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B OF (%) = {#* & 0F (By) : 2*(xo) = F(x,))
fiir alle x, & X\ {8y}. Beachtet man dieses Ergebnis upq Hilfssyt, 2]
so erhilt man E

X ein lokalkonvexer topologischer Vektoyy
' ; ATZ[()&?}'. 5,? :f:ze stetige Halbnorm. Eine nichtleere Teilmenge aI;":,,n
fs‘t‘ en_c:u dann eine Sonne quﬁglich F, wenn fiir jedes ¥ € X git J
14 Ist W eine nichticere Teilmenge von M y(x4; V], dann £ibt s 4 il
Element v aus V ein Fumktional x} & Ep(0F(0,)), so dass

(18)
fiir alle w s W gilt.

Korollar 3.2. Es sei X ein lokalkonvexer lopologischer Vektorraum,
F:X — [0, +oo eime stetige Halbnorm und V C X cine Sonne beziiglich
F. Eine nichtleere Teilmenge W von V ist genau dann eine M enge von Min;.
mallosungen beziiglich (V ; F) fiir ein Element Xo aus X, wenn es gy Jedem
Element v aus V ein Funktional x* Ep(0I(0y) gibt, so dass (18) fir

alle w s W gilt.

xy(w — %) = F(w — %) und Re x}(w — v) <0
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ON A PROBLEM OF RESTRICTIV
APPROXIMATION
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GH. CIMOCA
Cluj

E UNIFORM

1. Introduction, Recently, various results, in
mating with a class of functions havin
tained by r pruTsch 4], p. 5. LAUR
author of this note [3].

The purpose of this paper is to stud
approximation. Thus we shall discuss the existence, the characterization
and the uniqueness of the best approximation to a given continuous
function. Some other results concerning the studied problem are given.

the theory of approxi-
g restricted ranges has been ob.-

ENT (5], G. D. TAVLOR [6] and the

Y a problem of restrictive uniform

2. Definitions and notations. ILet T be a compact metric space and

let C[T] denote the Banach space of all real-valued continuous functions
defined on 7 with norm :

11l = max [f)].
teT

Definition 2.1. M is an n-dimensional Haar subspace of C[T]

if the zero Sfunction is the only element of M which vanishes at n or more dis-
hnct poinis of T.

Let P, @ be two finit-dimensional Haar subspaces of C[T] and let

U, ¥ denote two operators :

U:P—>Q and V:Q > P.

For t

he remainder of this note we assume that ¢ is an onto and linear
Cperator,
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We shall fix away the functions f & CITINP and g EC[T]\Q
and define the following numbers :
_ pf| = inf [If — 2l P E P,
Po = \f Poll pnelP IIf — 2l 2o

ne = 11§ — U(po)ll.
s == — i f —_ . 0 = ,
10 = llg — 9ol :gollg gll, g.€0

ot = IIf — Fadl
We observe that: .
0o < py and 1o <"

For -a fixed 4 & [n0 M) We define the set of approximating functions:

P,={paP:lig— U<t
Definition 2.2. An element p* € P, is said lo be a best approxi-
mation in P, to f 1f:

() el = lf =7l =fnf 1 =

This section is ended with :

Definition 2.3. The operator U: P — Q s said positive if il
satisfies the condition:

@) IFfeP, f=0 thn U(f) =0, UY) € Q.

3. Existence of hest approximations and other properties. We begin
this section by proving some lemmas:

Lemma 3.1. For a fixed v & [, mo) the sel P, is nonemply.
Proof. We shall prove that the element:

pa=po + (0 — 1) P,

where AU(p)) = g4, 1 € P and ||U(P)|| < 1, is from P
Indeed:

llg — (Bl = llg — U(py) + (0 — o) U =
= llg — U + (1 — o) Hﬁw(]bl)” ="

Lemma 3.2. P, is a closed convex set. )
Proof. It p, &P, py&P, Az0, p=0, A+u=1 the

lg — U(ps + ppll = Nlg — U(B)I| + pllg — AP = (BT

Now we prove an existence theorem :

e T VO ST . D e o A T TS .
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ruEorREM 3.3. For a fixed 3 & [,
ﬂpproximatzon p* & P, to f.

Proof. Using the Lemma 3.2, and the fact that
subspace Wwe conclude that P, is a compact set.

I pE Py is not a best approximation to f then:
e=|If—pill > o(n)
and for p € P such that |[p — p,|| > 2 we have:

1f =2l >[llp = 5all = gy — A1l | > =.

Nol, there exist at legst one. best

Pisa finite-dimensional

Letting :
D = {ﬁ s P ”]5_?1”525}-
we have:

e(n) =pi€r:)f /=2, D,=DnN P,

the infimum being attained taking into account that D, is compact.
It is possible to prove in an easy way the following statements:

THEOREM 3.4. The sel of the best approximations in Py to f is a con-
vex sel.

[ THEOREM 3.5. o(n) is a strictly decreasing and convex function on
Mo 7};}"

_ 4.'(Jlmruf-lc-rizmions of hest approximations. To begin the charac-
terization theorems of best approximations in P, to fwe define for p* EP,
and f the following point sets: ‘

s ={te T:/1) —p*0) = |If — 21}
M =gesT:f(t)—p=—If—21h
AL ={tsT:Up ) +2=2e0)

A = {t e T:up*)) —n =)}

M =1 YT, A=A%L U AL

Te= T U A%,

Tt=1T" U AL,

Now we shall begin with two lemmas:
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Lemma 41 If
NIt
and A is a positive o Serator then p* is a best approximation i, f

Proof. We have the cases 't N AL =@ and T% N A+

tudy only the first case. .
shaxllncs ;z é % s, e P, and Palte) > ]5 (t,)

= U(p*) (o) = glto) + - Thus $,

== B W
then U(p

satisfing

3) p(t) >0 for all t = T'Y
4) pt) <O for all t =T~
(5) a(p)(t) >0 for all t & A%
(6) Cap)l) <0 for all t & A

then p* is not a best approximation to f.
Proof. We shall prove that for an ¢ > 0 the eclement

Wf— P11 < IIf = p*ll = p.

%, A% are compact sets and if o = min {p()]

tel™

and

p=p*+epis from P,

First we observe that I'*,

then a > 0.

In the followings we denote o(fy, 8) an open ball with the radius 3
in the metric space T. _

_ Since p and U(p) are two uniform continuous functions on T there

exists a & > 0 such that:

— p()l > « and |f{t) — p*(t)| > re for all ¢ & o(t,, ) and for all
thbe I'™, where 0 <7 < 1.

— UP)E) >0 for all ¢ & o(t, 8) and for all £, € A%.

— U(P)() <0 for all ¢ g afty, ) and for all ¢, € AL

Now we define:

tLer

1 =U oy, N T and S, =7 —S%
’oEA.".

St=U ofty y N\ T and 5_ =T — S
LeA® :

where Sp, S, S_ are compact sets. -

& P, which is a contra.dictioll1 (t“).%. ‘
: . ' b — p*(¢ gip(t)], that i =
Lemma 42 If for a function p* & Py there exisls a function 4 - if /(1) — p*{0)] > <[p()], that is ¢ < rp||p||-1,

ON A PROBLEM OF RESTRICTIVE UNIFORM APPROXIMATION
193

For the determination of the desired ¢ we shall consider
th i
e e following
1) Let ¢t € Si. Then:

) — @] = 1f1) — p*(t) — eplt) <
= 1) — p*()] — <lp(o)]

9) Let ¢ & Sr. If we denote g = max £ty — p*(9)],
:e'§'r

we certainly have

¢ < p. Then:

~

) = POI <5 + ellpil < g if € < (p — PIIpI~.
3) Let { & S%. Then:

~

WP — 1 — glt) = UPHE) — n — g(t) + U(p)H) < 0

because AU(p*)() — 4 < g(t) and U(p)(f) < 0.
4) Let t € S*. Then:

-~

WP + 7 — glt) = UP*)O) + 13 — g(&) + U(p)() =0
because U(p*)(t) + 7 == g(f) and U(p)(}) > 0.

5) Let t €S and denote:

2= = min {gt) + 1 — WP} > 0.

tes.

' Then:

=

glt) + n — UGN = glt) + 1 — WP () — <U(P)O)
= —cUP)) = o= —el|UP)I=0

e <))

i

2=

6) Let t = S, and denote:

ot = min (2(p*)0) — () + ) > 0.
1es,

Mathematica Vol. 13 (36) — Fasc, 2/1971
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a@)) — ) + 1= U — 80 + 1+ UP@) =

Then: %
= ot — e[| U(P)| =0 |

if ¢ < at[|U(p)II7 | s.
Thus if:
0 < & < min {relipll™% (p — ¢ Nl e U, Uy |

the element 7 is from P, and Nf—2 Il <e-
By the Lemma 4.2. may be easy proved the following theorem :
ruEorEM 4.3. If Al is a positive operator and p* € P, is a best appre |
ximation to f then the sets X} and X* are nonemply. ‘

A first characterization theorem, by Lemma 3.2, is a corolar of
Theorem 8. from [1]. We give! ‘

THEOREM 4.4. The element p* € P, is a best q/ﬁ/wnximrlion lo fif
and only if for any function p € P, there exists a poinl I & I such thf: |

() ) S p* ()
or a point 1" & I'* such that:
® pE") = p*(7).

Remark. If A is a positive operator the Theorem 4.4., in the cas
=% N Z* = @ holds, by replacing of I'Y by X% and I'* by X"

We shall state the following theorem, too:

THEOREM 4.5. Suppose that:

(9) P is an n-dimensional subspace of C[T].
(10) U is a positive operalor.
(11) There exists at least one p = P such that:

llg — UP)I| < .

) The element p* & P, is a best approximation to f if and only Y
exists k points (k=mn 4+ 1): 1,4, ..., t, in I* |J A* (at least on¢ n
and a functional of the Jorm : :

O(p) =20 aplt) + L0 u(p)(t), p < CLT]

!’-er" f'_ €A

if thee
)

|

e o o P R N,

| @ ..
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O(p) =0 ifpe P, and
o >0 e Z¥ and oo <0 if i & 3
Proof. Sufficiency. Suppose that P* € P verifies the conditi
. L £ 5= onditions of
the theorem but 1s not a best approximation to f, Let
£lppro::;imatlon to f; that is: f-Let 1 € P be a best

p=IIf =2l <IIf — p¥ll.

Letting p = py— p* = (/= p*) — (f— ) we see that 5 < P and :
plL) > 0 if t;, = TI'l and «; > 0,
Aty <0if t, T and o, <0,
Up)(L) =0 if ¢, & AY

(

p and «; > 0
U(p

() =0 if £, € A* and «; < 0.

-~

Because at least one of ¢ is in I'* we have ®(p) > 0 that is a contra-

. diction with (12).

Necessity. \We shall assume throughout this proof that the functions

., @, form a basis for P. Let p* & P, be a best approximation to f.
Denote :
§= ()L te ™y A¥}CR"
where
5 41 if t e X%
i) = . !
-1 if le XL
= ((Pl(t)' R cPn(':))

and R" is the FEuclidian n-dimensional space.

Now we prove by contradiction that the origin 0 of the R" space be-
longs to the convex hull Co(§) of §.
Indeed if 6 ¢ Co(), Co(§) being compact set
ere exists a support hyperplane. That 1is
»J=1, ..., n such that:

(because § is compact)
there exists 7> 0 and

S Biz;= for any 2= (21, - .-, %) € Co(9).
i=1
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points from § we have:

ek e

In particular for

iﬁf‘?ﬁ(t);¢> 0if t g Z%
=1

—Z”:Bj%‘(t)zr'>0 if t g Z*,
=

Letting 2 =;@j@j we get that p & P, but by Lemma 4.2 we Ob-j

tain that $* is not a best approximation. Thus 6 & Co(9). . |
Consequently by Carathéodory’s theorem on convex sets in R* there

exists % points (k<=sn + 1): 20, ..., z% in § such that
0 s Co {2V, ..., 2},

Let ¢, ...,
k k

0=0.8292.,8=18>0 i=1,...,%k or in projection:
i=1

=1

t, be the points in T corresponding to z, ..., zh, Th“’.,

k ]

0= Esiei%(t-‘)r j=dyvees

i=1

where ‘
. — +1 if t, e XY :

"l # tex” ~

Taking ; = &, we obtain the functional which satisfies the conditions
(12) and (13). '5
Now we shall prove that at least one of £, belongs to I'*. If all #; € A
we obtain immediately that Q(p* — p) < 0 for any p & P, which 153
contradiction. j

i
]

5. Uniqueness of hest approximation. If the hypothesis (9) for Thte&
rem 5.1. and (9) and (10) for Theorem 5.2., from Theorem 4.5. are sat¥

fied, then may be get easy, see [6], an uniqueness theorem and 2 strosd
umcity theorem (2, p. 77]. :

. THEOREM 5.1. If p* g P,

; P — then p* ¥
T, is a best approximation to f

, . ﬂlj
_trHEOREM 5.2, Let P*r s P, be the best approximation to f. Then iy
exsis a constant v > 0 such that for any p & P,:

If = 2= 1If — 2¥)1 + yiip* — pll.

i e e e S O
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