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i the neighbonthoad there exists the inverse function (with Tespect tq 9)
» the faughon y(x, v\, :
W Eauation (&) 18 then locally equivalent to that of the form

(1 () = h(x, $[/(x)]).

Dt view of the kval equivalence s = y(x, ) = y = h(x, z) anq by (10)
we oget Gty the duequality

(2 A ) = k(x5 ) | S 8 )y — Zil,

1

In & neighbourhood of zero there are fulfilled hypotheses of the theorem
34 27 and whenece we conclude that there exists g continuous solution
of equation (11) fulfilling (7). This fact completes the proof,

Similarly one can prove the following

X

THROREM 2. Suppose that f(x) < U?, g(—l-) SUP > 1, and that

the functions f(x), g( )are conlinmous in q neighbourhood of zero ang

X

" a neigkbo:nhoofi of zero, Then: Jor every o < 0 ihere exists exactly one Jutne-
hon g € U satisfying equation (1) 4n 4 neighbourhood of zero. This
Junction o(x) s conlinuous in the neighbourhood and Julfils condition

lim x—= =
o (%) =,

where o4 o (%) denoles the Posilive numbpey such that

7?1 = fim -ﬁ_l-ﬁ____ﬂ*)“ “
Zmel) 4 Z’“‘)x”“"'“)
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SOME RELATIONS BETWEEN INTERVAT,
FUNCTIONS (1)

by
STEFAN N. BERTI
Cluj

Introduction

Let I = {[a,, as)la; < a,) = {Ala, < a,} the set of real intervals. If
e is a real number, 1.¢. « € R, then we consider o — [¢, «] 1, therefore
ICR.

For an interval 4 — [ay, a,] we denote by 4 the width a, — a,.

If HCI" (n is a natural number), then the map f:H - |
is called interval function, if for

(o1, ot ..

., ) e H R

f(a'l: Cay vu ’ d“) ER.

Leto € {+, —, -} and H = I, The map f:(4, B) — AoB
is an interval function. If H — {(4, B)|0 & B}, then
Ji4, B) — A[B is an interval function. If H = I?, then the maps

f:4, B, C) —A(B+ C), g: (4, B,C) —» AB + AC
are also interval functions.
If » is a natural number, then we denote
#A = [na,, na,], A% = {uvlu, v = 43, sqAd = {wlu < A}.
For H =1, the maps
fiA—nd, g: A~ A2 h: A —~sqd

we have

are interval functions.

Th
S fi oy @] o [ay — B, a; + 2]

where % is @ positive number, is not an interval function.
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e of the following relations between the

¥4, Bel then we have oul
intervals 4 and B:
al=bl&a._,_=:b2,

A=B le

A<B e 4 b1,

ACB ie. blgaléaggbg,
A= B ie < & By % s

AgR IEZSE
A>B ie B<A,
ADB ie BCA4

and

Ai=B ie. B=14.
The relations < and C are transitive. For the relation =i we have
(A=B&B=1C)= (A=1CV4 (),

The purpose of the first section of the i
; present paper is the study of
the relations between some interval functions, as Pl 7 e

24AB and A? 4 B?

or
A* — B*and (4 + B)(4 — B).
We prove that
1
() 2AB(=|y < U Q)4+ B
and
2

4*—B'C (4 4 B)(4 — B),

Th i
€ comparison of the subdistributive 1aw

L 4(B+C)C 4B 1 4c
and the relation @) is gi
is verifi 1S given in ¢ '
ied for many-valued qualil‘fitsizgo?% S"-Cgo-u_ The subdistributive law
an

in
a more general case of

SOME RELATIONS BETWEEN INTERVAL FUNCTIONS (0} 11

3

the so-called distributive system, [1]. The relations (2) are not valid for
manyvalued quantities. The study of distinction between the subdis-
tributive law and the relation (2) is given in the second section of our paper.

The study of the so-called quasioperations with intervals is the pur-
pose of the third section. The quasioperations are generate by the solutions
of some interval equations. We give in this introduction the following sim-
ple examples of quasioperations.

Let B © A be the solution of the interval equation 4 + X = B and
B ©' A the solution of the interval equation B — X = 4. We have

interval, if 4 <B
BOA = a, if A>B
real number if 4 = B
and
interval, if A>B
BE' A= @, if A<B
real number, if 4 = B.

We have the relations
BOACB—A, Be'AC B—A.
In the fourth section is given the study of the interval relations in the

point of view given in the papers [2, 3]. For the product of relations we
have the definition:

if #, v e I2, then
wo = {(4, B)|3C:(4, C) eu & (C, B) € v}.

For the above interval relations we have for example the formulae:
(L === <=()
C-=)=(E=UcU)

(=)= (=1U <)

(=-1=)=(=-=)=(=U=U<UQC)
etc.
If f is an interval function and
{3 X +Y) € AX) + ),
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then the subdistributive law gives the solution

f1x) = 4X

trary interval) of 3). i AX + V)= AX + AY, then
terval function g(x) for which

AX + g(X)

(where A is an arbi

we can give some 11l

) - T £ ical Cauchy functional
: Jation of (3). T X =Y, then (3) is the classical Lz y na
qu:lstgos; Léome c01(1s)iderations on the solutions of (3) are given in the fifth

section. ; L g
In the sixth section is given a study of some complex intervals and

complex many-valued quantities. _ . . '
I{“or the definition of operations in the arithmetic of intervals, one

can for example see [4].

SECTION 1

The relations 24B(=1U < U C)4% + B* and A*— B* C (4 +
+ B)4 - B) | B

§1. The ecomparison of the intervals 24B and 42 4 B2

1. . ., . . g [ . . - .
i 1 Let A be a fixed positive interval. If B is a positive interval,

24B = [2mby, 2a;b;], A* + B2 = [a? + B2, a2 + b3).

We can have one of . .
of the intervals 24 B an(()i /Ele following relations between the endpoints

+ B3
(4)

2u1b1 < a% 3 b% < 2“252 < a% o b%

(5) ;
2a,b, 2a.h, < a + b af + b2,

If A and B are positive intervals, thf;n

(4) S0, >0 &b ___a,’+b5 - =0
= Uy 2 2 ! ()
( 2 2, J()(((Ogblgaz Va2 aivb,>=a.+
V=2 & (b, 5 4+ Va7 T |
5 2—1__1-) e
1 2= i}

SOME RELATIONS BETWEEN INTERVAL PUNCTIONS (D)

g
Thus (4) follows for the domain bounded by the parabola

aj + b
2a3

by =

and fhe bisector b, = &, (in the second octant, fig. 1), domain denoted by

" 1f A and B are positive intervals, then

2 2 a bi )
(5) (‘)bl < be é,al+bl(=>{bl ~<-,b2 éal;- & (0 "~<~ bl é_ Ay — \/a:’:— ai

Z2a, a3

v b= a, + \ai— ai))

It follows that (3) is valid in the domain D, of second octant (Fig. 1).
On the other hand, if A is a positive interval, then

(@) @24B=14% + B*& (b, b)) & D, (B is a positive interval)
and

(5) @ 24B < A* + B*@ (b, b,) & D, (B is a positive interval).

Pig. 1
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M i ositive interval) it
ince A is & P
, then (sin

; If 4 is a positive and B is a ne ative i
If Bisa mixed interval P g interval, then

e B — [af + bibe af +max (bf, B3] | 4B = [2a;h, 2u,b.), A*+ Br= (a3 4 33, a3 4 2
% bz], A2 + = 1

24B = [2aby " hence

following cases: ] .,

We have one of the 10 g 2AB S A+ B2 b, < b, <O0B (b, by) = D,, (third quadrant, Fig.1)

[ 2 2
2(1 b < Ili + blbu Zazbo az max (bl’ b ) !
2Vl ™=

6) & From the above considerations follows
2(lp_bz al + b1b2 !
(7) THEOREM 1. If 4 is a positive interval, then
and
| 24B (=1 < U C) 42 + Be.
® &+ byby < 2a5by < 2030y < 0§ + max (B, B). | -

i 1, B is a mixed interval, then We have (fig. 2) (for fixed positive interval 4 )
If A is a positive interval, 5 1s a "

24B =1 4% + B* s (byh,) € D,
6 @ithh ey 2a2——<—>2AB—JA2+ B2

2a, | 24B < A2 + B ¢= (bp b ) D,
l* d
s dtbb, oyp < A2 4 B2 ,; an
N&b < 20, ® S ; 24B C 42+ B (b, b,) & D,
— ! O (see fig. 1),
8) @b, 22“2—'11(‘) 24B C A* 4 B '
bt } 1. 2. Let A be a mixed fixed interval.
The domains (Fig. 1 second quadrant) ) ‘[ If Bis a positive interval, then
Dy = {(by, 8,)124 B = 42 + B%, | 24 B = [2a,b,, 2a,b,), A* + B = [a,a, + b, max (af,a3) + b1].
D, = {3, b,)[24B < A2 + By ' ' From
o= 10y 8)124B C 42 1. y , by St + B @b > 2+ B,
! o

are delimited by the hyperbolas::

{ b2
| 2“2b2-<\alaz+bf(-)blszg%—}‘;,
a} ‘ .
Sy and b9, _ 4 |
o 2a.b, < ab, + b2
and by the straight lineg ; 102 X a0, 1
an

2a,0, < max (a?,a2) 4 02
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a mixed interval and B is 5 Positive ;

9 SOME RELATIONS BETWEEN INTERVAL FUNCTIONS (I) 17
) c Als
ws that (in the case. 4

it follo Let 4 be a mixed interval and B also a mixed interval. In this case
terval) : g i | the values of the intervals 24 B and A2 + B2 are given by the table:
ot Bre b S oy + 0 S 2y Smax (ahah) 4 g

24B=1-

b : | ]
B2 1 L s (b b) =D Case 24B 411 B
by — & -l 1 2 1
©b>J+ 241&1)' 9 T 2,
ab .
) ‘ G +a>00<h < [2a,8,, 2a;b,] (418, + byb,, a2 + b
tant ' | 2
(fig. 2 second oc ,
a b2 ab, _ ;
24B <A+ Bt @ 2ah, <040, + 0] © by < by < El * i @ (b, by) g D, W e a © ek -y [2a4b;, 2a;b,] (aya; + by, af + bf]
) 0T ]
5 i ab
(fig. 2, second octant) and [ ay+d, >0, —b, <b, < % [2a,b,, 2a,b,] (2124 + byb,, a2 4 b3]
I B2 2 c (a2 2 7 i
24BC A+ B* 3 aya, + b° < 20,0, < 2450, < max (4}, a3) 4 b = By iy 30, By s _“az_”l 2.8y, 2agb,] 018y + biby a3 - B3]
? 1
b i
©b>2+ 200, b) aD, (fig. 2 second octant). : b
2 = 2 + %a, ( 1 2) 3 ( g ) If i a, +a;, <0, 0 < b, < fa'—l [2a,4b,, 2a,b,] [ayay + bib,, a¥ + LH
1
b
ay+ay <0, 22 by < — b, [2a,8,, 2a,5,] (2185 + b1by, 6} + bi]
%
g a,b,
a+ay, <0 —b <, < ':;— (2a,b,, 2a,b,] (215 + bydy, af + B3]
2
ab,
4 +ay <0, by > 5 [2a:b,, 2a.b,] (4183 + byby, @} + LH|
2

The hyperbolas
zazbl = a1¢12 + blb2 and 2&152 - alaz + blb2

are tangent in the point (a,, a,) to the straight line

b
b, = 2
@

and are the bounds of the domains D, and D, (second quadrant, Fig. 2)
in which

24AB—=| A% + B2 respectively 24 B << A? 4 Be,

2 — Mathematica — vol. 14(37) fasc. 1/1972
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Let A be a mixed interval and B a negative interval. In thyg -

| ZAB — [2a2b1; 2“’161]

and
A2+ B = [a,a, + B3, max(a?, a3) -+ 6.

We have

4B =14+ B & 2by < iy + B < 2m,by < max (a2, ad) 4 g2

e —

2 2 . . f
G2y LB b, < b R b (D, in the third quadrant Fig. 2 |
2 2a, 2 2a, ,

H . .
2B A+ B 20,b, Sana, + 03 & by 2’%2 + 2a, (D, in the third quad-

rant Fig. 2)

and

2ABC A%+ B @ a1, + B < 2050, < 2mb; < max (a2, a}) + b

b ; :
<=>%’+z-l SO0 <b, (Dy in the third quadrant, TFig. 2).

Hence we have the following result :

then THEOREM 2. If 4 is @ mixed inteyyq and B is an arbitrary intervl

24B(=1U < U C )42 4 e
and we have th, domains Dy, D
KAt 4 B Tespectively 94 B

13. Let 4 be
then 24p _ [2

2 @4 D, in which 24 B — A2 1 Be, 24B &
Cdry g

- a 2ne%ative fized interva], 1¢ B is a positive interval
Ve 250,], A2 4 Ba _ [af + 22, a + %], hence

24B 42 i
<4 +' Bzr (D in the Second octant, Fig. 3).

= la; + 8,2, 2% + max (b2, 53]

11 SOME RELATIONS BETWEEN INTERVAL FUNCTIONS () 19

hence '
PAB— At + B by <20~ gy, 50, g
: 2 ‘ b,
© (b1, b)) € D, (fig. 3, second quadrant)
24B < A®+ B*& 2a:b; < a2 + byb, (b1, bs) € D, (fig. 3; second quadraﬁt),

and
2ABC A*+ B*& b, < 2a, — ;2(=> (b1, b2) & D, (fig. 3, second quadrant),

If B is also a negative interval, then
24B = [2a,b,, 2a,b,], A? 4+ B2 = (a3 + b3,a% 4 b2
and in this case

a3 + b3

a

2AB=142 + B2 = b, < & (b, b)) = D, (fig. 3, third quadrant)
and

24B < A* + B ——-—“5;’ < b <5, (by, b) €D, (fig. 3, third quadrant).
a Z

1

%
teL,
a} D‘
‘:'zﬂc'i‘
b
Q
"3
7/
/ a: . 6:
e L“ 2a,
AN
2, |
Fig. 3

In this way we- have
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24B(=tU < U Q) 4* + B2

ains in which 2B =1 4%+ B? 24B < 42 + B,
g:{;dBt”C‘jf ’:’:’;‘: (the domains Dy, Dy, D) are representeq ;,, Fi;_s%c"w{;j
F;om the above theorems we have:
raEoREM 4. If A and B are arbitrary intervals, they

24B(=1U < U C )42 + B2,

ion. Let I' = {B(t) = («(f), B(¥))| ¢ s (0,
mmu(s) ll)ivswezov;z:tl ?3(0) =8 (0,0), {z(tg )—T’: B(?) ( for(g & 0)G cgmi e

)} a conj
h=%ty = B(,) == B(t,).
In this case B = B(t) is a variable interval and we have
- I’fHEOREM 5. If A is an interval with 4 > 0 and ¢, is a real nunber [’.-i;
whic, :_
24B(t) C 42 4 B2

then a(ts)B(t) < 0 and there are the veal numbers 1, ¢, Sor which

By t, Oty <ty
l .

and
24 B(t,) < A2(t,) + B,
ZAB(tl) =| A2(¢,) + B!

(see Fig. 4). f

The proof is given by the
{, Ve theorems (1—3). ¢

§ 2. The relation 1
4~ B C (4 + B)A-B|

e dentt
pers I

In this paragraph W
by % v, w, z positive num
which

Fig. ¢

I<u<pv<cw<?

i PR

ia SOME RELATIONS BETWEEN INTERVAL FUNCTIONS (
If :
4 € {[u, v], [—o, —u]} and B g {[w, 2], [—z, —w]*,
then
m_mzw—aw—wamm+mm—m=
=0 +2)E—w), —@+ vy — V)]
 and

—(+2)(z—u) < — (22— W) < —(w?— p?) < — (# + »)(w — v).

If A L= {[_u' v}! [—-'U, 'M]} and B = {[w-v Z], [—-Z, _w]})

' then

A* — B = [—up — 22 g2 ©?] and (4 4 B)(4 — B) =
=[~+20+2, @—up—w)
and
—(®+2) v+ 2) < —(uv + ) < —(w —1?) < (w — v)(v 4 2)

If A e{u v, [—v, —ul} and B € {[—w, 7], [—2, w]},
then

A? — B = [u2 — 22, 42 | wz] and (4 + B)(4 — B) =
=[=(F—w@E+2), @+ w)@w+ 2)]
and
f(z~—u)(0+z) < — (22— w?) <V 4 wr < (v+ w)(v 4 2).

If A= {[—wu,v), [—v, %]} and B = {[—w, 2], [—2, w]},

| then

A2 — B = [—up — 22, o2 4 wz] and (4 4+ B)(4 — B) =

=[=@+ 20+ 2, v+ w)@ + 2)]
—\_—

\

21

*) i.e. 4 is ome of the intervals [u, ¥] or [—v, —] and B is one of the intervals [w, 2]

o [—2, —m).



el Al S

R

serAN N- BERT!

22

w
and (+z)<-—(uv+z2)<”2+wz<(v+ W+,
—(u+ z)(v
In this wa¥y we have

i ol)
6. 1f max (b ¢
REM Az__Bzg(A“'B)(A’B)-

L min (B4l [bo)|, then
THEQ

et ] ad B (A (=2~

4wl P

In this case

A2 — Bt = [u2 — 2% ot — v?] and (A + B)(4 — B) =
= [zt z), (@ + 2)(w — v)]

and
—r—w+2) <— (@ —w) <@ — < (w + 2)(w — v).
1 |
4 ([~ v], [—w 4]} and Be [ 2, (—z —l
then _ ‘
At — Bt = [—uw — 22, wt—0?] and (4 + B)(4 — B) =
=[—(w+2@Ez—u), @+2)(w— v)]
and
—wYrtu) < —(mw+ ) <wr—2< (w4 2)(w— v).
(I
Ae{lnw), [—w, —4]} and B e {[—v, 2}, [—2 v]}
then

A2_B2=[u2_zﬂ, w2+.vz] énd (A—{—B)(A'—B):'

=42 —w), @+ 9w + 0)]

15 SOME RELATIONS BETWEEN INTERVAL FUNCTIONS (I)
and

—(@ 42— u) < — (2 — w) <0+ vz < (w 4+ 2)(w + V).
If

4 & {[—u w], [—w, u]} and B & {[—v, 2], [—z, v]}

then

A2 — B = [—uw — 22, w* 4 vz] and (4 4 B)(4d — B) =
= [~ + (@ +2), v+ »)(z + »)]
and
—(+v)(w+2) < — (uw+ 2 <w+vz< (v+ v+ w).
Ih this way we have

THEOREM 7. If

min (||, [a,]) < min (|&], [bs]) < max (|ay], |a,]) < max (154l 152]),
then
A* — B2 C (4 + B)(A — B).

Similarly we have the proofs of the following results:
THEOREM 8. If

min (|a,|, [@,]) < ,min (|d4], |b2|) g max (b, |8,]) < max ([a,], |a.l),
then
A — B*C (A + B)(4 — B).

THEOREM 9. If

min (Jby], [b.]) < min (|a,], |a.]) < max (|a,], las|) < max ([by], 15.])

then

A — B*C (4 + B)(4 — B).
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2 ‘
10. If . (e 4, BCHM) and
THEOREM < |
< min (jasls 1a2]) < max ([0l bel) < max (ja,), lag) |
min (bi), (b)) ST ' ce{+,-},
: let
then ] .
Az_Bz(;(A—}-B)(A‘"B)' | A°B={?‘°Sf1’EA,seB},

‘ The system (91, -, *) is called associated to the system (M, 4, ).
rHEOREM 11. If 1 In _this case we have

in (la,|, |a ' e
max (|by], [bof) < min (layl, 1aa]) THEOREM 13. If (M, +, ) 1s a distributive system and (9, 4, -) is
the associaled system and O C O with the closure property \

then ‘
A*— B*C (4 + B)(4 — B). . o & {+, Y &4, BesisdeBean
The above conditions represent a full system for the choice of the jnte. then for A, B, C & & we have the subdistributipe law :
val-pairs (4, B), hence follows
1HEOREM 12. If A and B are intervals, then | T PO
(2) A®— B*C (4 + B)(4 — B). ' In the special case M = R, St — 91 — & (R) we have the subdistri-

butive law for the many valued quantities. If 8 is the set of real inter-
vals, then we have the subdistributive law for intervals,
For many valued quantities the relation (2) is not wvalid.

MEETIOE ¢ We give the following example. Let

o \
THE COMPARISON OF THE SUBDISTRIBUTIVE LAW AND | A={1,5 and B (_3,6)
OF THE RELATION (2)

In this case

If A, B, C are inte Is, then it fol istributive law
Tvals, then 1t follows the subdistributive la A= s, 25), Bt = (_12, 4 36),
(©) A(B+C)C 4B + Ac.

The subdistributive law is vt ities (5]
and in particlay g0 interva]ss_vahd for the many valued quantities [ A+ B={-181711},4 - B= =5 —1,37

For the so- istrihut: e
law [1]%- Le?t S(}J\iaied distributive systems we have also the subdistributive

for which * ') d nonemty set M ang 4+, + two binary operations

A% — Bt = {35 3], —11, -3, 1, 13, 17, 21, 37}

and
(4 + B)(A4 — B) = {-55, —35, —15, —11, —7,—3,1,5,9,21, 33, 49, 77}.
In this way

A2 — B¢ (4 4 B)(4 —B).
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.« a bounded s€ '
U J (U) = [uy, s |
. which U C [, %]. |
the smalest Close;ilulelgeglitfiges we have the following result
For man}rlz I U and V are bounded sets of real numbeys, then
THEOREM 1%
{10) -
: Is, then g 2
Proof. If U and V are closed intervals ' COMPLEMENTS AU TRAITE DE MITRINOVIC (I).
GV J (U= V) C U+ VU — V)=3J (U + V(U - V). QUELQUES INEGALITES INTEGRALES
— V) is not an interval, then we suppose t - =
I U — V2 or 1(1(111 t—,‘;rVL(Ufror “Qicli 1o pose that BORISLAV CRSTICI et GHEORGHE TUDOR
exists a real n & Timisoara 4 Timisoara
wed(P—-V)&weJ (U4 V)(U—1)).

If we prove that this hypotesis is false, then the theorem is proved. 1. Soit u une fonction réelle telle que |#(x)| <1 pour tout x de son

U — 7) i interval and in this way from ensemble de définition D. Sj bour un %, &€ D on a %(x) > 0 alors nous
I (U + — is an inte

avons
weI (U= V) and w I (U + V)(U — P)) T=u(n) 2 wi(n) = 0%(n) = ... = w1(2) = 0

it follows that there is an interval which is contained in
J (U2 — Py ‘ n
and is not contained in ‘ 1) I, (x) g,;M."“(xl) Si,nkkz r
J(U+ 7 (U - V).
"This configuration gives the proof that the 4

Considérons la somme

Si %(%,) = 0, nous convenons de prendre #9(x,) = 1,

bove hypotesis is not valid. ‘On peut écrire la somme (1) de la maniére suivante

{

n—1 k T : LR
_ sin jx o sin jx
REFERENCES ) Fale) = 2 [wt=4() — )] r;: ;T ;gx’ i
T Berti, 8. N, D e , \
t g 3(%:_-;’;3"?11;;15)?3 aritmetica lor tn anglize numericd. G. M. (seria A) LXXI

d’oit on déduit compte tenant de l'inégalité de Fejér-Jackson
@ Aplicafis ini i
1 i ‘ L. e tar ;
mntematiéi, 2{ 11.‘1:‘;_”{"1'“(’15;';;‘3?1@201' tn logica matematics. Studii si cerce "
[3) = The geomelry of 4 1' ; . hematicd (3) F (x)'.—_iﬁ-z u"‘l(xl) Eﬁf >0, x = ] 0, -,-.;[
o— (CII{uj), 11 (34) 7, 2943 (iB'gQ;z’lonS 1 the set of yeal numbers. Ma? = 2 e == k
ore, R, . ;
‘15} Yo-nng, R, CE_.‘ ﬂ:;”:ilbra”alysis. Prentice Hall new Jel‘sen (1966)- # i Si Pour un x. = D on a u(x) < 0 alors nous avons
260289 (1931§" a of the Many-valyed quantities. Mathematische Annalen, 18% 2 2 s :
Reclved, 22, 1% 197y 1 = fu(r,)| = wi(x,) = iz = ... >0
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. me
t la som
Soi i sin kx

L 2 wh=1(%,) i
k=1

G, (%)
@

la forme
. omme sous

. ’ ;onS Cette S

Nois €criv

) = 5 1P+ ] 2
0 :

s 1)~~1u"- (%) ,2 (—1)7 —12;2

En tenant compte de I'inégalité

2( ’lsin]:t>0

=i

xe€ 10, n[

nous déduisons de (4) I'inégalité

sin kx

© CAE W) B 5 0, 10,

Nous pouvons donc énoncer le

THEOREME 1. Soit la fonction u: D — [—1, 1], D ensemble quelcongque.

On a Pinégalité

sin kx

{7) B )= *;u"‘l >0, yeD, x=10, n

Cas partieuh‘er. Si D =1, [ alors nous avons

(7) H,(x, y

df n
= k—1 sin kx
) ;ﬂ: ) (

et plus particuliérement

% >0 (ny) €10, 7] x 10, =[

e it &
) H (x, %) =§1 u"."l(x) -S'-nif >0, x &]0, [

@)

\
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En s’appuyant sur I'inégalité de wW. 1. Young

1+ Z\’coskkx> 0, xE]O, TL'[

et sur 'inégalité

)

1 — . kcoskx
+§(

—F7 >0, x&]0, n[

nous déduisons de la méme maniére le

que.

(10)

(107)

THROREME 2. Soit la fonction w-D — [—1, 1], D ensemple quelcon-

On a lUinégalité

af _ - 4
BENZ=T4+ 20002250 yab, velqf
=1

Cas particulicr. Si D — 10, =[, alors nous avons

Kl S 14 2t(0) 225 0, (1, ) & 10, f x 10,

et plus particuliérement

(10%)

K, (=, x)d=r1 + ?u"( )cos,m> 0, =10, =[
k=1

Dans la suite nous allons utiliser les notations

ho(x) = H,(x; x), b(x) = K,(x, %)

2. Les théorémes donnés nous permettent d’établir deux classes d'iné-
galités intégrales intéressantes.

Nous avons successivement

(11)

u(x % (x) sin kx

Z ()

[w(x)h, (%)) = u’(x)é_,:u*"(x) sin kx + u(x)kz:_\l,u"‘l(x) cos kx

u"+1(2) sin nx — wh(x) sin (n + 1)x 4 sin »

uMx) — 2u(x)cos x + 1

[(%) (%)) = o’ (x)

o3 u(x) wt1(z) cos nx — u(%) cos (n + )z + cos x — u(x)
uMx) — 2u(x) cos x 4 1
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3 x<m et enxel
o e q;) o(}ftglons I'inégalite intégrale
y e 0, =l m°

| i >0

P [ﬂ.’(t)S,,(t, ‘N-(If)) + u(t)(,‘”(t, u(t))] 5 (< O)

(12) {

0

0 (#(x) <0) ot §
. =10, =[ tel que u(x) > _

wiibe PR t(())lxll?c ltsedlux f[raction‘s.dans le glembl"e droit de |
(efl)cngcti:eflxr)s) Zuprés de w (x) respectivement de u(z).

nons l'inégalité intéera]
D'une maniére analogue nous. obte g gra B

x

n uk
[, wi) — 5,0 WD) &6+ T+ 255250, 20, o

0

(13)

3. Voici maintenant quelques exemples d’inégalités intégrales que
(12)
(14) u(x) = cos ¥ + « sin x

avec o vérifiant la condition
(15) —ctgi<a<tgs

quel que soit { 10, x[

En effectuant tous les caleuls dans (12)
sons 4 l'inégalité

(16) S(COS b+ asingyr S0 + 1) (f’ LWl s
0 sin ¢

POUr # &0, n[ ot Vérifiant la o

L’inégalité (13)
€L avee ¢ vgp

ondition (15).
\19) nous ¢ .- : 4
fiant Jeg cogllzlll?:ioizl}s le cas particulier de la fonction (1 ) ‘

(17) e

t
8'2‘, Vtre]O, XLV xe]0, =]

< et en tenant compte que ];n(x) > 0 e |
ur !

n(x, U(x ‘
a foml(ul)z i

nous pouvons tirer de I'inégalité (12) et de l'inégalité (13). Prenons dans

pour ce cas particulier nous aboutis-

5 COMPLEMENTS AU TRAITE DE MITRINOVIC (1)

3t

I'inégalité intégrale

1
sin ¢ dt<1+2-—+

X
0 <5‘ 1 — (cosz 4 « sin £)* cos (n - 1)¢
) =1k

(18)
+ In [sec = )2 <24+ Iln#n+1n (sec 1)2 <In (e \/ﬁsec i)z
2 2 2

pour ¥ € J0, n[ et « vérifiant (17).

Nous opinons que les cas particuliers qu'on peut obtenir de (16) et
(18) pour o« = 0 sont tres intéressants. Nous avons

sin ¢

(19) Scos"twdt>x, erO, é’-[
0

x

(20) 0 <S] — cos™ ¢ cos (n -+ ”‘dt . (e\/a—ﬁsec _;i)z % e, .

sin ¢
0
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