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Let Lifa, b] 'be the space of all real functions which are defined and
absolutely continuous on [a, 8], — 0 <a <b < + o, whose derivatives
are square integrable (in the sense of Lebesgue) on [a, b]. If f, g* [a, 5] = R
are Lebesgue integrable and & = L;[a, b], let us denote
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I(f) = — \ f(t) dt §
1 T(f, g) = I(fg) — I(H)I(g) §
|Wm=L%AMMPM]. H

A M. OSTROWSKI [3] has proved that if £, g € Lsa, b], then there exists
a constant C, 0 £ C <€ %(b — a)?, such that

(2) IT(f, &)1 < Cllf"ll2118"ll2-

Our purpose is to find
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that is the best constant in (2).
turoreM 1. If f, g € Ly[a, b], then

(3) T ) < 22l - gl
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where T(f, g) is defined by (1). The constani —ccmnot be improveq -

holds. For instance

fol#) = A + Bsin (2212222

) N e
] = B
Proof. Firstly we observe that
T A= ]S L) — 1|10 — £ (*57)] e <
b b
{10 — e §| o — 5192 f

On the other hand
(i — 1= 1¢.1) > 0

Therefore, for f non-constant on [a, b], we have

) T A R Sb| 0 =157

According to an inequality due to j. B. praz and r 1. METCALF [1]

{see Theorem 1 with £ =2 : b)
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Therefore (5) becomes
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Likewise for g € L, [a, b]

T(g &) < E=L (g1

th
is at least a pair (fo, o), of elements from b [a b], for which tp, gqua:re
by
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Now it is known that (see [3], p. 361)

(7) IT(f, g)12
Combining (6)—(7) we obtain

< TUhNT(, g).

T < B2y, gl

which proves (3). If fo, go: [4, ] = R are defined as in (4), then the equa-

lities

I(foge) = AC + 722, I(fy) = 4, I(g) = C

(1 filly = ZELVE “ , llgo [ls = ZRLVE

206 — 2(b — a)
imply

7o gl ==L 11falle - Neslle =22

Therefore (3) cannot be improved.

Another inequality derived by a. M. osTROWSKI (see [3], p
following

IT(f, &)l < ”‘“ £ 11/l - Osc (¢)

where

Osc (g) = sup g(f) — inf g(?).

[a,b]) te(a, b] te [a,b)

The following proposition gives a sharper estimate.

THEOREM 2. If f € Liy(a, b] and g: [a,b] = R 15 a measurable, bounded

function, then

(8) |T(/, &)l < Osc (g).

[a,b]

b'“llfll

Proof. By means of Griiss inequality (21, p- 70)

T(g. 8) < [OSC (g)

[a,b]

and from (6)—(7) we conclude with (8).

221

. 370) is the




AL. LUPAS

(S}
o
oo

REFERENCES

[1] Diaz J. B.; Metcalf F. T, Variations of Wirtinger's inequality. Ine

by Oved Shisha) Academic Press 79—103, 1967.

[2] Mitrinovié D. S.; (Saradnik: P. M. Vasié), Analitiéke:Nejednakosﬁ

1970.
[38] Ostrowski A. M., Onan inlegral inequality. Aequationes Math., 4,

Received, 9.JI1.1973

qualitijeg (Eqs

Beograg
358 — 373 (1970)

teg |

E
z
i

MATHEMATICA VOL. 15 (38), 2, 1973, pp. 223227

VALEURS UNITAIRES DE POLYNOMES]SUR UN, CORPS
QUADRATIQUE IMAGINAIRE .

par
MAURICE MIGNOTTE

Saint-Denis

Préliminaires?)

On a bien siir les inégalités
u; Sdpouri=1,...,n
fsr—-1)d
f=

Notre but est d’obtenir une majoration la meilleure possible de f.
On peut d’abord montrer un résultat genéral simple.

Lemme 1: On a toujours v < k (et donc f < k), de plus v =0 st
1w, > k.

1Si v = 0, il n’y a rien 4 démontrer. Sinon soit x tel que P(x) = ¢;, 1 = 2,
alors

P(x) = (x — %) ... (v — 2,)0(%) + 1 =1¢

donc les x — x; sont dans D. Ainsi

— il y a au plus & choix de x, donc v £ &,

— on a u; <k
Ceci achéve la démonstration du lemme. ' _

Dans la suite on se limitera au cas o1 v = ‘1. Quitte a falgz une translation
% — x + £ on supposera que P(0) € U’, ainsi les x; = D. ]

Soit % tel que P(x) = U’, alors (x — %) ... (% — %4,)Q(%) € D, ce qui
ameéne 3 considérer les notions suivantes.

1) Voir notations en fin d’article.




