadt

n

= fda + (2-0)fCa) - Elad = latmr(a)l = d{t(a), A), hence

Hlady &Y< (| a-£(a)l and o # Per(a).
Ona m.:-x;r pregent the Tive classes of functions in +hg Tollowing

Venn diagrem {2 and & colncide);

i

s eb ,
3 q
i e5
el T
, F e2l az el ]

It follows a list or alx examples al-e6 showing +that every
set which appears in the dlagram is nenvoia,

.E‘J'caggla el satisfias (T) but not (5). ‘

Let X = = [o,17, £(x) = 3-3x, Jho 3/4 is a fized point.
For each a im A and )\ = 2/3 ome has Ja + (A-1(a) = 1-a/3 ¢ 4
‘aad (1) bolds, But foz a = o one has £(a) = 3 and [3-a' s af
for each al .in A. ' l

E:mmnlé 22 satisfles L1,‘1 a.nd (5).

Let X be a normed Teca, 1cX nonvmrl and f : & —Z, £{x) -
Sx(orany £f 1 A — 4, for A convex set),

Zxamle e3 satisfies (3) ang (5), but not (1),

Let X = B2, 4

5 ‘
{(al,az)lé R 2 2 0, 852 0, a5 + agg._ 1} .

a
CTryms 10 o= o) s (0,1) a

The Tunetion f(a} =

. & flxed point,

- g .
-z

Jor 2 = (1l,0) onz has \a + (1=-01(a) = (1,1-2) é 4y oz (Al 2,
S7aEnds 84 satisfias (8), tut not gﬁ).

Let X = 32, A4 1

+

Se saOe as ir Exampls o3 and ¥ . A ~> T be

¢

(2 +ﬁi~: 7y 1) fora = {anae."E 4,
A E T . =

o~
r"ii"‘

siven by f(a) =

whiech has (o 1) s 2 fixed point,
For (a , %), one nas f(a) & el I,(ad,
Zxzople ef satisfies (3), but not (1) apa (5),

et ¥ = }22, o = arcain 1/3, & = 1 {'al,azj Pay 2 o0, a5
2 a) % o, a12 + a% 4 l} ard f ; A "X be given by £(a) =

= ( o, S YO 7y for which (o l) is a fixed point,

Vi-at

For & = (cos«, sina), £(a) = (¢,3) and (1) and (5) do pot
hold. ' ) -

Zxample =6 satisfies (4), but not (3) ana (5),

Let X = R, 4 = {(al,a.) : a% + 32 < 1} and £ ;o4 — I,

f(a) = /2 (a-.,+a2.a2-alJ for a = (al,ae) which has (o, n) as a
_L.ed point, : .

For a = »@/2,_\/’5/2), (3} and (5) do not hold.

411 the maps in thege sx.aiﬁp].és have fixed points, as a conse-
quenca of %he presults in 74/, Tor example of Corollsry 4, There
are maps with Mz f # (f which do not satinfy condition (4—}, as
#(x) = 2z, 2: (6,17 =R,

gemarl:. From the Venn Jisgram one can see that inm the real
case 1l tha implicaztlc;ns in the thsorem aze irreversible, This
is alge true in the complex cane, becauss the examples relatad d
to the conditions (3) and (4), respectively (5) and (4) can be
considered in the space C with the scalar #isld C.Tt remains to
give an exmmple for (1') =D (4).
| Emoole g7 satisties (4), but mot (37).
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he:

Let X =0C-, & = {(al,aa) g c® {alla +|a,|2 1} I

f A X, £(a) = (agrag,as), for g = (ay,a,) 602 which has a =

= {a;,00 € A as fifed points.

Zhe point a = (0,1) dees not satlsfy condition (1Y),
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