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Inhomogeneous potentials producing homogeneous orbits
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We prove that, in general, a given two-dimensional inhomogeneous potential V{(z,y) does not allow for the creation of
homogeneous families of orbits. Yet, depending on the case at hand, if the given potential satisfies certain conditions, this
potential is compatible either with one (or two) monoparametric homogeneous families of orbits or at most with five such
families. The orbits are then found on the grounds of the given potential.
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1. Introduction

The two-dimensional inverse problem of dynamics seeks all the potentials V(z,y) which can give rise to a pre-
assigned monoparametric family of curves f(z,y) = ¢, traced by a unit mass material point. If the total energy
dependence E = E(f(z,y)) is not given in advance, the connection between orbits and potentials is established by
a partial differential equation of the second order (Bozis 1984). The equation is linear in V(z, y), of the hyperbolic
type with coefficients depending merely on the given orbits.

The above equation, if rearranged adequately, can also serve to face the direct problem, i.e. given a potential to
seek all monoparametric families which can be created by this potential, for adequate initial conditions, of course.
Indeed, it turns out that for a function y(z,y) = fy/f:, related to the slope of the given orbits, the second order
partial equation is now nonlinear in the unknown function «(z, y). The direct problem then requires the solution
of a harder to solve differential equation.

In the framework of the direct problem, one expects that additional information regarding the orbits will
generally facilitate its solution. Such information is e.g. the homogeneity of the family of orbits, i.e., the property
of the family to include geometrically similar orbits. The case of having homogeneous families produced by
homogeneous potentials has been studied by Bozis and Stefiades (1993) and Bozis and Grigoriadou (1993) and led
to an ordinary differential equation.

In the present paper we study the following version of the direct problem: in the system of cartesian coordinates

Ozy, a purely inhomogeneous potential V is given. Are there any homogeneous families of orbits satisfying the
system of differential equations

‘:i::'_vz:
:ij:_vy)

i.e., created by this potential?

For an affirmative answer we find that:

(i) In general, certain conditions have to be satisfied by the given potential. In this case there exist no more
than two homogeneous monoparametric families of orbits consistent with the given potential. They correspond to
the common roots of a quadratic and a quintic algebraic equation.
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(i) In some special cases (specifically if the aforementioned quadratic equation becomes a triviality), it may
be that there exist at most five solutions although the existence of at least one solution is not guaranteed.

2. The equation of the inverse problem

Consider a monoparametric family of planar curves
flz,y) =c (1)

traced in the inertial frame Ozy by a material point of unit mass under the action of the potential V = V(z,y)
and introduce the notation

_ 5
T=F ‘ (2)

To each function f(z,y) there corresponds one function ¥(z, y) and, vice versa, to each v(z, y) there corresponds
a family (1). Thus, the function 7(z, y) replaces the family (1) and allows us to refer to it as the family of orbits.

Compatible pairs of potentials V(z,y) and orbits y(z, y) are related by the partial differential equation (Bozis
1995)

Y Yee = 2V%ey + Yy = by ®)
where
h= N Z Yy (—%Vm + (2772 = 31) Vy + 7 (Ver = Vi) + (72 - I)VW) : “)
Ve + 7Yy
Comments

1.(i) It can be shown easily that the expression ¥y, — v, appearing in (4) does not become identically equal to
zero in a domain D C R? but only for families of straight lines, excluded from our study.

(i) The expression V; + vVy, which originally is a factor in the left hand side of equation (3), cannot be
identically zero in a domain D C R? for inhomogeneous potentials V(z,y), because then the numerator of the
right hand side must also be zero and this happens only for constant potentials.

2. Equation (3) is nonlinear in the unknown function ¥(z, y) and is more suitable to answer the direct problem:
Given a potential, find families of orbits generated by it. The dynamical system being autonomous, it is understood
that the most general solution of equation (3) can depend on no more than two independent arbitrary constants.

3. Homogeneous families produced by inhomogeneous potentials

In what follows we study a version of the direct problem. We assume that the given potential V (z,y) is not
homogeneous (i.e. no m exists such that zV; + yV;, = mV) and we try to find homogeneous families of orbits (1).

No matter what the degree of homogeneity of f (x,y) might be the function v, defined by (2), will then be
homogeneous of degree zero, i.e.

vz + yyy = 0. (5)

So, for a given inhomogeneous V' (z, y) we now look for functions v (z, y) satisfying both equations (3) and (5).
To this end:

(i) We differentiate equation (5) with respect to z and y, thus obtaining two equations including second order
derivatives of the function v (z,y).

(i) We solve for ¥zz, Yry, Yyy the algebraic system of the above two equations and equation (3). At the same
time we express <, in terms of v in view of equation (5). In so doing we obtain the system

Yz = % (1{7§ + L71‘)
-yfy:—yLn{zKﬁ+(H+zL)'y,} (6)
Yoy = 12K + (2 +zL) %5}
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where
I = (z+y7) (Ve+7Y)
K = 2yV,y+ (—yVs +3zVy) (7)
L = yVou?® + (yWVeo — yVyy = 2Vy) v — (yVay +2V2) .

From now on we adopt the notation

otV
Oz Oyl
e.g. V()1 = Vy, V12 = V,;yy etc.
Working out the compatibility conditions (z2), = (7zy), and (7-"'3/)3; = (7yy), for the system (6) and taking
into account the system itself as well as equation (5) we come up with one equation which reads

__yvA
where
A= A3‘73 + A2‘72 + A1v+ Ao (9)

with

As = —ViiVor + 2(VE — Va1Va1) + y(Va1 Vaz — ViaVoy)

Ay = Voo Vo1 — Vi1 Vio — VaoVr

+2(Vi2Vor — Va1 Vio — VaoVor — Vi1 Voz + 2V V1)

+y(VoaVor — ViaVie — Va1 Vor + VaoVoz + V4 — V)

Ay = VoaVio — VaoVio + Vi1 Vn

+2(V12Vio — VaoVio + Va1 Vor + Vi — VaoVoz — Vi2)

+y(VozVio — Va1Vie + ViaVor + VaeVi1 — 2V11Vo2)

Ao = ViaVio + 2(Va1 Vio — Vao Vi) + y(Va2Vie — Vi3)
and

B = 3 (2(V11Vio — VaoVo1) + (Vo2 Vie — Vi1 Vo)) .

Comment: 1t is of vital importance to observe that the above equation (8) cannot be obtained for homogeneous
potentials. In fact, it is an easy matter to show that if V (z,y) is homogeneous in z,y, say of degree m, i.e. if
zV10 + yVor = mV, both A and B are identically equal to zero and consequently 7, becomes indeterminate. The
class of potentials for which B = 0 on a domain (apart from all homogeneous V(z,y), this class also includes
inhomogeneous potentials as e.g. inhomogeneous potentials of the form V(z — coy), where ¢q is a constant) is
excluded from our study.

Some v, being necessarily given by equation (8), in view of equation (5) v, must be given by

zA

“ErmB 10)

Ty =

The question now arises as to whether 7, and vy, given by (8) and (10), are compatible. Working on the
condition v;y = vy, taking into account equations (8) and (10), we obtain after some straightforward but tedious
algebra

G3V’ + G+ Gi17y+ Go=0 (11)
where
Gi = B(zAi: + yAiy+ Ai) — Ai (¢B: +yBy), i=0,1,2,3. (12)
The calculations give that

1%
Go = —%Gs and Vi (G + G3) = Vio(Go + G2). (13)
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One step further we observe that the left hand side of equation (11) can be factorized as
(Vio +7Vo1) (H2v? + H1y + Ho), where

sz—c:g10 7
H =gt — 7‘:%‘00 (14)
Ho:—Hz.

Since, for any given inhomogeneous V' (z, y) and any homogeneous 7y (z, y) that we look for, the expression Vyo+vVo1
is not zero in a region D C R?, we obtain the quadratic equation

Hoy? + Hiy — Hy = 0. (15)

If both H, and H are zero, equation (15) is satisfied identically. If only one of the expressions Hq, H, is zero,
the above equation leads to the non-interesting solutions y = 0, =*1.

Assuming that for the given potential

Hy #0, Hi#0 (16)

equation (15) constitutes a necessary condition so that a solution -« of our problem exists. In general, the solutions
of equation (15) could be inhomogeneous, as it happens in the case of the potential V(z,y) = Ysinz + z, and
the problem has a negative answer, i.e. no homogeneous family of orbits is generated by the given inhomogeneous
potential.

On the other hand, having expressed by (8) and (10) the first order derivatives v;, 7, in terms of v itself and
of the given potential, we can also express Yz, ¥zy, Tyy in terms of v and derivatives of V (z,y) up to the fourth
order. Then, by inserting these into equation (3), we can obtain ¥ in terms of the potential. To this end we
prepare A;, A,. Thus, for instance, in view of equations (8) and (10) we write

y (As7® + A2y + A1y + Ao)
B (z +yy)

Ar = Aze7® + A2:7’ + Ay + Ao + + (34377 + 2427 + Av)
After some tedious but straightforward algebra, aided by the use of Maple, we write equation (3) as a quintic
algebraic equation in ¥:
Rs7® + Rav* + Rav’ + Ryv* + Ry + Ro = 0. (17)
We note that each of the coefficients R; (i = 0,1, ...,5) can be expressed as a sum of the form
Ri = Ri30z® + Riz1z’y + Rirzzy® + Riosy® + +Rizoz? + Ri11zy + Riozy® + Riroz + Riory

where the 6 x 9 = 54 coefficients R;jx (i = 0,1, ...5) depend merely on derivatives of the given V (z,y) up to the
fourth order and they are homogeneous polynomials of the fifth degree in the 14 variables Vao, Vay, ..., Vo1.

In the case when Hy # 0, H; # 0, equations (15) and (17) constitute a system of two algebraic equations which
the zero order homogeneous function 7 (z, y) must satisfy. Obviously this happens only for potentials V (z,y) for
which the pertinent Sylvester’s 7 x 7 determinant (Mishina and Proskuryakov (1965), p. 164), i.e.,

Rs Ry Ry Ry Ry Ro 0
0 R5 R4 Rs R2 Rl RO
Hy Hy Hy 0 0 0 0
0 Hy Hy Hy O 0 0 (18)
0 0 Hy Hy Hy O 0
0 0 0 Hy, H, Hy O
0 0 0 0 H, H, Hyg
vanishes.
4, Special cases

It is reminded that the 7 x 7 determinant (18) is to be checked for the given inhomogeneous potential provided that
equation (15) is not a triviality. (In fact, in such a case, (18) becomes an identity also, satisfied for any V(z,v)).



G. Bozis et al.: Inhomogeneous potentials producing homogeneous orbits 317

Therefore, it must first be checked that the coefficients H and H; in (15) are not identically equal to zero. Of
course, if only one of them is zero, no solution to our problem exists.

Let us then proceed under the assumption that, for the potential at hand, equation (15) becomes a triviality,
1.e.

H2:H1=0. (19)

This means that (15) gives no restriction for the function v (z,y) but also gives no information as to its being
zero-order homogeneous, as we want it to be.

Yet, v and 7, are still given by formulae (8) and (10), and the quintic equation (17) may be written down.
This equation now stands for the unique necessary condition which v and V must satisfy in order to be compatible.
Thus, if the conditions (19) are satisfied, we expect at most five solutions ¥{(z, y) to our problem but we are not
sure in advance that even one of these is acceptable, in the sense that it is zero-degree homogeneous. The quintic
equation has to be solved and the homogeneous roots must be selected.

An interesting result which we established with the aid of Maple is the following: The quadratic equation (15)
is a triviality if the given potential V(z,y) is of the form

V(z,y) = 2™V; (%) + 2"V, (g) (20)

with m # n, i.e. if the potential is the sum of two terms, each of which is homogeneous, of a different degree of
homogeneity, of course. We have also checked that for a potential being the sum of three homogeneous terms the
quadratic (15) is no longer a triviality.

In general, of course, an inhomogeneous potential needs not be the sum of certain homogeneous terms and in
this case we expect to have only one of H; and H; equal to zero, so the problem will have no acceptable solution.

5. Examples

A. For the potential

V(z,y) = 422 + ¢ + 2° + 82 — 22%y° — ¢* (21)
one can check that Hy # 0 and Hy # 0. The common root of (15) and (17) is
2z
Y=
Y

which is compatible with the potential (21).

B. For the Hénon-Heiles type potential (1964), which is the sum of two homogeneous of degree two and three
functions,

1 16
V(z,9) = 52"+ 8y + 2%y + = (22)
we have Hy = Hy = 0. In this case, it remains only the equation (17), having the homogeneous solution
-_Z
=4

which is compatible with given potential.
C. For the potential

V (2,9) = £ exp(a) (23)

one has H, = 0, H; # 0 and the quadratic equation (15) has only the solution ¥ = 0, which is not of interest
for our purposes.
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