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AN INTERPOLATION PROBLEM FOR THE SOLUTIONS
OF A CLASS OF LINEAR DIFFERENTIAL EQUATIONS

by
ALEXANDRU LUPAS
Cluj

§ 1. Introduction

Let us consider the differential operator

-k
dxn—h

Lo = 51 + Ela,‘(x

where ¢, & L? [a, a + k), & 12, W h>0 1<p<+
1

In what follows, for £ = —2- , N we use the notation
1
a+h 7
| |t ], if p<+o
lla,ll, = )
ess. sup |a,(%)| if p= -+,

and
M, (g, B) = P lgl, i < T
It we consider the linear differential equation

(1) L,,y1="0

Ve denote by Y, the set of the solutions of the equation (1)

, that is the
%t of functions yila, a+h] >R with the properties :
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i) v has a derivative of order (n — 1) which is absolutely contj
llllous

on [a, a + k),

i) y verifies (1) almost everywhere on [a, a + £].

Definition 1. The differential operator L, , has the iy ,
property  In[a, a-+h) if for each nterpolatiyy,
P = (5 2 oor 2a) €[4 @+ B, %52 75 Tor s,
and for each

V e (3’1’.')’2: ¥ -':yn) = R”

there is an unique solution y* = y*(P, V; L,,) €YY, such that
y¥x)=y,1=12,...,m.
Definition 2. A differential operator L,, has the inlerpolation
property H,[a, a 4+ h) +f for each
P= (%, %, ..., %3, %) & [a, a + }B)", %7 %,

and for each

V T (ylﬂ yz: o ey yﬂ) = R”

here is an unique solution ¥ = 5(P, V; L,,) &Y, such that
5] (xl) =y1’ yl(xl) = J’z; LA -:y(”_z)(xl) = yn-—-l: 5,’(:0) (x2) = -)’”'

where w is one the numbers 0,1, ..., n — 2.
The purpose of this i i for A, thet
. paper is to give some upper bounds 1or /4
:1sref0r the length of the interval of interpolation. These upper bounc®
expressed in the form of some nonlinear inequalities, namewy

,,Z_l R"—k+l prE b Mp(a.._;.q.;, k) =1, if P < + ©
or

2T, s PP e 1, if p= 1+

k-l

wher ]
e Ry, Ty, j= L2, ..., u, are constants.

]

|
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" ds of this kind has a 1 history : i

ning Upper boun ong history : see for instance
Obtai™ S 7d p. RIPIANU [2] — [3], PH. HARTMAN and A. WINTNER [9],
[10] and z. opraL [11].

HARI
’ NEI” the case # =2, p = + o, z OPIAL [11] obtained the following
' result if
! ’ 5
9 Lt e, + 2 hllad, <1,

L,., has the interpolation property I,(a, a + ).

then the operator |
0. ARAMA and D. RIPIANU (3] showed that if

For n=23 p=2

1 vz 1
6) ;_7—2: WM y(ay, 1) + " kM y(a,,h) + -\/_g_h’M2(a1’ h=1

then L,y has the property I [a, a + k). Likewise in [1] 0. ARAMA proves
the inequality

()

1 .\/2—
. ﬁh‘,ug(a.. h) + :\/_2—-"3312(‘13. k) + — M,

1
‘ (azn h) == \—,_ th(alt h) =1

2

in order that the differential operator L, to have the prgpertybffi[a,(til—}:cibl)e-
We note and the paper of D. BOBROWSKI [6] which OH amea g
following inequality, as a sufficient condition for the property «[a

| of the operator L,

1
L r} M ladl, + El' 3 sl + — e lals + 7 Blaille = 1

i iti i d in the same
In this paper we give some inequalities of this type an et
lime we implio}\)re the ignequalities (3), (4) and (5). We need the fo g

equalities :
31— R an absolutely

a) Wirtinger’s inequality (see [8]% ) a]r:ﬁt 'g; Ezzal numbers such that
1

Continuous function on [a, b]. Let

'S8 <t <b and y(E) = y(&). Then

(6) b
b , s (a=5)"]. (1y'(»)dx
Sly(x) —y(&)Pdx < "};max[(gl-‘a)z' - Ez)'( 2 )] 5
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4
b) Opial's inequality (see [1], [2] and [11]); If y:[q, p g
lutely) coﬁtinuous on [a, b] and if y(a) = 0, then ] ‘* R s absg,

b b

’ b — ’
) (1ol dr = == [ 1y (2
the equality hold if and only if y(x) = kx for some constant 4. ‘

c) The ineguality of Boyd ([7]). If ¥:[a, 8] > R is absolutely conti
nuous on [, b] and y(a) = O then for r = L, 2>00=<¢<7 holg thl

inequality

) rp—p—qtr b pte
® [ swpeiy@rase-o 7 Ko oo {1yl
sl a

The best comstants K(p, ¢, #) are given by the following expressions:

c)if p>0,r>1, 0=<g <7 then

P
8.1) K(p, g, 1) = - pre I(p, g, )7 |
r=1p+9 !
where ‘
1
B ={P(f~ I + iy~ q)}'
r— N+ q9
and
1 —(g+p+rp) %_1
I(p, g, r)=5{1+’(4__”¢} P (14 (g— 1) at.
r—9q

0

Cy) If =1, then

g(p+ g4 if g>0

8.2) BT, g T l 1 0o

ca) If q =7, then

83)

it T e
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gr=ls £ 0 there is strictly inequality for every y = 0, while for
ther cases there is equality if and on_ly if y(x) = ayYo(p.q.7,%x) where
all 0 tant and ¥y, € C*(a, b) and y, is concave if 0 < g < 1, convex

' ns
g;rlsq’;cci and linear for ¢ = 1.
§ 2. Some integral inequalities
csmorEM 2.1, If z:[a, b] = R 1s absolutely continuous on [a, b] and if

are numbers such that a = % < % = b, z(x,) = z(x,), then for p > 0,

;lz%, 3-pp L hold the inequality

{120 — 2t (1 dr <

@

b

< max [(5 — a)t, 0 — wP (BT[] Kp g 2+ a) [arde

wherevK(p,q,p + q) is defined by (8.1) or (8.2). In the case p+qg>1,4>0,
K(p g p+q) = alp + 9 HpL(p, 9 + D7

£ I EX RN

e =S!—kﬁ" T ogpt+a-1
Proof. For 7 — p + g the inequality (8) yields with y(x) = 2(%) — #(2),
4, B [a, b].
B
B q
19) S’Z(x) — )P () dx < (B — o K(P ¢ P +9) {Iz (z)pt? dx.

a,

(), we observe that w(a) =0 and there-

I
fir‘eve Put w(t) = z(x + B —4) — %

B q
(lee +8—9 —=@P1E+P _ et

@

g
=@ —?K(p, ¢ 2T q)SIZ’(“ AP ‘*'Tt”

pte gt



-

92 ALEXANDRU LUPAS

and making the substitution x = o + B — ¢ we obtain
i N
() [1te) — O @IS B — o K0+ ) 1oy,

Now let £ & [a, b]; then

b

(12 [ 12) — 20 12(2)17 dx =

a
b

S max [(E—af, (b — EP]K(p, ¢, p+9) S' |2 (%) [#49 dx,

Indeed, if we take £ = a or £ = b then (12) follow from (10) or from (1)
with e =g, B=15; let assume § & (4, §). In this case by using (11} m
tht;llixgcerva] [@, £] and next (10) on the interval [, &] we have the ine-
qualities

11
(12.1) {122 — 2@ 12() 1 dx <
H
<(E—apK(p, g, p + 9 | I7()#+0dx
and a
b
(12.2 [ 1) — 20 |2 @) dn =

£
SO -G K(@p g p+ 9 | (P
13

Adding (12.1) ang (12.2) we give (12).

In ord .
t €r to obtain (9) we can proceed as follows: consider (1)
erval g, %], ang 1 . #, + %] the
[4’1+x (10) on the subinterval [xl, "T .
“—J, x -

2 2] and fmally we write the inequality (1()) on [%z b]- T

a (1)

| b ,
(15) S [y(x) v (x)Pdx = %} (b — a) ]S- ly' (%) 2 dx]

b
J (16) ( [y(x) P dx <

on the ie-

. to
ing |
akl |
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7
= z(x,) if we add the ab . .
at that (%) = 2(%e) 1 above fourth inequaliti
it(;"éz;ln (9). The form of the constant K(p, ¢, p + g) results q’frorn es(sz()a_

or (Bf‘ro.m (12) we conclude that the following statement is valid.

corollary L. If v:[a, 8] > R is absolutely continuous on [a, b
.(oe[a,b], y(x°)=O’P>0’q;0:P+qgl, then [2, 8],

p b
iRy @< 6 —aP Kb, g, p + 9 [ Iy prean
Also from (9) follows the inequality of the corollary 2:
Corollary2 If y:[a, 0] = R is absolutely continuous on [a, b],
y(a) =y(b) = 0p>0¢=0p+qg=1, then

g b
[l rdes CEK(p, g8+ 9) [y iria

However in this paper we not study the equality cases, but this study
is similar to the one from the paper of J. B. 1Az and 1. T. METCALF [8].

THEOREM 2.2. If y: [a, b] = R is absolulely continuous on (a, b] and

Ki y(a) = 0, then the following inequalities are valid

2
4

3. 287:1

118
(3]
I moreover, y:[a, b] - R has a derivative which is absolutely continuous
i [a, b] and z:f y(a) =y:(a) = yu(a) —= 0’ y"(b) =0, then

5 b
) fly(x) (%) dx < % @& — a)‘j [y (%) d

a

Proof. From (8) we can write with p =

(b— a)a[j ly’(x)lzde :

q::r=2:

S ly(®) y (x)dz < K(2 2 20— a)[f iy’(x)!‘*’dx} :
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On the other hand from (8.3), we have

3 1

K2 2, 2) = B(E, ;J";

L.
If p=4,9=07= 2, the inequality (8) implies

(I9(ardr < K4, 0, 2@ — “)3[5 Iy'(x)lwx]

a

and (8.1) furnishes
3. 28,2 .

(Z)]

Now let y(a) = 0; according to Wirtinger’s inequality we give

K4, 0, 2) =

b

(Iy@par= % © — @2 (1y(x)Fax

and because 3'(a) = 0 we have
b

b
EU’(-‘VW dx S:{—?(b — a)? g |y (%) dx.

a

If ¥"(a) = y"(b) = O then

- Joera<Ze - ae [ 1y @

The Schwarz’s inequality yields
1
7

|y (R

b

j [¥(%) " (x)| dx < {; [y(x)]? dx}

a

-
2

L

{

and from (6) and (18)

b

A2 -

b

{1957 (3) ={20~ae (1 erar)

1
a x®

8| =

{ @:-if )

a
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that 15

b " .

5 |y(%) y"(¥)] dx = = (& — a)dslym(x)‘zdx-

& a

§ 3. The cases n =2, p=+oo and n =2, p =2
rueorEM 3.1, If
4 21| ! 1

(19) ?;:zh Hazhw+ P hllal”mS]

' lien the operator L, o has the interpolation property L,[a, a 4 h).

Proof. 1f we assume that L, , has not the interpolatory property
"(17a,a + &) then there is at least a nontrivial solution of the equation

Y+ a(x)y -+ a,(x)y =0, a, € L*[a, a+ h], k=1, 2,

|
| vanishing at the given points x; and x,. Let ¥, € Y, such that yo(%;)
! =y(%g) = 0, 2; < Xy, 2,8 € [a, a + h].

| Because
(3350)" = B8yt + Y96 = B’ — oAl@ye + @
| Ve give
X 3 { 1yo(x) ys(@) 2 dz < llals § Ly 50 4%

E A n

+ lladdle { Iyo(a* d=

N -
W let o (@, a + 1] - R be defined by

- = 0.
?(2) = %yﬁ(x), x & [a &+l p(%) = P(%2)
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In this case (20) implies

3fwmmmxgzwmwfwwnﬂwhw-Fﬂmmmfwqu

Li1

By using (14) with p = ¢ = 1, and then with P

35-lcpf(x)[2dx5=2l 1yl (%5 — ) f o) 4

X1

+£ lasllo (%5 — xl)g.{ lo’(x)]2dx.

x*

This inequality yields

(21) 1< ¢ hllarlla + 25 Bllal,

Xy

by taking into account that ¥, — %, < b and that s-lq,'(x)]z dx > 0. Ths
{21) is a contradiction with (19) and therefore the tl:éaorem is proved.
THEOREM 3.2. If

(22) 16x43

2
[P (%)]' WM oy(ay, h) + = hMy(a;, h) < 1

. y #),
then the differentia] Operator L, , has the interpolation property I:[4 8 +4)

Proof. 1¢ I has
sol.utmn. Wy suchmthat 31:
Points in g 4 4 k).

s an
is a nontr™”

ot property I,[a, a - /) then there prescfl

o(%1) = Yo(%s) = 0 where %, and %, aré

] the following relations

*) 16 rVE

[7‘\10.2063...
) o
7|

(o30)" = 32 + 395 = 58 — Yolarys + @Yol

I,

=% g=1, We hay .
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valid almost everywhere, and we conclude with
are

1 $ L
xy *3 E % ®

(inmede={§ivom niras) {{emrasg +

1 1

+ { ?yo(x)]‘ dx} { ]a._,(x).lﬂdx}?

]

u

13 e

B

Note that {y la, (%) dx}

and (16), we have

< \h My(a,, k), k=1, 2. Therefore from (15)

j§'|yo’(x)12dx < % hM,(a,, h) S' [yi(x)[2dx + M-?—h’Mz(a,, h) ﬂyu(x)]z dx

,, bl

or

1 <2 M, (g, b + 255 pey(a,, B

1\
(3]
which is a contradiction.

§ 4. The case n =3 and 2=p < + o0

1 12, holds the inequality
THEOREM 4.1. If for l+;= 1, p & [2, + ) holds the wneq

3 L] ‘! + 2 ]M a], s

k). The constants
then the differential operator Lsp has P’GP”tJé 11)’3[“' a+h) , :
K(q' 7, 2) and K(2q, 0, 2) are defined by (8.1). ; .
: I.[a, a+ h). In
Proof. Tet us suppose that Lsp bas 2 prop?)?);:heal:(ﬂuation
this case’ there is at least a montrivial solution Yo ; -
a, a+ k), k=1, 2
" 4 a2y + ag(x)y + aslaly =0 €L

y
Mathemmica vol. 12(35) — Pascicola 1/1970
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such that for x, < %, < %3, Yo Verifies
. yﬂ(xl) =y0(x2) = yo(xa) = (.

According td Rolle’s theorem there is at least a pair of po;
(81, &), m < E, < % < & < %, such that Points

Yo (81) = ¥ (E2) = 0.
In this case

£ L

E

g [yo(x) JPdx = f;vs(x) [a\(%)ya (%) + a2(%) ya(%) + ag(x)y,(x)]dx
5 131
and by using the Hélder inequality with % -+ k. 1 we give
3 q
b E -5-
24 [l as < { {1yaaa e asl el +
3 ks
£ % ' E, X
H{ 10l aly + { [ 1a(a1yio1e ) e
b b
From (8), we obtain
s ks ¢
B {15l dr< (5~ 1) K(g, 4, 2 [ {191 as)
;l
£
[ £ q
(24.2) Ejiyé(x) [ dx < (8, — g )on K(2g, 0, 2) {S [z (%)[2 dx}
13
: ks d
&a g
@43 Flymep ar< g, — ¢, K(g ¢,2) { [ 13(a)F ax| =
El

-z K, g, 2) ¥

£
T (B — Ey)uh {S | vg (x)]? dx}
&

INTERPOLATION PROBLEM FOR THE SOLUTIONS OF DIFFERENTIAL EQUATIONS

99
5ub5ﬁtuting (24.1) — (24.3)lin (24) and taking into account that £, — ¢, <
<k and that lglly="%* My(a, k), k=1, 2, 3 we conclude with

1< K(q, ¢, 2)'" hMy (a1, k) + K(2q, 0, 20 ;2] (a,, ) +

+ KO8 opr .

w2

This contradiction completes the proof of this theorem.
We can carry out some special cases of (23). For p=¢g=2

K@ 2 2m=2

T

and

K(4, 0, 2 = 5mV3_
1\14
T —
()
Thus there is true the following statement.

THEOREM 4.2. If

(25) _éh".Mz(aa, h) +~Ln:/—§—‘ WM ,(a,y, 1) + %th(“b h <1
()]

then the operator L, , has property Is[a, a + k).

The inequality (25) may be regarded as an improvment of (3).

- = 2.
§ 5. The cases #n =4, p = +0o°, and # =4, #

THEOREM 5.1. If

- Lpaylle <1
(26) :T«k‘llmllm + 2%2 13)|as|le + ;kzllazllm spey [all

ﬂlen the Opemtor I—3,cu has propgrty H‘[a, a-+t h)

\
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‘Proof. If Ly, has mnot property Hq[a, a + %) theq g,
x, < %, there is at least a nontrivial solution_ Yo of the eJU:‘:iS)}III Poing,

I

Y+ ay(2) ¥ + a2(%) 9" + aa(%) " + ay(x) y <
@EL>[a, at+h], k=1, .., 4
with the property ‘ .'
Yo(#) = y5(%1) = yg(x;) = 0
and |
¥8(x,) = 0.

where s is one of the numbers 0, 1, 2.

If s = 0 there are the points By By
< &< & Ly

such that y,(&,) = 0 and ¥ (&) = 0.

In this case we select o — % and B = §,

If s =1 there is at least a point 7, & (x,, #,) such that y; () ={

and we set o = ¥, and B — = ' = A ey
Because . B =7 If s =2 we assume that « = x, and p =4

a8)" = 98% — 55 10,(0) 73 + a(%) 9 + aa(2) 30 + @a()3:]
with

c]
f198(01ax =0

we havye

8 ]
C<liala {13200 98] dx + (jay)l. {ys@eds +

[+ 4
o

¢ Aa
+ I;asllmjlys(?)y.;(xn A% + ||ay)|w (lyo(x)yé’(x)l dx.

INTERPOLATION PROBLEM FOR THE SOLUTIONS OF DIFFERENTIAL EQUATIONS

pserve that in all cases y,(«) = 9{(#) = ¥2(«) = 0 and v (a) _
gg; Opial’s inequality St = Y] S0t MR =0

B
flrmn@a<ia
and from Wirtinger’s inequality
8
” A
(195(prax< 2o
n
Likewise
B LB N
[ e v @l < L (1niapd < 0
and from Theorem 2.2 (inequality (17)) we have

B
4
{136 3i(a1dx < 5 w0

Thus we see that
i w w 4 Wla
1< 7 Haylle + ::”az!lw -+ E;,”aa”m -+ = 1]]a4]|w

%hich is a contradiction.

Remark. The inequality (26) is an improvment of the inequality (5).

THEOREM 5.2. If h satisfies the following R

1673 %
@) e, By + 2 M(as, B) g M B
e = [7(3)]

+ —2— th(al) ’Z) 5 1

iken La,z has P?’Opb’?’ty Ha[a, a + h)

. ACA FftCﬁrm\.:A‘

.‘;\ 5.

{ cLuUd /
N - ol
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1
1
Proof. As in the proof of theorem 5.1 let us suppose th
vial solution from Y, such that

yo(2) = yo(@) = y5(2) = 0, v(B) = 0.

at y, is 2 noyy,
I«

Let
B

J =152 ax.

a

In [1] 0. ARAMA proves the inequality

g
(28) [o@sspas < E=2" ye

Also from (15) and (16) we have

B

(29) 3@y @rdr <2 (8 — «) e
& 3.98.

(30) flyrdr <008 — 0
= *(2)

In the same manner

B
1) Jistainaz <2 6 — o f ECINE
=SB — o
From

; 8
J =§a1(x)y5(X)y3’(x) dx + 5“2(”) [vi(x)]2dx +

8

+{ ' ,,
) %3 53(5) yifx) dx + ( ay(x) yo(x) o) 45

7 ]NTERPOLATION PROBLEM FOR THE SOLUTIONS OF DIFFERENTIAL EQUATIONS 103
1
we give
B = 8 1
” /] 2 z
7= el {§ 15 st @] + sl {{ 15 as)” +
a a

1

e Pl
+ flaslaf§ 13500 vatme s} + ||a4||2{§ 78 5(m) e )

] =

and using (28)—(31) we conclude with

J< VRNl J + 2 el +

(<)

1/5 w\Rlals- ]

ife g’hz \/7?1!%”2] 65

TE’
Dividing the inequality with J, J > 0, we give a contradiction, namely
1673 JaM y(ag, h) +

(=0

= %Ig.az‘llz(as, h) + ml"Mz(‘% 7).

{ 2 hM(a,, h) +
T

Reimark, The inequality (27) may be compared with (4).
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Cluj

| : 1. In this paper we study the behavior of the sequence of linear posi-
! _ tive operators, which were introduced by 1. 1. HIRSCHMAN and D. V. WIDDER
[1], on the class of starshaped functions. Likewise it is our purpose and to
discuss the behavior of the sequence of approximation operators constructed
by . LEVIATAN [2]. As a special case will result the starshapedness-preser-

| ,. ving property of the S. N. Bernstein’s operators [8].

2, A function f:I — R is called slarshaped on the interval I, if for
every a & [0, 1] hold the inequality

Y flazx) < af(x), s &1

. In the following we denote by 8[0,1] ’ghe class of the starshaped func-
tions on [0, 1] and which have the following properties :

(b) f is nonnegative on [0, 1].

(c) FEClo, 1].
od it linuous
o Lemma 1. A necessary and sufficient condition for a con
;irffcrentiablg function f which 'zas the properties (a)—(c) on the interval [0, 1],
0 be starshaped om [0, 1] is that

% rmz

X

Yhaleyey e (0, 1].




