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SIMULTANEOUS EQUATIONS, FOR WHICH THE
ITERATIVE PROCESS IS CONVERGENT

by
VASILE PETEANU

Cluj

We consider a plane, convex domain, F its frontier and a direction
A in the figure's plane.

Definition 1. We call a symmetry curve of the F figure, attached

to the A direction, the geometrical place of the chords’ centres of the B
figure, parallel to A.

~ Wenote with FA the symmetry curve of the F figure, attached to the A

direction. Since F is convex, FA will surely be a continous curve.

Let A, and A, be two orthogonal directions in the plane of the F figure.

. Definition 2. 4 point belonging to the FA, and FA, curves
intersection, and which is interior to F, will be called a generalized centre
of symmetry, attached to the AyA, system.
The existence of such a centre is evi
that if F has a symmetry centre in its usual
g::lueralized centre of symmetry, attaclzled to anyt
» we shall consider the plane related to an oOF :
tem, in which the Oy axis s parallel with 8, and Oy with Aq. fhety
A: may be interpreted as being the graphical representation o0 e
function ¥y = f(x), and FA, as being the graphical represgntat&o? od =
Etlnother x = g(y) ,function,lthe functions f(#) and g(y) being define

e [ay, by] interval, respectively [co do), Where
4, = inf {#|M(x,3) €F}

b, = sup{#IM (%) €}

¢y = inf {y1M(x 3) € F}

, = sup{y|M(% ) €}

dent. We observe immediatly

meaning, it is also a
system of axis. .Further
hogonal chartesianl Sys-

oA e s i e i s
P i R s s R R e S

e
SRAE £ S O e

s

St A

e

e
R SRS BT

T B

S S
e TS

SRS S S A

S

SRR

B

LRI



102 enp - 10l

We define a proper solution of the system

y = f{#)
5 x=g(y)

any solution of the system, which is not to be found on . Auy proper
colution of the system (1) is a generalized centre of symmetry of F,
attached to the reference system and reciprocally.

lulions of the system (1) is convex.

THEOREM 1 The set .of proper. S0

Pioof. The fact that 0;(%y, y,) and Op(%y, y,) ' are 'proper solutions
of the (1) system, implies the existence of [our strictly positive values

oy, By, % Bp so that the points
M(%, + @, ¥y Mgy, % = 91) M5(x2 + ¢y o) M (%, y5 + Ba)
My(%, — o, Y1) M (%1, 31 — B1) M g(xy — s, ¥2) Mg(xy, ¥2 — Bo)

are o be found on F. In order to simplily the calculus and without
loss in generality, we can take x, = 0, y,=1 %=1 = 0. A mneces
sary condition for the points (2), which derives from the convexity of
F, is that the M, aund M, points must be situated in an opposed semi-
plane tothe O, and 0, points, relative to the straight line MMy, and  res-
pectively the M, and M ¢ points are to be found in the semiplane opposed
to the 0, and O, points, relative to the M,M, straight line. These coidr

tions are expressed by the following inequalities :

L OO I B :
il ey T By 3 1+ 84 1+ o =

: By + ’Il:' _120 e .: dy + 1 120
.1+I[.3,11 1+a2 .— ;‘A _‘.1+G'.1' 1% B, =

cit] _Thﬁ-lpl’ece_{,iing ineciﬁa‘l.itieslc_:an also Be Wﬁffen .

.-r. % :11"”"‘:‘51 a.,v !B Lty
\WREF [ ahe ' : = 0 T g ..
fi LOEND QG ;‘j."?"' O R TR Ty &, L4 By
(3) w8 ' A o b 3 i r
B!.- > &1 F . BQ &%
A

ifhe inequalities (3] can. be o kit e

- : ‘ simultaneously verified only if ® = s
By v 521: a]Illfrd t}?;—“ ](é)llsequence'is that the M 3,‘3{/[ . M, and M?; points, 1
pectively My, Mg, M, and My are colinear. But in thislcase, F contains b0

R Lol ,yAe{L;_pmANu ® RK>%N AT - {
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¥

H
2

parallel segments, and any point of the 0,0, segment has th
a generahzed symmetry centre, a’c’caché:d2 tog the referen;eprs0 I::Ity t?f =
that demonstrates the theorem. S. BYSICI, ;ians

Lemma: If
% =gy %y =g(r)
=" %)  y.=flx)
ani :
XAy =Xy =%,
NSV SV =Y,
then
%y, ==y X3 = %4
N=% ¥ =9

Proof. There exists the strictly positive aj, By, %, B values, so that
the A(x%, — oy, ¥3), By, ¥4+ By)y Clxs + o 3a), D(xy, 3, — @) points
are to be found on F. Let y == f,(x) and x = g,(y) be the equations of the
symmetry curve of the ABCD quadrilateral, attached to the Oy direction
respectively Ox. The CM,, M,M, and M D segments compose the graphical
representation of the first equation, and the AM,, MM, and M,D seg-
ments compose the second equation’s graphical representation, where
M= M,(%, y5) My = My(%y, %), My=My(xo, y5) and M, = M 4(x5, y;) With
YoV VA Vs %= %, %3 = %5 Since the function f; is continous,
ther’e are two values ' and x belonging to the [x, X, ] interval, so that
filx') =y, and f,(x”') =y, From the inequalities

X — o — gl(ys) <0
%' —gi(y,) =0

2 —gly) =0
xXg + % — gi(ys) >0

and according to the continuity of the f, and g, functions, it results the
existence of three generalized symmetry centres, attached to the reference
System. As a consequence of the Theorem 1, the only possible case 1s

(4)

“lﬂaz

Yo =1 =Dz Vs =Y4=Ds B, = Bs
s of

4 case in which the F figure allows 2 segment of generalized centre
Symmetry attached to the reference system.

;\70=xl=552 x3=x,,=x5

Ve
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he ilerative process 1S CONVErgent fo a
; or the system (1), the 1t :
p-rop:::{ 2211:{?3;%2 fi:r any z'n'gtial app‘mmmatwn.Mo(xo, 20) m’the M’Irt.GT‘LOf gf

the F convex figure.

Proof : Let ,
yi = flmi1)

" % = (1)

the iteration of order i. We note

4 = inf. g(), "~ b= sup &)

6 1=y=d;_1 61 =Y E-1
(6) ‘
it ., d= s 9
% ﬂ;-]i-‘ébi—if( ) ' a;_1=x=b

Evidently
; ‘ai_1§as§x;§bi$bi_1
) : Ci=1,2,...
G Sa=y<=d<=di_,

Iﬁ the itera;tive process, there are two possibilities : or lim (b; — @) =0
or .lim (b;- — a;) #0. In the first‘ case, the proceeding con{rz:ges. We shall
ana{fy:e the second case. Let a¥ = lim g and b* = lim b;. The possisibility
that lim (4; — ¢;) =0 is excluded, because in this case g(y) would take an

1= o
infinity of values in a point, contrary to the definition. We note that
¢* = lim ¢; and d* = lim 4;. Evidently, there are the x, and #; values
i w i3 ®
in the [a*, b*], interval, and y, and ¥y, in the [c¥, d¥] interval, so that
fl#s) = d* flx)) = c*, g(y,) = b* and g(y,) = a*. The preceding lemI
specifies that here x, = a*, %, = b*, y, =c*, y, = d*. According to 'Fhe
Theorem 1, any point of the O,(a*, %) 0,{(b*, c*) segment is a proper solution
of the system 1. The convergence of the iterative process (5) is als0
provided in this case, fact that demonsrates the theorem. :

Peceived 18. XI. 1963

UN ALGORITHME POUR RESOUDRE CERTAINS
PROBLEMES DE PROGRAMMATION MATHEMATIQUE
par ‘
F. RADO

i Cluj

1. Dans le livre [5] se trouve énoncé le probléme suivaut de programma-
tion linéatre a conlraintes conditionnelles : :

On considére I'cnsemble des vecteurs x = (xy, %y, . .

., Xu) G composanies
réelles, qui vérifient les conditions

(1) ¥=20 5= ,2,...‘, 1

(2) U.(-V)-:Ed,,x)—d;;;(), ’lr=l, 2, 04

(3) Ak(%) :Eukj xj—ak<0=) B]_.(x) o Zl;b;-j xj—b,_.:_‘)zO, k= 1,.. ,ﬁ.
g 1=1 j=
Déterminer le vectewr x, pour lequel la fonction
" ft =25 %
i=1

prend sq valeur minime (les nombres axj, bij, Qijs @i, by, d,-,lc,- so;;c’ dox;lni)e.

Divers problémes d’économie conduisent 4 ce modéle mathematique,

qWi généralise la programmation linéaire. Dans le travail [1], un pro'r;lzrzz

€ minimum relatif au temps de fabrication d’un prqduﬂ: qui passe pa s

S€rie de machines, dans un ordre déterminé, a été posé sous la forme enonwb;
S Problémes de planification en temps de la production (sequencing P




